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Abstract

This paper explores the peculiar credibility problem that a zero bound on the short-term
nominal interest rate, the liquidity trap, poses to monetary and fiscal policy. We present a
rational expectations model in which the zero bound on short-term nominal interest rates is
binding due to deflationary shocks. When the zero bound is binding the Central Bank best
achieves its objectives by generating inflation expectations to lower the real rate of interest
and stimulate aggregate demand. A discretionary Central Bank that is independent from
fiscal policy, however, cannot credibly commit to inflation. The result is a liquidity trap that
is characterized by excessive deflation and a negative output gap. This “deflation bias” is
the opposite of the “inflation bias” analyzed by Barro/Gordon (1983) and Kydland/Prescott
(1977). Turning to fiscal policy, our model implies that if the Central Bank is independent then
Ricardian equivalence holds and deficit spending, i.e. tax cuts and debt accumulation, has no
effect. Our proposed solution involves abolishing the independence of the Central Bank. If
fiscal and monetary policies are coordinated, Ricardian Equivalence fails, and the government
can credibly commit to future inflation by deficit spending. As a result it lowers the real rate
of return, curbs deflation and increases output. Finally we address what coordination of fiscal
and monetary policy might entail in practice. We review the applicability of our model to the
current situation in Japan. We then discuss the extent to which the successful policies pursued

in Japan during the Great Depression can be rationalized by our model.
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1 Introduction

“To paraphrase Clemenceu, monetary policy is much too serious a matter to be
left to the central bankers.”

Milton Friedman

For several decades inflation has been considered the main threat to monetary stability. In
the aftermath of the double digit inflation of the 70’s there was a movement to separate monetary
policy from fiscal policy and vest it in the hands of “independent” central bankers whose primary
responsibility was to prevent inflation. This development was reinforced by important contri-
butions on the theoretical level, most notably by Kydland/Precott (1977) and Barro/Gordon’s
(1983) illustration of the “inflation bias” of a discretionary government. It is easy to forget that
in the aftermath of the Great Depression, when deflation was the norm, the discussion at the
political and theoretical level was quite the opposite. Paul Samuelson claimed that the Federal
Reserve was “the prisoner of its own independence” during the Great Depression, exaggerating
the slump by its inability to fight deflation.! Even better known is Milton Friedman’s argument
against independent central bankers, part of which is quoted above.?

The low inflation rates in several countries in recent years, together with the current problems
in Japan, have once again made the threat of deflation a topic of current concern. Deflationary
pressures pose hard questions to macroeconomics. Battling deflation can be even more prob-
lematic for central banks than bringing down inflation. When large deflationary shocks hit the
economy the zero bound on short term nominal interest rates can be binding, paralyzing the Cen-
tral Bank’s principal policy instrument. The challenge is to illustrate how to use non-standard
policy instruments to curb deflation when the zero bound is binding. While Central Bank in-
dependence may be an effective way of achieving price stability under normal circumstances, we
argue that during a liquidity trap it can thwart the government’s ability to curb deflation. Our
central conclusion is that the government can control the price level, even if the zero bound is
binding, by coordinating monetary and fiscal policy. The principal policy tool we discuss is deficit
spending. We also discuss how our analysis can be extended to address policy options such as
foreign exchange interventions or open market operations in long-term bonds. We argue that to
understand the effectiveness of these policies it is essential to analyze the nature of the cooperation
between fiscal and monetary authorities.

We propose a simple rational expectation model to analyze the problem the zero bound on the
nominal interest rates, i.e. the liquidity trap, poses to fiscal and monetary policy. What we mean
by a liquidity trap in this paper is a situation in which the short-term nominal interest rate is zero.
We build from micro foundations an extended version of the Kydland/Prescott and Barro/Gordon
model (KP/BG). There is a Treasury that selects real taxes to minimize tax distortions and a

Central Bank that selects the nominal interest rates to minimize the output gap and inflation.

!See Mayer, Thomas (1990) p. 6.
2from Free to Choose (1980). Friedman argues against independent central bankers on several different occations

see e.g. Capitalism and Freedom (1962).



Social welfare is determined by a loss function that includes tax distortions, inflation and the
output gap. The Central Bank is independent if it minimizes its objectives regardless of social
welfare. In this paper the zero bound is binding because of large shocks that make the Central
bank unable to lower the nominal interest rate enough to prevent deflation and a deleterious
decline in output. We show that in the presence of these shocks there is instead a “deflation bias”
of a discretionary independent Central Bank. This deflation bias can be viewed as the inverse of
the inflation bias analyzed by KP/BG. In a liquidity trap the Central Bank would best achieve
its goals if it could commit to moderate future inflation in order to maintain price stability and
keep employment close to potential. If it is a discretionary maximizer it cannot, however, do
this because its announcements are not credible. The result is a liquidity trap characterized by
excessive deflation and undesirably low output.

The source of this dynamic inconsistency problem is not unique to the model we use. The
key idea is that aggregate demand depends on the level of current and future real interest rates.
Even if the zero bound is binding, monetary policy can still lower the real rate of interest, and
thus aggregate demand, by influencing inflation expectations. This is why many believe that
announcing a positive inflation target is an attractive policy option in a liquidity trap.? To increase
inflation expectations, however, is problematic in our model. Although it is in the interest of the
Central Bank to promise future inflation in a liquidity trap in order to increase aggregate demand,
it has an incentive to renege on its promise once time comes to match deeds to words.

The Central Bank “cooperates” with the Treasury if monetary and fiscal policies are jointly
determined to maximize social welfare. In this paper we consider fiscal policy of the simplest
nature. We assume that real government spending is exogenously given. Thus fiscal policy
determines the evolution of taxes and debt. We make this assumption to focus the analysis on
deficit spending as opposed to real spending, the latter is discussed in Eggertsson (2000). We
introduce a budget constraint for a Treasury that can issue one period nominal debt and levy
distorting taxes. In choosing between debt and taxes, the Treasury seeks to minimize collection
costs of taxes as in Barro’s (1979) classic tax smoothing analysis. The introduction of taxes and
nominal debt in this model gives the government an additional instrument that can be essential in
a liquidity trap. If the Central Bank is independent, however, fiscal policy is completely ineffective
due to Ricardian equivalence and thus the Central Banks inability to commit itself is particularly
problematic.*

Cooperation between the Central Bank and the Treasury can be valuable because it enables

the government to credibly commit to future inflation by cutting taxes and issuing debt. This in

3There is an extensive literature that assumes that central banks are able commit to monetary policy rules and
illustrates how the choice of the optimal monetary policy rule is affected by the zero bound. Contributions include
Summers (1991), Fuhrer and Madigan (1997), Woodford and Rotemberg (1997), Wolman (1998), Reifschneider and
Williams (1999) and references there in. Since monetary policy rules arguably become credible over time these
contributions can be viewed as illustration of how to avoid a liquidity trap rather than a prescription of how to

escape them once trapped as stressed by Svensson (2001).
4By Ricardian equivalence in this paper we mean that the Treasury’s choice of taxes versus debt has no effect

on aggregate demand.



turn reduces the real rate of interest, increases output and curbs deflation in a liquidity trap. In
the presence of tax distortions, the inflation target is credible because the real value of outstanding
debt and the real rate of return paid on this debt would increase if the government deviates from
the target. Since fiscal policy is impotent in the absence of cooperation between the Treasury
and the Central Bank, our result is not merely a roundabout way of reaching Keynes’ famous
conclusion that the government should use deficit spending to get out of a liquidity trap. In our
setting, deficit spending will only increase output and prices if the Central Bank and the Treasury
cooperate to maximize social welfare. In particular, the Central Bank must take into account the
fiscal consequences of its actions. The way out of a liquidity trap proposed in this paper, therefore,
involves deficit spending and abolishing the independence of the Central Bank.

There are considerable payoffs from modeling the effects of taxes and debt on the equilibrium
outcome beyond considering the effects of deficit spending. In particular, policy options such as
foreign exchange rate interventions, open market operations in long term bonds or more exotically,
dropping money from helicopters, can be addressed as natural extensions of our model.”> We argue
that the effects of all of these policies can be understood, in one way or another, through their
influence on government debt, thus changing the inflation incentives of the government.’

After largely vanishing from the economic research agenda, liquidity traps have once again
become a topic of current concern. Two pictures and one table from Japan can explain this.
Figure (1) shows that the short-term nominal interest rate went to zero in 1999 and has stayed
close to that level to present day. Figure (2) shows that during the same time real money balances
have increased substantially. Although the Bank of Japan (BOJ) has aggressively increased the
money supply by buying short-term nominal bonds and supplying liquidity to the banking sector,
deflation and slump still persist as is illustrated by several macroeconomic indicators in Table (1).
This has led Japanese Central Bankers to conclude that a further monetary easing is not useful.
Kazuo Ueda, a member of the BOJ policy board stated in the Wall Street Journal (09/21/1999)
that banks were already holding large excess reserves with a substantial proportion of them being
held as idle cash balances at the BOJ. According to Ueda this was “sufficient evidence that banks

b

do not need any more liquidity.” This is hardly surprising since money and bonds are perfect
substitutes at zero interest rates. Standard open market operations in short term bonds are not,
therefore, going to have much effect apart from increasing cash reserves of banks.

Krugman (1998) suggests that even though increasing the current money supply is ineffective
in Japan today, committing to increasing the future money supply raises output and the price level.
In order to accomplish this, Krugman proposes that the Central Bank should announce an inflation
target. The inflation target policy proposal was greeted skeptically by the BOJ. Kunio Okina,

director of the Institute for Monetary and Economic Studies at BOJ, responded in Dow Jones

®Several authors have argued for currency depriciation as a way out of a liquidity trap including McCallum

(1999), Meltzer (1999), McKinnon (1999), Svensson (1999,2001), and Bernanke (2000).
SWe will not address here other non-traditional ways of escaping a liquidity trap such as tax on currency

discusses by Buiter and Panigirtzoglou (1999) and Goodfriend (1999) or the purcases of options discussed by
Clouse, Henderson, Orphanides, Small and Tinsley (2000).
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Figure 1: Uncollateralized overnight interest rates in Japan.

News (08/11/1999): “Because short-term interest rates are already at zero setting an inflation
target of, say, 2 percent, wouldn’t carry much credibility.”” Our analysis of the deflation bias
of an independent Central Bank indicates Okina’s objections can be rationalized. Our solution,
however, specifies direct actions that the government can take to implement Krugman’s proposal
and make it credible.

The main problem faced by an independent Central Bank seeking to announce a credible
inflation target is that it is only that: an announcement. Announcing an inflation target in
a liquidity trap requires no action! Since nominal interest rates are already at zero the Central
Bank has no traditional tools at its disposal to manifest its appetite for inflation. When monetary
and fiscal policies are coordinated this problem is eradicated. If the Central Bank and Treasury
cooperate and announce an inflation target, the government can take direct actions to make this
target credible: cutting taxes and accumulating debt until inflation expectations rise. We discuss
what lessons can be drawn from our model for policy makers in Japan today. Finally we explore
how cooperation has worked in practice by briefly discussing monetary and fiscal policy in Japan
during the Great Depression and possible interpretations of this historical episode in the context

of our model.

"Dominguez (1998), Svensson (1999,2001) and Woodford (1999) also criticize an inflation target in a liquidity

trap on similar grounds.
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Figure 2: Real Money Balances in Japan 1990-2001.

GDP Nikkei Comm.Pr CPI-National WPI Nom. wage Real

deflator deflator deflator deflator index GDP

90 2.59% 1.45% 3.09% 2.07% NaN 5.26%
91 2.94% -5.01% 3.21% -0.65% 4.38% 3.09%
92 1.84% -7.07% 1.76% -1.58% 1.99% 0.86%
93 0.50% -9.41% 1.22% -2.92% 0.21% 0.55%
94 0.10% -5.66% 0.70% -2.04% 1.54% 0.98%
95 -0.40% -0.71% -0.10% -0.89% 1.11% 1.56%
96 -0.70% 4.02% 0.10% 0.10% 1.10% 3.41%
97 0.30% 1.34% 1.70% 1.50% 1.58% 1.90%
98 -0.10% -10.23% 0.69% -1.57% -1.27% -1.04%
99 -1.41% -7.48% -0.29% -3.40% -1.28% 0.81%
0 -1.63% 3.77% -0.68% 0.00% 0.40% 1.61%

Table 1: Percentage change in a few macoreconomic indicators in Japan.



2 A Simple Model

In this section we derive a simple rational expectations model from micro foundations. The
Aggregate Supply (AS) equation derived, to a linear approximation, is equivalent to the AS
equation assumed by Kydland/Prescott and Barro/Gordon. We also derive an “IS equation” or
Fuler equation that introduces the short-term nominal interest rate into the model, allowing us
to address the problem of the zero bound.

2.1 The Private sector
2.1.1 Households

We assume there is a representative household that maximizes expected utility over the infinite

horizon:
Ey {Zﬂt[u(ct,ft) - v(htagt)]} (1)
t=0

where Cy is the consumption, &, is a vector of exogenous shocks and h; are hours worked. u(.) is
assumed to be concave and strictly increasing in Cy for any possible value of £ and v(.) is assumed
to be an increasing and convex for any possible value of &.

The budget constraint of the representative household is:
Ay Wi

Bt N
— = hi— — 174 — Zi(1)dy 2
2 Pt+ ‘B Tt Ct+/0 +(4)dj (2)

where B, is the nominal value of the end of period bond portfolio, W; is the nominal wage rate,
Ay is the beginning of period nominal wealth, 7; is net real tax collections by the government,

Z4(7) is the real profit from firm j and Ny is the number of firms.® The consumption plan of the

representative household must satisfy a borrowing limit that rules out Ponzi schemes:”
> Wi e N
At+1 > — Z |:Et+1Rt,T(ht_ +/ Zt(])d] - Tt)} (3)
T=t+1 P B

where Ry ;41 is a nominal stochastic discount factor!? and Rir = Hf:t 41 Rs—1,5. Condition (6)
says that the household can never borrow more than the net present value of expected income.
At time ¢ there is a fixed number N;; of labor contracts offered by firms for the next period.
The household chooses how many contracts, ny41, to accept facing the market wage Wy,1 that it
takes as exogenous. We assume that W, is determined at time ¢ so as to clear the labor market.
In period ¢+ 1 the firms are free to choose the hours worked at the given wage rate. Thus at time

$We assume no monetary frictions. Therefore, money does not enter the utility function nor is there a cash-in-
advance constraint. Thus at any positive interest rate the household holds no money.

For a detailed discussion of this borrowing limit and its interpretation see Woodford (2001a).

"Ry ++1 has the property that the price of a bond portfolio with a random value A;41 in the following period is
given by Et [Rt7t+1At]



t + 1 the representative household supplies the labor hyy1 = ]T\L,ill L;+1 where Lyy; is aggregate

labor demand of firms. The problem of the household is as follows: at every time t the household
takes A¢, hy and {Wy, Ry1, Py, ¢, Zt(j), N, Lt, 45§ > t} as exogenously given and maximizes (1)
subject to (6) and (2) by choice of {Bj,n;1,Cj;j > t}.

2.1.2 Firms

The representative firm has the production function:

ye = F(l) (4)

where F' is a concave function and I; is labor used by the firm in terms of hours worked. We
abstract from capital dynamics. In every period t each firm offers one labor contract for the next
period. The problem of the firm is as follows: at every time ¢ the firm takes P, and W; as given
and maximizes profits subject to (4).!!

2.1.3 Private Sector Equilibrium Conditions: AS and IS Equations

In this subsection we describe necessary conditions for equilibrium that stem from the maxi-
mization problems of the private sector. These conditions must hold for any government policy.
In the next subsection we describe government instruments and policy preferences. We assume
that there is a continuum of households and firms of measure 1 in the economy. The first order

conditions of the household maximization imply an Euler equation of the form:

L : Buc(Cri1,811) 1
1+ uc(Ct,ft) 14+ 7

()

where 7; is inflation. Assuming market clearing we can replace consumption in the expression
above with Y; — I, where I; is exogenous aggregate spending. The resulting equation is often
referred to as the IS equation in the literature. It is useful to define the expectation variable

ff= EtM as the part of the nominal interest rates that is determined by the expectations

- 14w
of the private sector formed at time t. The IS equation can be written as:!?
Y,
1 +Zt — UC( t;gt)
B
The optimal consumption plan of the representative household must also satisfy a transversality
condition:!3
. T BT
lim 3" Ey(uc(Cr,{r)—5-) =0 (6)
T—o0 PT

Several model with similar stuctural characteristics for the labor market have been expored in the literature

before see e.g. Taylor (1980) and Levin (1990).
12T simplify notation we have supressed I; from u.(Yz, &,) as the stochastic component of I; is already assumed

to be contained in the vector of shocks &,.
3For a detailed discussion of how this transversality condition is derived see Woodford (2001a).



Aggregate demand and supply of labor are obtained from the first order conditions of the house-

holds and firms. An equilibrium relationship between inflation and output is found by equating

the wages implied by these two equations:*

F/(F_l(Y;f)) o 1 Etfl(f)y(yvtagt)Fil(th)) (7)

1 + Tt Etfl(uC(Y;ﬂ é.t) Fliil’g'l'}t/t) )

Equation (7) implicitly defines equilibrium output as a nonlinear function of three variables:
Y;f = S(Wtauffhvtefl) (8)

-1
where it is convenient to define the expectation variables uf | = E;_ju.(Ys, ét)FH—gt) and vy_; =
Ey_10y(Ys, &) F~1(Y;). Equation (8) is what we refer to as the AS equation.

It is useful to define output that would be produced in absence of any contracting frictions.

Following Friedman (1968) we call this the natural rate of output.

Definition 1 The natural rate of output, Y*, at time t is the output produced if wage setting for

that period could occur at time t.

Then Y, solves the equation:

Uy (FH(Y), &)
uC(Y;ﬁnv Et)

We define the output gap, x;, as percentage deviation of output from the natural rate i.e. x; =
%ﬁ. It is useful to define the real rate of interest that is necessary for an equilibrium in which

output is equal to the natural rate. Following Woodford (2001a) we call this the natural rate of

F'(FH(Y") = 9)

interest.

Definition 2 The natural rate of interest, R} , is the real interest rate that is necessary for output

to be equal to the natural rate of output at all times

The natural rate of interest satisfies:

1 _ tﬂuc(yﬁ—hftﬂ)
L+ Ry ue(Yy", &)

2.1.4 Interpretation of the IS and the AS Equation

When characterizing the government’s optimization problem in coming sections we use the non-
linear equations derived in the last subsection. For interpretation, however, it is useful to linearize
the IS and the AS equation around a zero inflation rate and zero output gap. The linearized AS

equation is:

T = K + By1m + € (11)

"To simplify notation we have replaced the function wv(L¢,&,) with a simple transformation ©(Y:,€,) =
v(FH (Y1), €,).



where kK = —%’,Z > 0 and ¢ is an exogenous shock given by ¢ = &(Yt" — Et,lfft").w There are
three reasons why it is interesting to illustrate our result with AS equation of this nature. First,
our AS equation is, to a linear approximation, equivalent to the Phillips curve used by KP/BG,
allowing us to compare the deflation bias to the inflation bias derived by these authors. Second,
Krugman’s (1998) assumption about price setting can be seen as a special case of our pricing
assumption.'® Our conclusions therefore apply directly to his model. Third, we obtain simple
closed form solutions that illustrate the basic ideas in a transparent way.

The linearized IS equation is:

&y = Eylpp1 — o(ip — Eymeqn — 77) (12)
where o = —ﬁ. This equation can solved recursively forwards to yield:
oo
Ty = —oky Z(ftﬂ‘ - f?ﬂ') (13)
§=0

where 7y = 2 — Fymyq is the real rate of interest. This IS equation has a familiar interpretation:
the output gap today depends on expected long-term real rates, which in turn depend upon
expected future short rates. The output gap does not only depend on the level of the current and
expected real rate of interest, it depends on the difference of the real rate and the natural rate of
interest.

The natural rate of output and interest are both a functions of exogenous shocks in our
model.!” A linear approximation of the natural rate of output, the natural rate of interest and

the implied value of ¢; are given by:

A~

Y}n =0g; (14)

it = o E(g — V") — Ey(gie1 — Yﬁrl)] (15)
= oY1 -0)Ei(g: — gt11)

et = r0(gr — Er-19¢) (16)

_ vy Y _ -1 . _ Ue . . . .
where w = % and 0 < 0 = m < 1. The variable g; = *ﬁfft is a linear combination of

the shocks in the vector &, and summarizes all the disturbances in our model economy.'® Tt has

15The hats on the varibles indicates that they refer to percentage deviation of each of the variable from the
constant solution we linearize around.
Krugman assumes that prices are set one period ahead. If the production is linear in labor, prices are set one

period ahead in our model and k = 0 in the AS equation above.
7" There is work in progress by the author that makes the natural rate of interest endogenous.
"¥Note that the uz& is a vector of the same dimension as §,. We have assumed that the shocks in £, have no effect

on the disutility of working. It is straight forward to extend the model to consider shocks that affect the disutility

of working but not central to our analysis.
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been suggested by several authors that a necessary condition for the zero bound to be binding is
a negative natural rate of interest. Shocks that lower the natural rate of interest, i.e. negative
values for ¢:, are the source of the liquidity trap in our model. How large these shocks need
to be for the zero bound to be binding, however, depends on what assumptions we make about

government behavior.?

2.2 The Government
2.2.1 Central Bank Preferences and Instruments

The Central Bank’s loss function is:
Eo{ S B} + Aot (17)
=0

Minimizing (17) subject to the linearized Phillips curve (11) is a classic problem in macroeconomics
and what Sargent et al (2001) call the Phelps problem (due to Phelps (1967)).2° In this paper,
however, we will use the nonlinear version of all the other economic constraints (including the AS
equation) when solving the minimization problems of the government. This is important because
there are critical non-linearities in the government budget constraint (which we introduce in next
subsection). The quadratic deviation of output from its efficient level in the loss function can
be derived by taking a second order approximation of the representative household’s utility. The
term involving inflation in the classic Phelps problem is ad hoc but could represent disutility
the representative household suffers from price movements (in so far as they do not affect labor
or consumption choices). If a New Keynesian model for price setting is assumed, Woodford
(2001a) demonstrates that both terms in the loss function above can be justified by a second

YA simple example of a shock that lowers g: is a shock to exogenous aggregate spending I;. If this is the
only shock in the economy then g; = I,. Here I, denotes the absalute deviation of exogenous spending from the
constant solution we linearize around over aggregate output. Thus all we need for a liquidity trap in our model is a
sufficiently large collapse in exogenous spending. We can think of variety of reason why spending might temporarily
collapse. An obvious candidate for Japan is that due to the asset market price collapse in the 90’s and the following
balance sheet problems by firm’s investment temporarily declined. Another explanation would be that firms “over
invested” during the late 80’s because they expected a higher growth path for the economy than was realized in
the 90’s leading to a temporarily decline in investment. We will not try to model such stories explicitly but assume
that this collapse in spending is purely exogenous in our model. This is of course exactly the same type of thought
experiment that has long been popular in elementary macroeconomic textbooks where there is some ”exogenous”
shift in spending that causes the IS curve to shift. Other examples of shocks that lowers g; are exogenous shifts
in preferences such as an increase in the propensity to save. The interpretation given to movements in g; in our
exercises is not of principal importance in this paper. All that matters is that these shocks are treated as exogenous.
That allows us to model the peculiar credibility problem of the government in a liquidity trap in a straightforward
fashion.

200ther contributions include Kydland and Prescott (1977), Barro and Gordon (1983) and an extensive literature
that followed. Note that these authors assumed that the Central Bank would desire output to be above its efficient
level due to some distortions. In our model there are no distortions in the economy that justify this assumption
since the wage level that would result in the absence of frictions is socially optimal. Thus we assume that the

Central Bank wants output to be equal to the natural rate of output at all times.
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order expansion of the utility of the representative household. Many of our results are unchanged

in that framework and are discussed elsewhere.?!

Apart from being a classic starting point
in addressing dynamic inconsistency problems, our framework has the advantage over the New
Keynesian model that it delivers simple closed form solutions.

The Central Bank determines the nominal interest rate in every period. The nominal interest

rate cannot, however, be less than zero.
it >0 (18)

Even in the absence of monetary frictions, the Central Bank can still control the nominal interest
rate. For example, this could be done by varying the interest rate paid on balances held at the
Central Bank. These would still be held even in the absence of frictions — there would simply
no longer be a spread between money-market interest rates and the interest rate paid by the
Central Bank (Hall (1999), Woodford (1999a, 2001a)).2? If holders of central-bank balances have
the right to convert them into non-interest-earning currency, then the Central Bank’s ability to
set the interest rate on overnight balances is limited by the fact that it cannot force the interest
rate to be negative. In an equilibrium without monetary frictions, currency is never held in
periods when ¢y > 0, and it does not matter whether anyone chooses to hold it when i; = O.
(Currency and central-bank balances are in that case equivalent assets.) Note that central-bank
balances are equivalent to other (short-term, nominally denominated) government debt, as far as
the budget constraints of both households and the government are concerned. Thus we do not
need to introduce any notation below for the supply of central-bank balances; we only need to
track the evolution of total short-term government debt. If the Central bank is independent it uses
its instrument to minimize (17) regardless of the evolution of fiscal variables and social welfare.
We define the problem of the Central Bank in the next two sections under several assumptions

about government behavior.

2.2.2 Treasury Preferences and Instruments

The Treasury’s loss function is:

[e.9]

By > pirt (19)

t=0

?IThe result regarding the deflation bias in particular still holds, see e.g. Eggertsson (2000).
*2This is not the system of monetary control actually used in Japan, but the difference is of little consequence

in the case of equilibria where nominal interest rates are at or near zero, as in this paper. Introducing monetary
frictions, so that the Central Bank’s operating target for overnight interest rates is not necessarily identical to the
interest rate on overnight balances at the Central Bank, would not change the nature of the zero bound. Nor would
it affect the rest of our analysis, except in relatively minor ways; for example, there would be a small contribution
of seignorage revenues to the government budget constraint, abstracted from in this paper. These additional factors
can in principle be arbitrarily small regardless of the size of the equilibrium spread between the interest paid on

central-bank balances and money-market interest rates, as shown in Woodford (1998).
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The Treasury determines real taxes in every period. We suppose that the Treasury can only issue
one period nominal bonds. We discuss an extension for bonds with longer maturity in Section 8
and in Eggertsson (2001). The budget constraint can be written as:

By = (14 i-1)Bi—1+ G P, — 7P, (20)

where By refers to one period nominal government debt. We impose a borrowing limit on the
government that rules out Ponzi schemes. It is convenient for our coming discussion to define the

borrowing limit in terms of a variable by = %uc(Yt, &)

b < b < oo (21)

where b can be an arbitrarily high finite number.?? It is easy to show that (21) is a sufficient
condition for (6) to hold at all times. Minimizing (19) subject to (20) and (21) is another classic
problem in macroeconomics and was first analyzed by Barro (1979).2* As in Barro (1979), we
interpret this loss function as representing tax collection costs and assume that the level of real
government spending is an exogenous process {Gy}72,,. For simplicity we assume real government
spending is constant at all times so that G; = G. We make this assumption in order to focus
the analysis on the effect of fiscal policy through taxes and nominal debt, i.e. deficit spending,
as opposed to the effect of fiscal policy through real spending. The effect of real spending by the
government, however, is important and is studied in Eggertsson (2000). We define the problem

of the Treasury in the next two sections under several assumptions about government behavior.

2.2.3 Social Objectives and Cooperation

We assume that the social objective is a weighted average of the preferences of the Treasury and
the Central Bank, i.e.

0o
B {3t rt s ]| )
t=0

We define cooperative solutions as equilibria that result when the Treasury and the Central Bank
coordinate their instruments to minimize social losses given by (22). In contrast we define non-
cooperative solutions as equilibria that result when the Treasury and the Central Bank use their
instruments to minimize their own loss functions.

By an “independent Central Bank” we mean a Central Bank that does not coordinate its
instruments with the Treasury to maximize overall social welfare. It only cares about minimizing

its own objectives. Since we assume that taxes are lump sum, they can only affect the equilibrium

23 A more sophisticated borrowing limit would constrain the ability of the government to borrow to the expected
net present value of the real tax base. This specification would not change our results but add some technical
details that are not central to our analysis.

24 Barro’s original formulation was % but this specification would not affect our qualitative conclusion but com-

plicate the algebra slightly.
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through tax collection costs, i.e. through their presence in (19). An appealing feature of this
assumption is that if the Central Bank is independent, it will determine the path of output and
inflation independently of fiscal variables. In this case fiscal policy has no effect on output and
prices due to Ricardian equivalence. When the fiscal policy and monetary policy are coordinated,
on the other hand, fiscal policy becomes non-Ricardian and has powerful effects. Due to Ricardian
equivalence, we do not have to consider strategic interactions between the Central Bank and the

2 We can first analyze the Central Bank’s

Treasury when the Central Bank is independent
problem to give us the evolution of all of the endogenous variables apart from debt and taxes. We
can then do a separate analysis of the behavior of the Treasury that treats the nominal interest
rate and inflation as exogenously given.

By assuming that the government cannot increase real spending or vary taxes that influence
the natural rate of output (such as labor taxes or any other taxes that distort prices), the scope
for effective fiscal policy is severely limited. Thus our assumptions are effectively stacking the
cards against fiscal policy. Yet, despite these strong assumptions, we show that in the presence
of quite moderate tax distortions (captured by collection costs) fiscal policy can have powerful

effects in a liquidity trap.
2.3 Equilibrium for Arbitrary Public Policy
We now define an equilibrium given arbitrary monetary and fiscal policy.

Definition 3 A Private Sector Equilibrium at date t > 0 is a set of sequences

{Y., Y, Cy, Ay, By Ry, R}, Zy, Wy, by, iy, e, T4, &, ) that satisfy the firm and the household max-

imization problem, market clearing and initial conditions and (18),(20) and (21).

We can eliminate the nominal interest rate from our constraints by combining the zero bound

and the IS equation to yield:

ue(Ye, &) = Bff (23)
The budget constraint and the IS equation are similarly combined to yield:

b — ue(Yi—1,&1) b1
t Bfe,  1+m

+G—7't (24)

where b = %. It simplifies our discussion to assume that the Central Bank sets inflation directly
in every period subject to the economic constraints rather than selecting the short term nominal
interest rate. The zero bound compels the Central bank to select inflation rates that are consistent
with positive nominal interest rates.

With the model and possible equilibria in hand we now specify behavioral assumptions for the

government and the resulting equilibria.

?>Which are in any event not related to the main point we want to make.
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3 The Problem of an Independent Central Bank: The Deflation

Bias

We first consider the equilibrium outcome when the Central Bank is independent. This is what we
call the non-cooperative solution. Then each government agency minimizes its own loss function
without consideration of overall social objectives. The result of KP/BG was that a discretionary
Central Bank creates excessive inflation without any gains in employment, whereas the commit-
ment solution involves no inflation. We show that in the presence of certain shocks that create
a liquidity trap this result is reversed. The discretion solution for an independent Central Bank
involves excessive deflation compared to the commitment solution. In addition, the discretionary
solution involves excessive output losses. When the Central Bank is independent, the Treasury
treats inflation, output and the interest rate as exogenously given. As it seeks to minimize tax

collections over time it increases debt when the real rate is low and decrease it when it is high.

3.1 Equilibria under Commitment when the Central Bank is Independent

We first consider the optimal policy when the Treasury and the Central Bank are able to commit
26

to any paths of taxes and inflation.
Definition 4 The optimal commitment solution under non-cooperation is a Private Sector Equi-
librium that satisfies: (i) The Central Bank Problem. The sequence {m¢} minimizes (17)
subject to (8), (23) and initial conditions given an exogenous process {&,}. (ii) The Trea-
sury Problem. The sequence {1+} minimizes (19) subject to (21), (24) and initial conditions

where the set of sequences {m, Yz, f£,&,} is exogenously given.

We can characterize the Central Bank’s optimal commitment solution by a Lagrangian mini-
mization problem. It is useful to think of the Central Bank as choosing the expectation variables
ff,vf and uf in addition to the endogenous variables 7, Y; and 7 at each time ¢. The choice
of the expectation variables is subject to the condition that expectations must be rational in
equilibrium. Thus when writing the Lagrangian for the optimal commitment solution, in addition

to the constraints listed above, we have three rational expectation constraints (where the three

20Note that the Treasury only chooses between taxes and debt. Due to Ricardian equivalence there are therefore
no strategic interaction between the Treasury and the Central Bank. Note that the borrowing constraint is a
constraint on fiscal policy when the Central Bank is independent. The Central Bank can thus choose any paths for
7w and Y; that satisfy the IS and AS equations and the zero bound. Fiscal policy will guarantee that the borrowing
constraint is satisfied at all times as well and thus the transversality condition of the maximizing household will
be satisfied as well (as pointed out in Section 2.2.2 the borrowing constraint of the government implies that the

transversality condition must hold).
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rational expectation constraints are written last):

Y -y

I N (LI 2
L, = Estz_;ﬁ[th+2Aw( )
(Y, . Uy,
= S 1,0 0) (1 = B Gl — Vi, )
PO — Vi, €) P (Vi) + (7 — Lol (25)

L+

There are 6 nonlinear first-order conditions that result from this minimization problem, includ-
ing two complementary slackness conditions. They are relegated to Appendix A. The Treasury

problem can similarly be written as a Lagrangian:

ue(Yi—1,&1) b

ﬂftefl 14+ T -G+ Tt) + fYt(uC(YVtaft)bt - 6)

(o @]
1
Ls=E; ;ﬁt |:§)\T7-t2 + Nt(bt -
The first-order condition for this problem are shown in Appendix A.

3.2 Equilibria under Discretion when the Central Bank is Independent
3.2.1 Structure of the Game

What we mean by a discretion equilibrium in this paper is a Markov-perfect solution. Thus we
only consider equilibria in which the strategies of the players depend on a well-defined “minimum”
set of variables that are directly relevant to current market conditions. We do not consider any
equilibria built on reputation. Consider a repeated game between the Treasury, the Central Bank
and the private sector. Each round of the game begins at the end of time ¢ — 1 when the private
sector forms expectations. A major convenience of defining the game in this fashion is that it
only involves two state variables. They are I;t_l = ue(Yi—1,&,_1)bi—1 and the vector of exogenous
shocks &,_; that is assumed to follow a Markov process. The Treasury’s actions must satisfy the

borrowing limit (21) and the government budget constraint that can be rewritten in terms of by:

bt . 1 Etfl
ue(Yy —G,&)  Bff 1+

The Central Bank’s actions are constrained by the AS equation (8) and the IS/ZB inequality (23).

The sequence of actions is as follows:

+G*Tt (26)

1) Each round starts with initial values for the state variables l;t,l and &;_;. Bt,l influences
the equilibrium outcome by entering the budget constraint and thereby effecting the Treasury’s
choices at time ¢. The private sector uses &, _; to form expectations about &,

2) The private sector forms expectations ff |, uf_; and v{ ;. The variables u{ ; and v§
Z?i that determines the
t—

nominal wage rate on the labor market. f7 ; effects the equilibrium outcome through the budget

influence the equilibrium through the AS equation since it is the ratio

constraint. It is the part of nominal interest rate at time ¢ — 1 that is determined by expectations

about future marginal utility and inflation.
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3) The vector of shocks &, is realized.
4) The Central Bank chooses m; to minimize (17) and the Treasury 7 to minimize (19) which

in turn determine b; and Y;. b; and &, give the initial values for the next round of the game.

3.2.2 Strategy Functions of the Players

When the Central Bank is independent it determines inflation and output independently of the
level of debt. In this case the strategy functions of the private sector are only a function of &, ;
and independent of the value of the other state variable Bt_l (when the Central Bank and the

Treasury cooperate this is not, however, true):

ui_ =u (& 1) (27)
vi_ = v(&_1) (28)
Jioa=1(&1) (29)

The IS/ZB inequality and the AS equation indicate that Central Banks policy depends on
ug_q, ff1, vy, and &;. Given the strategy functions of the private sector we can define the strategy
functions of the Central Bank as:

Tt = W(Shftfl) (30)

The government budget constraint indicates that the Treasury’s policy depends on Y, &, b1 and
ff_1. Given the strategy functions of the private sector and the Central Bank and the AS equation
we can write the strategy function of the Treasury as:

Tt = T(Bt—la fta ft—l) (31)

3.2.3 Characterizing Government Policy

The Central Bank’s problem is particularly simple under discretion when it is independent. At
any time ¢t we can characterize the problem of the Central Bank as a one period minimization

problem:
min[7} + A\, 77] (32)
Tt

s.t. (21),(8),(23) and (27)-(29).
The Treasury is unable to commit to any future policies apart from honoring the nominal

value of its debt.2” The problem of the Treasury is to choose taxes in every period t to minimize

*TThis type of "partial” commitment has a long tradition in macroeconomics, see e.g. Lucas and Stockey (1983).
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the expected value of its losses given by (19). We can characterize the minimization problem of

the Treasury in period ¢ as:
min[7? + BV (B, ) (33)

s.t. (21),(26),(27)-(29) and (30).

Here V(by,&,;) is the value function of the Treasury, i.e. the expected value at time ¢ of its
losses in period t + 1 onwards. This value is calculated under the expectations that the Treasury
will minimize under discretion from period ¢+ 1 onwards. The value function satisfies the Bellman

equation:
V(b-1,&1) =By rr;itn[)\Tth + BV (b, &,)] (34)
s.t. (21),(26),(27)-(29) and (30).

Definition 5 An optimal discretion solution under non-cooperation is a Private Sector Equilib-
rium, private sector strategy functions (27)-(29), government strategy functions (30)-(31)
and a value function V(l;t,ft) that satisfy: (i) Central Bank minimization. The strategy
function of the Central Bank solves the minimization problem (32) given an exogenous pro-
cess {&}. (ii) Treasury minimization. The strategy function of the Treasury solves the
minimization problem (33) and the value function V(b,,&,) satisfies the Bellman equation
(84) given an exogenous process {&,}. (i) Private sector mazimization. The strategy func-
tions of the private sector satisfy the household and firm mazimization problem taking the
government strategy functions and the exogenous process {&,} as given. (iv) Rational expec-

tations and initial conditions.

Appendix A illustrates the first order conditions for the minimization problems defined in
Definition 5.

3.3 Solutions Paths for an Approximate Solution

In this subsection we illustrate an approximate solution to the equilibria defined in Definitions
4 and 5. We approximate the constraints and the first-order conditions by a first-order Taylor
expansion. The point we expand around is a constant solution defined in Appendix A. The
resulting system of equations, which we also illustrate in Appendix A, cannot be solved with
standard methods for linear rational expectation models. This is due to the inequality constraint
stemming from the zero bound on the nominal interest rate. To illustrate solution paths we make
assumptions about the stochastic process for the vector £, that contains all the shocks in our
model. In the approximate solution these shocks can be summarized by a single disturbance g,
defined in Section 2.1.4. We first consider the most simple process for g; to obtain closed form

solutions. We then consider a simple stochastic process and show some numerical results.

Case 1 (C1) In period zero there is an unexpected shock to go. In period t > 0 g, = 0. There is

perfect foresight from period 0 onwards.
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As discussed in footnote 19 in Section 2.1.4 movements in gg can be interpreted as exogenous
shifts in spending (e.g. an exogenous collapse in spending for a negative value of gg) or exogenous

shifts in preferences (e.g. a temporary increase in the propensity to save for a negative value of

90)-

3.3.1 The Central Bank

When the Central Bank is independent it determines the set of variables {7, z, 7, } independently
of fiscal policy. As a starting point we solve the commitment and discretion problem when the
zero bound is not binding.

Case 1A (C1A) gy > g1, = —a%(l - B)

Proposition 1 Suppose C1A and that the Central Bank is independent. Then the solution for
optimal monetary policy under discretion and commitment is identical and the zero bound is not

binding.

Proof: The first-order conditions (58)-(68) and (78)-(87) under non-cooperation are identical
when v, = 0. The linearized condition (69)-(77) in Appendix A can be solved for each of the
endogenous variables when 1, = 0 under C1A. The implied value for the nominal interest rate is:

. 1= K2+(1-0)
0= 6] + Az + K2

Then the zero bound is binding when:

Ae 1
o187 g (35)

I€2 + )\z
< = — ———————————————————— J—
90 S 9L = =0T 0))\1(1 B) (36)

Case 1B (C1B) as Krugman (1998) ¢o < g1 = —Uﬂzfif—j‘g‘m(l - 0)

We now illustrate the optimal solution under commitment when the zero bound is binding so
that go < gr. By (15) 7% = 0~ 1(1 —6)go. Thus our assumption is equivalent to Krugman’s (1998)
assumption.?® He supposes that the natural rate of interest is negative for one period and then
positive from that point onwards. If we assume C1B, the discretion solution is different from the
commitment solution. This stems from the fact that the latter involves a commitment to future
policy that is dynamically inconsistent. It is only a matter of algebra to show that equation

(69)-(77) given in Appendix A yield the commitment solution for inflation in period 1 onwards:?

C_f(l*&))\m‘kf‘uz
[ W

Ygo—g1) >0, 78 =0V t>1 (37)

where the superscript C refers to the commitment equilibrium when the Central Bank is inde-

pendent.

28Tf we make the assumption x = 0 which would reduce our model to Krugman’s specification.
29This can be seen as a special case of the solution method presented in Appendix B for a more general stochastic

process.
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Proposition 2 Optimal Inflation Target in a Liquidity Trap. Suppose C1B. Optimal

monetary policy of an independent Central Bank under commitment results in expected inflation.

Proof: See equation (37)

This result is exactly what is suggested by Krugman (1998). Optimal monetary policy in a
liquidity trap under commitment involves expected inflation. The logic behind this result is simple.
When the natural rate of interest is negative a negative real rate of return, 7y = 3, — Eymiqq, is
required to prevent an excessive negative output gap and deflation. This cannot be achieved
through the nominal interest rates due to the zero bound, but the real rate can still be lowered
by expected inflation.

The solution for discretion is found by solving (88)-(92) in Appendix A. The solution for

inflation from period 1 onwards is:3°

P =0vt>0 (38)

where the superscript D refers to the discretionary equilibrium when the Central Bank is indepen-
dent. Although optimal policy under commitment mandates inflation in period 1 a discretionary
Central Bank cannot commit to positive inflation. The result is excessive deflation and output
gap in period zero. That can be shown by solving (69)-(77) and (88)-(92) in Appendix A:3!

e o

Ty — T —“)\z+ﬂ2+ﬂa,2(90*gL) <0 (39)
1—0)\, + k2
Y N G} -5 L S P Y (40)

A+ K2+ Bo?

Proposition 3 The Deflation Bias. Suppose C1B. An independent Central Bank that is dis-
cretionary will provide less inflation than a Central Bank that can commit in a liquidity trap. A
discretionary Central Bank will experience more negative output gap and deflation than if it could

commit to optimal policy.

Proof: See equations (39) and (40).
The Deflation bias proved in the proposition above is illustrated in figure (3) for illustrative

coefficients of the model.??> Optimal policy under commitment involves promising future inflation

30This can be seen as a special case of the solution method presented in Appendix B for a more general stochastic

process.
31This can be seen as a special case of the solution method presented in Appendix B for a more general stochastic

process.
32 As should be clear from the discussion above, the result do not in any way depend on these particular values

of the parameters or the special functional form chosen. To draw the pictures we assume that the length of labor
contracts is 3 years so that a period in the model corresponds to 3 years. This is done to get larger real effects
from the shock. When we discuss the stochastic version of the model that allows multiple period traps we halve

the duration of the labor contracts. The value of inflation in the figure above refer to annualized value of inflation.
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(a) inflation

Figure 3: The Deflation Bias of an independent Central Bank

once in the trap. This is not credible for the Central Bank if it optimizes under discretion. The
Central Bank has incentives to promise inflation once in the trap. If the private sector believes
this promise the equilibrium in period zero will be given by the optimal commitment solution in
period 0. However once out of the trap (the natural rate of interest is positive again) in period
1, the Central Bank has incentives to renege on its promise in order to achieve lower inflation.
This, however, cannot be a rational expectations equilibrium. Under discretion the only rational
expectations solution is given by the discretion path in figure (3) and is characterized by excessive
deflation and loss in output. This is the deflation bias of an independent discretionary Central
Bank. This dilemma is as old as the mountains. In essence it is the same “dynamic inconsistency”
problem as described in several fables by Aesop thousands of years ago. The moral of the story
can be summarized as follows: A lion is trapped in a deep hole. A fox passes by and the lion asks
it to pass down a tree branch. The lion makes many promises about the reward it will give the
fox if it escapes from the trap. The fox understands that the lion is hungry and that once escapes

We use simple functional forms to motivate the values we choose. We assume the production function takes the
form y: = h{¥. We assume that labor share is 2/3. This implies that x = 1?% = 0.5. We assume that government
spending is G = 1/3 so that the share of consumption in output is 2/3. The consumer is assumed to have a log-
utility function and the dis-utility of working is quadratic i.e. of the power s = 2. This implies o = —u—’:c%% =2/3
and w = £ — 1 = 2. We assume that the rate of time preferences is 8 = 0.98"3 implying an equilibriufn real rate
of return in steady state of 2% per year. Note that these calibration values imply that 8 = 2/7. For a given year
we assume that the output gap and (annualized) inflation have the same weight in the loss function. The shock
corresponds to a natural rate of interest of —5%/3 (thus a 5% inflation would be needed to close the output gap).

This implies a value of go = —0.22.

21



(a) inflation

-1 0 1 2 3 4 5

Figure 4: The Deflation Bias in a stochastic setting. The figure shows optimal monetary policy

under discretion (dashed lines) and commitment (solid lines).

the trap it will simply eat it. Once the lion is free from the trap it has no incentive to fulfill its
promise but has every reason to make the fox its meal.
These results are not unique to the simple process we assumed for g;. The result can be

generalized by considering a stochastic process for g;.

Case 2 (C2) In period zero there is an unexpected shock to go. Conditional on that g,_; # 0 in
every period t > 0 there is a probability o > 0 that the vector of shocks &, return back to
zero so that g, = 0. Let us call the stochastic date g returns to zero T. In periods t > T

there are no further shocks to the economy.

Appendix B illustrates a general solution method for the stochastic process in C2. Figure
(4) illustrates a solution for a simple stochastic process that is a special case of C2. Now we
allow for the possibility that g; does not return to zero with certainty in period 1. We suppose
that in period 0 there is a 2/3 probability that the shocks return back to their zero in period 1.
Similarly, conditional on being in the trap in period 1, there is a 2/3 probability that the shocks
return back to their zero in period 2. Finally we suppose that the shocks are back to zero in
period 3 with probability 1. Once the shocks return back to zero there are no further shocks to
the economy.?® In the figure we suppose that g; follows a path so that in each of the periods the
economy is trapped, the natural rate of interest is —3/6% (so that 3% expected inflation would

33We assume the same parameter value in this figure as in the one period trap apart from that now we assume

that the labor contract is one and a half year. We assume a path for g; that would imply a negative natural rate
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be required to close the output gap). The figure shows all the different contingencies given this
simple stochastic process. If the liquidity trap lasts over several periods, the optimal commitment
policy does not only involve expected inflation, there will also be inflation during the trap. This
can for example be seen by the line that illustrates the contingency that rj' = —3/5% in period
0,1 and 2. Again, although the optimal commitment solution involves expected inflation in the
trap, a discretionary policy maker cannot commit to positive inflation.

Two aspects of a liquidity trap render the deflation bias a particularly acute problem and
possibly a more serious one for policy makers than the inflation bias analyzed by KP/BG. First, if
the Central Bank announces a higher inflation target in a liquidity trap it involves no direct policy
action - since the short term nominal interest rate is at zero it cannot lower them any further. The
Central Bank has therefore no means to manifest its appetite for inflation. Thus announcing an
inflation target in a liquidity trap may be less credible than under normal circumstances when the
Central Bank can take direct actions to show its commitment. Second, unfavorable shocks create
the deflation bias. If these shocks are infrequent (which is presumably the case given the few
examples of a binding zero bound in economic history) it is hard for the Central Bank to acquire
any reputation for dealing with them. To make matters worse, optimal policy in a liquidity trap
involves committing to inflation. In an era of price stability the optimal policy under commitment
is fundamentally different from what has been observed in the past.

3.3.2 The Treasury

We will now consider the optimal policy of the Treasury when the Central Bank is independent. In
this case, the Treasury’s optimization problem reduces to the same optimization problem as was
analyzed by Barro (1979). It is easy to verify that the debt dynamics satisfy the same equations

for commitment and discretion in Appendix A if the Central Bank is independent.

Proposition 4 If the Central Bank is independent the discretion solution for the Treasury is

identical to the commitment solution.

The logic behind this proposition is simple. If the Central Bank is independent the process
for output, prices and the nominal interest rate are determined independently from the evolution
of fiscal variables. In this case the expectations of the private sector about future fiscal policy
have no effect on the equilibrium outcome at any given time. Since there is no feedback between
expectations about future fiscal policy and current outcomes there is no advantage to commitment
over discretion for the Treasury.

By equation (71) and (72) in Appendix A the approximate solution for the Treasury satisfies:

Tt = EyTi1 + i — Bymg

of interest of —3/8% when in the trap (thus a 3% inflation target would be needed to close the output gap). The
paths for the shocks g: that would imply this evolution for the natural rate of interest for all of the 3 periods is
[-0.11,-0.10,-0.07].
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If we assume as Barro (1979) that the price level and the real rate of return is constant we get his
well known tax-smoothing result that 7, = F;7411. As we assume that the real rate of return is
not constant we obtain the result that a low real rate of return induces the government to reduce
taxes at time ¢ relative to taxes at time ¢ 4 1.

Solving this for C1 results in:

70 = —G by = 37

The amount of taxes collected and debt issued depends on future real rates of interest, which in
turn depends on whether the Central Bank minimizes under discretion or commitment. Figure (3)
illustrates the case of a one period trap. If the Central Bank is able to commit, the Treasury will
lower taxes further than it would if the Central bank is discretionary. This stems from the fact that
the real rate of return will be lower under commitment than under discretion, since the Central
Bank can commit to future inflation. Thus the benefits of cutting taxes and accumulating debt
are higher when the Central Bank commits. Figure (4) demonstrates that the difference between
commitment and discretion is more dramatic when we consider C2. This stems from the fact
that in the stochastic case the real rate of return becomes positive under discretion. This gives
the Treasury incentives to accumulate assets as opposed to debt giving rise to tax increases and

budget surpluses during the first periods of the trap.

4 Gains of Cooperation: Committing to being Irresponsible

We have demonstrated that a discretionary Central Bank that is independent cannot commit to
the inflation target that is mandated by optimal policy. Since the short-term nominal interest
rate is bounded by zero it cannot take any action to credibly commit. The inability of the Central
Bank to commit to future inflation resulted in excessive deflation and a negative output gap. The
challenge for policy makers is thus to select a course of action that will render a higher inflation
target credible. The Central Bank must “commit to being irresponsible” in the word of Krugman
(1998). Here we illustrate a simple solution to this credibility problem. Suppose the independence
of the Central Bank is abolished and the government coordinates fiscal and monetary policies.
Then the government maximizes the social objectives illustrated in (22) taking into account the
losses due to tax distortions, inflation and the output gap. In this case, the government can use
fiscal policy to effectively commit the Central Bank to future inflation by cutting taxes and issuing

nominal debt.

4.1 Equilibria under Discretion when there is Cooperation
4.1.1 Structure of the Game

The structure of the game is exactly the same as described when the Central Bank is independent

except for that in this case the Treasury and the Central Bank coordinate their policy instruments
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to minimize social losses given by (22).

4.1.2 Strategy Functions of the Players

The strategies of the private sector are a function of both b1 and &,_1 when the Treasury and
the Central Bank cooperate since now the Central Bank takes into account the fiscal consequences

of its actions. Thus we define strategy functions for the private sector as:

uy_q = Ue(gt—laﬁt—l) (41)
Vi = Ue(gt—laft—l) (42)
feo = Fo(be1,61) (43)

Equation (26) and the IS and the AS equation indicate that government policy depends on
u§_q, ffq,vi_ and &;. Given the strategy functions of the private sector we can define the strategy

functions of the government as:

T = W([;tflaftvftfl) (44)

Tt = T(Etfl, §6:6e-1) (45)

4.1.3 Characterizing Government Policy

The problem of the government is to select taxes and inflation subject to the constraints in every

period t to minimize the expected value of the social loss function (22). It minimizes:

. Y; =Y ~
min[r} + Ao (=) + Ar7f + BV (b, &) (46)
T,Tt Y,

Here V(Bt, &;) is the value function of the government, i.e. the expected value at time ¢ of its
losses in period t+1 onwards. This value is calculated under the expectations that the government
will minimize under discretion from period ¢+ 1 onwards. The value function satisfies the Bellman
equation:

Y, - Yy

Vo )2+ A7t + BV (b1, €,)} (47)

V(bi1,6-1) = Eia g}g{ﬂf + A
s.t. (8),(21),(23),(26),(41)-(43).

Definition 6 An optimal discretion solution under cooperation is a Private Sector Equilibrium,

private sector strategy functions (41)-(43), government strategy functions (44)-(45) and a
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value function V (b, &,) that satisfy: (i) Government minimization. The government strat-
egy functions solve the minimization problem (46) and the value function V (b, &,) satisfies
the Bellman equation (47) given an exogenous process {&,}. (ii) Private sector mazimiza-
tion. The strategy functions of the private sector solve the household and firm maximization
problems taking the government strategy functions and the exogenous process {&,} as given.

(iii) Rational expectations and initial conditions.

To characterize the strategy functions of the households and the government we can write a
Lagrangian for the minimization problem in the Bellman equation:
1 5, 1. =Y
Lt = §7Tt + 5)\;,;(7
Et . 1 Et—l
uelYe = G.&) - Bfe(bi1,6 1) L+ e
uc()/ta ét) 7 7
T (1 = ——=—=) + 7(bs — b)
ﬂfe(btv ét)

There are six first-order conditions for this problem including 2 complementary slackness con-

P+ 5herd 4 BV (b ) (48)

4 ( +G—Tt)+77t(Yt—S(7Tt7(~7t—1=§t—1)>

ditions. They are listed in Appendix A. The first-order conditions involve the derivative of the
value function i.e. V};(i)t, &). It is not necessary to find an explicit form of the value function or
its derivatives. The envelope condition for the Bellman equation gives an expression for V,;(l;t, &)

allowing us to substitute it out of the first-order conditions.

4.2 Solutions Paths for an Approximate Solution

In this subsection we illustrate an approximate solution to the equilibria defined in Definition
6. Again we approximate the constraints and the first-order conditions by a first-order Taylor
expansion. The point we expand around is a constant solution defined in Appendix A. A nontrivial
complication is raised by the presence of unknown private sector strategy functions and their
derivatives in the approximate solution. In Appendix A we illustrate a solution method to find
the value of these functions and their derivatives. Since the resulting system involves an inequality
due to the zero bound on the nominal interest rate, we cannot apply standard methods for linear
rational expectation models. Again we will use the simple assumptions about the stochastic
process for g; we showed in last section in Case 1 and 2.

It is useful to consider first the solution in the absence of a shock for a given initial value for

real debt. In Appendix A we show that it takes the form:
bt = Pbt—l (49)

Ty = Hbt_l (50)

where we prove in Appendix A that p is a real number between 0 and 1. The coefficient II is

shown to be a positive number and is given by
-G

H="5

+ pr o 7ING

26



This solution illustrates that debt can work as a device to effectively commit the government to
inflation even if it is discretionary. The presence of debt creates inflation through two channels in
our model: 1) If the government has outstanding nominal debt it has incentives to create inflation
to reduce the real value of the debt. This effect is captured by AﬁLG in our expression for II. 2)
If the government issues debt at time ¢ it has incentives to lower the real rate of return its pays
on the debt it rolls over to time ¢ + 1. This incentive also translates into higher inflation and is

1

captured by the term px~'o'A\;G in our expression for I1.34

Proposition 5 Committing to being Irresponsible. If the Central Bank and the Treasury
cooperate a discretionary government can commit to future inflation in a liquidity trap by cutting
taxes and issuing nominal debt. Inflation is highest at first when out of the trap. It declines with

public debt over the infinite horizon and converges to zero in absence of other shocks.

Proof: see equations (49) and (50)

Proposition 5 does not establish whether or not it is optimal to cut taxes and issue debt in a
liquidity trap (although our solution from the last section indicates that optimal monetary policy
of an independent Central Bank should involve expected inflation). We now illustrate the optimal
policy under discretion if monetary and fiscal policy are coordinated. Using (76),(77),(88)-(94)
under C1A we can solve for the critical value of the shock gy that makes the zero bound binding.
We call this value ng and it is given by:

op _ (B2 4%)(1+ (1 — p) + BGT) — 0 2G2),
e W2+ (=0 (1 81— 7))

where the superscript C'D stands for coordinated discretion. Note that this critical value differs

(1-5) (51)

from the value derived when the Central Bank is independent. It is easy to show that g; > ggD
when (k2 + \;)(1 + pBo~1k™1) > 072 which is the case for a broad range of values. The zero
bound is thus binding for a smaller range of values for go under this condition . Let us assume
C1B so that gy < gP. Then solving the equations (76),(77),(88)-(94) in Appendix A yields (with
several algebraic manipulations):

B0 (k2 4+ (1= 0)As)

by = 0 — — — ¥y 4¢P >0 52
T T TR )+ Epere ) g T %2

where b¢P is a constant given by b¢P = %(1 —f3) > 0. Equation (52) illustrates that deficit
spending is optimal in a liquidity trap. The government cuts taxes and issues debt to effectively

commit to future inflation. The solution for inflation in period 1 onwards is by (49)-(52):

7y = Hplby > 0 for t > 1 (53)

3 Obstfeld (1991,1997) analyses a flexible price model with real debt (as opposed to nominal as in our model) but
seignorage revenues due to money creation. He obtains a solution similar to (49) and (50) (i.e. debt in his model
creates inflation but is paid down over time). Calvo and Guindotti (1990) similarly illustrate a flexible price model
that has a similar solution. The influence of debt on inflation these authors illustrate is closely related to the first
channel we discuss above. The second channel we show, however, is not present in these papers since they assume

flexible prices.
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Figure 5: Committing to being irresponsible.

By committing to inflation the government curbs deflation and reduces output losses in period
zero relative to the discretionary solution. This can be shown by solving (76),(77),(88)-(94) in
Appendix A for the cooperative and non-cooperative cases:

%60(&2 +(1-6)A\z)
L+ (1 = p) + Lok + Ay) — G

D CD O'H[

af —afP = (90— gFP) —bEP)1 <0 (54)

B0 (K2 + (1= 0)As)
L+ 5(1 = p) + L o?(k2 + A,) — GAII

) — P = ol

(90 —927) —bLP] <0 (55)
Proposition 6 The Optimality of Commiatting to being Irresponsible. Suppose C1B.
If the Central Bank and the Treasury cooperate, the government cuts tazes and issues positive
amount of public debt in a liquidity trap. In doing so it will reduce the output gap and commits

to inflation.

Proof: See equations (52)-(55).

The evolution of each of the endogenous variables is shown in figure (5) and are labelled “coop-

erative discretion”.?> This figure shows the evolution under discretionary cooperation (described

35 Again as the analytical results indicate our results do not in any way depend on the numerical values assumed.
To calibrate the value of A; we assume that the value of tax distortions associated with G = 1/3 is equivalent to
social losses associated with 10% inflation. In Appendix C we show a table which illustrates that a discretionary

maximizer would effectively commit to future inflation by issuing debt for a large range of values for A; under C1B.
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above) and contrasts it to the solution paths when the Central Bank is independent under dis-
cretion and commitment which we illustrated in the last section (we label these cases “monetary
discretion” and “monetary commitment” in the figure above).?¢ By cutting taxes and issuing debt
in a liquidity trap the government curbs deflation and increases output almost to the same level
as obtained under commitment by an independent Central Bank. The discretion solution is still
inferior to the commitment solution since the price that has to be paid for this is higher inflation
in period 2 onwards (when no inflation is desirable) and higher future taxes. Figure (6) illustrates
that the same result holds true in the simple stochastic example we considered in the last section.
There we contrasted the discretion solution under cooperation with the discretion solution that
applies when the Central Bank is independent. Again a discretionary government can effectively
commit to an inflation target in a liquidity trap by deficit spending, thereby curbing deflation
and increasing the output gap.3”

Proposition 5 and 6 summarize the central results of this paper. Even if the government is
discretionary, it can regain the control of the price level that an independent Central Bank loses
due to the zero bound. The government regains this control by coordinating fiscal and monetary
policy, thus enabling it to increase output and prices in a liquidity trap. The principal policy
tool we explore in this paper is deficit spending and debt accumulation. The channel is simple.
Budget deficits generate nominal debt. Nominal debt in turn makes a higher inflation target in
the future credible. Higher inflation expectations lower the real rate of interest and thus stimulate
aggregate demand. This channel can be critical when there are large deflationary shocks since
under these circumstances monetary policy can be frustrated by the zero bound on the short term
nominal interest rate. Note that this policy involves direct actions by the government as opposed
to only announcements about future policies. The government can announce an inflation target
and then increase budget deficits until the target is reached. It is important to note that this
channel of fiscal policy only works if fiscal and monetary policies are coordinated. If the Central

Bank is independent, deficit spending has no effect on output and prices. To summarize:

Proposition 7 Deficit Spending in a Liquidity Trap. If fiscal and monetary policies are
coordinated, deficit spending will increase output and curb deflation in a liquidity trap by raising
inflation expectations and lower the real rate of return. If the Central Bank is independent deficit

spending has no effect on output and prices due to Ricardian equivalence.

The effect of fiscal policy when coordinated with monetary policy is thus fundamentally dif-
ferent from its effects if the Central Bank is independent. This can be of potential importance
in practice. Thus Krugman (2001) raises the question why deficit spending in Japan has failed
to lift Japan out of its current depression while some economists believe that deficit spending

helped Japan avoiding the Great Depression and that WWII jolted the US economy out of the

36The figure also shows the solution when the Central Bank and the Treasury cooperate and can commit. We
describe that solution in the next section.
37Tt is worth noting that in both the numerical examples discussed the social welfare is higher under cooperation

than non-cooperation when the government is discretionary as one would expect.
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(a) inflation

Figure 6: Committing to being irresponsible in a stochastic setting. The figure shows optimal
cooperation under discretion (solid line) and discretion when the Central Bank is independent
(dashed lines).

Great Depression. We argue in Section 7 that a critical difference between these two episodes of
deficit spending is that the Bank of Japan is independent today whereas this was not the case
in the Great Depression (and in the US the FED and the Treasury cooperated by establishing
an interest rate peg in the 40’s). This paper thus points towards an important channel of fiscal
and monetary policy that may have been at work in Japan in the Great Depression and the US
in WWII but is not present in Japan today. When monetary and fiscal policies are coordinated,
deficit spending increases inflation expectations, which in turn lowers the real rate of return and
stimulates aggregate demand.

4.3 Equilibria under Commitment when there is Cooperation

We finally define the optimal commitment solution under cooperation.

Definition 6 The optimal commitment solution under cooperation is the Private Sector Equilib-
rium that maximizes social welfare. In this equilibrium the set of sequences {m, T4} mini-

mizes (22) subject to (8), (21),(23), (24) and initial conditions given an exogenous process

{&:}-
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The Lagrangian problem can be written as:
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There are nine nonlinear first-order conditions that result from this minimization problem, includ-
ing two complementary slackness conditions. They are relegated to Appendix A. The commitment
solution is approximated by taking a first-order Taylor expansion of the first order conditions and
the constraints around a constant solution. The constant solution and the necessary conditions

for an approximate solution are shown in Appendix A.

4.4 Solutions Paths for an Approximate Solution

We will finally solve for an equilibrium where the Central Bank and the Treasury cooperate and
the government can commit to the fully optimal solution. Again the value of gy that causes the
zero bound to be binding is different from the solution when the Central Bank is independent.

The value of gy that will make the zero bound binding is:

2 -2 2
cc _ K® + )\x — 0 6)\7-G _

where the superscript CC stands for coordinated commitment. Note that g7 < ggo so that the
zero bound will be binding for a larger set of values of gg in the cooperative commitment solution
than if the Central Bank is independent.

The difference between optimal commitment under cooperation and optimal commitment
when the Central Bank is independent is negligible. This can be seen by solving (69)-(77) for

inflation and output under for these two cases and taking the difference of the result:

7O _ 7€ BA-G?o2[((1 — 0) A\ + K2)go — 0231 — )]

T T T G 2+ Bo 2= NG D) (N, + K2+ 020 — BN, G20 2) -

The solution differs only slightly from the solution derived under optimal commitment by an
independent Central Bank. The difference depends on the term SA,G%02. For realistic values
of G (e.g. in the range 0.2 — 0.4) this term has negligible quantitative impact on the result since
it involves the square of real government spending. Similarly it can be verified that the difference
between the output gap and inflation in period zero is negligible. That this difference is negligible
is illustrated by figure (5). There we show the solution paths for full government commitment and
commitment when the Central Bank is independent, assuming the numerical values discussed in

Section 5. The commitment solution under cooperation and non-cooperation are almost identical.
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5 Extensions: Non-Standard Open-Market Operations

The model can be extended to analyze non-standard open market operations such as the pur-
chasing of long-term bonds and foreign exchange or, even more exotically, dropping money from
helicopters. Here we make a preliminary assessment of how these extensions could enrich our

results.

5.1 Dropping Money from Helicopters

Friedman suggests that the government can always control the price level by increasing money
supply, even in a liquidity trap. According to Friedman’s famous reductio ad absurdum argument,
if the government wants to increase the price level it can simply “drop money from helicopters.”
Eventually this should increase the price level — liquidity trap or not. Bernanke (2000) revisits
this proposal and suggests that Japanese government should make “money-financed transfers to
domestic households—the real-life equivalent of that hoary thought experiment, the “helicopter
drop” of newly printed money.” Our analysis supports Friedman’s and Bernanke’s suggestions if
the Central Bank and the Treasury cooperate. Our analysis suggests, however, that it is not the
increase in the money supply, as such, that has this effect, rather it is the increase in government
liabilities (money +bonds).

Increasing money supply by buying government bonds will not have any effect when nominal
interest rates are zero. At zero interest rates bonds and money are perfect substitutes. If the
Central Bank buys bonds from the public all that happens is that people replace the bonds in
their vaults with paper money. What happens if the government increases money supply without
buying bonds, e.g. by dropping money from helicopters as Friedman’s suggests? Since money
and bonds are equivalent in a liquidity trap this is in fact exactly equivalent to issuing nominal
bonds. When out of the trap and the nominal interest rate is positive again the Central Bank
will simply replace the money in circulation with bonds by open market operation with out any
cost.?® So if we only consider equilibria where the government issues bonds that have one period
maturity it is of no relevance whether the government increases its nominal debt or money supply
by dropping money from helicopters. If the Treasury and the Central Bank cooperate the effects
of a helicopter drop of money will thus be exactly the same as the effects of deficit spending that
we have discussed in this paper. Thus the model of this paper can be interpreted as establishing

a “fiscal theory” of dropping money from helicopters.

5.2 Open-Market Operations in Long-Term Bonds

It is often suggested that if long-term bonds have yields above zero, purchases of such bonds by the
Central Bank should lower long-term interest rate and therefore increase spending.?® As stressed

38 This of course is critical since if large amounts of money is dropped from helicopters and not swapped back for

bonds once out of the trap there will be hyperinflation.
#8ee e.g. Lebow (1993), Bernanke (1999), Blanchard (2000) and Clause, James, Dale Henderson, Athanasios

Orphanides, David Small and Peter Tinsley (2000).
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by Woodford (1999), the expectation theory of the term structure implies that this should not be
possible, unless such actions are taken to signal a change in the bank’s commitments regarding
future monetary policy. Debt and taxes have no effect on the loss function of the Central Bank
in our model. Therefore, open market operations in long-term debt have no effect if the Central
Bank is independent. When the Central Bank and the Treasury cooperate on the other hand
this fails to hold true. If the Central Bank buys long-term bonds with money in a liquidity trap
under cooperation, it is in effect changing the maturity structure of outstanding government debt
(if we consider the monetary base as government liability). Since money and short-term bonds
are perfect substitutes in a liquidity trap, replacing long-term bonds with money is equivalent
to replacing long-term bonds with short-term bonds. Thus the question of whether open market
operations in long-term bonds is effective in a liquidity trap can be rephrased: Does changing the
maturity structure of government debt increase inflation expectations? Preliminary results from
work in progress by the author suggest that the answer is yes.*’ The logic behind this is straight
forward. If the government holds long-term bonds it reduces its incentives to lower the short-term
real rate of return as those returns will not apply to debt already issued. One of the two inflation
incentives we discussed in Section 6 (for the case when all debt is short term) is thus reduced
with higher maturity.*! Since open market operations in long-term bonds shortens the maturity
of outstanding debt, our preliminary results suggest that it may be effective to increase inflation
expectations. An important caveat is that this channel will only be effective if the Central Bank

is not independent.

5.3 Open Market Operations in Foreign Exchange

The model can also be extended to consider the effects of the government buying assets that
have some real value or fixed rate of return such as foreign exchange. It is often suggested that
purchases of foreign assets should be able to depreciate the exchange rate, and stimulate spending
that way.*?> As pointed out by Christiano (1999) and Woodford (1999), however, the interest rate
parity implies that such a policy should have no effect upon the exchange rate, except in so far
as it changes expectations about future policy. Suppose it is the Treasury that buys the foreign
exchange. For Japan this is a good assumption because by law it is the role of the Treasury to
operate in the foreign exchange markets. If the Treasury buys large amounts of real assets (such
as foreign exchange) it has no effect on the incentives of the Central Bank to create inflation if it is
independent. Thus if the Central Bank is independent, foreign exchange market operations have
no effect. If the Treasury and the Central Bank cooperate this result changes. Since open market
operation in real assets by the Treasury would lead to a corresponding increase in public debt,
this gives the government an incentives to create inflation through the same channels as we have

40These preliminary results are available from the author upon request.
' There will also be some effect on the government incentive to inflate away the real value of the debt (i.e. the

first channel that debt affects the inflation incentives of the government discussed in section 4.2) but those effects

go in the same direction and it can be shown that they are only of second order.
12Gee e.g. authors cited in footnote 5.
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Figure 7: Ratio of net and gross government debt over GDP.

explored in this paper. Our conclusions thus once again depend on Central Bank independence.

6 Japan’s Problems Today and how it Escaped from the Great

Depression

It has been suggested by several commentators that fiscal policy has “reached its limit” in Japan
today. Similarly it is suggested that monetary policy is ineffective due to the zero bound. Many
have concluded that traditional tools of macroeconomics cannot get Japan out of its depression
and that Japan needs “structural reforms.” The figures presented on deflation and sluggish growth
in the introduction, however, are easier to interpret as evidence of weak aggregate demand. For
example Bernanke (2000) points out that “if Japan’s slow growth were due entirely to structural
problems on the supply side, inflation rather than deflation would presumably be in evidence.”
There is no doubt that there are various inefficiencies in the Japanese economy and that several
government institutions and the banking sector could benefit from structural reforms. Regardless
of that our analysis suggests that there is every reason to believe that the right combination
of fiscal and monetary policies will stabilize inflation at a positive level and generate inflation
expectations. This in turn lowers the real rate of interest and stimulates aggregate demand.
Presumably this makes structural reforms easier to implement.

The reason it is commonly claimed that fiscal policy has reached its limit in Japan is the large
public debt accumulated in recent years. Total government liabilities (money + bonds) have more
than doubled, from roughly 64.5% in 1990 to 130% in 2000, largely due to deficit spending. This
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is the highest level of gross government debt in the G7 countries as is illustrated in Table 2 that
shows the data for 2000. Figure (7) shows the evolution of government debt over GDP in Japan.
The inability of deficit spending to jolt the Japanese economy out of its current depression is not
inconsistent with our model. Our model suggests that if the Central Bank is independent, deficit
spending has no effect on output or prices. The problem in Japan is not necessarily that fiscal
policy is not expansive enough, but rather that fiscal and monetary policies are not coordinated;
that the BOJ is “too independent”. The Bank of Japan obtained legal independence in 1997.
BOJ staff Fujiki, Okina, and Shiratsuka (2000) write: “The primary objective of monetary policy
conducted by the Bank of Japan is to maintain price stability.”

Although our model implies that the Central Bank’s independence is a key obstacle to recov-
ery, in practice the institutional changes needed are probably not as radical as one might think.
Our “cooperative” solution is consistent with allowing the BOJ to maintain its operational inde-
pendence, i.e. that it has the ability to determine day-to-day open market operations and interest
rate movements. What our solution implies is that it should not have independence to determine
its own goals. One simple solution that is consistent with our model involves the Japanese Parlia-
ment or the Cabinet setting an inflation target on regular basis and giving the BOJ the freedom
to use its instruments to achieve it. That, however, is not enough. If the zero bound is binding a
situation might arise where the Central Bank is unable to take any actions to achieve this target.
This is particularly problematic in a liquidity trap because a higher future inflation target is more
desirable than under normal circumstances (in order to make the real rate of return negative and
stimulate demand). If the zero bound is binding, our solution indicates that fiscal policy can
come to the aid of monetary policy and make an arbitrarily high future inflation target credible.
The Ministry of Finance simply cuts taxes and increases debt to a level that is consisted with the
desired level of inflation expectations.

To have the Cabinet or the Parliament of Japan decide an inflation target should not be
considered a radical assault on the BOJ’s independence. It is common practice in many countries
to allow democratic bodies to determine the goals of monetary policy, even in the medium and
short-run. In countries that have adapted a policy framework of inflation targeting, the target itself
is often decided outside the Central Bank on a year-to-year basis. The Chancellor of Exchequer,
for example, determines the inflation target of the Bank of England on an annual basis.*® The
important element that our analysis adds to the standard inflation targeting framework is that
if the zero bound prohibits the Central Bank from reaching its current target or setting a higher
future inflation target is not deemed as credible, direct actions can be taken by fiscal policy to
solve the credibility problem.

Suppose the law of BOJ is changed, and the Japanese Cabinet or the Parliament is permitted
to set an inflation target. Our analysis indicates that this is not enough in itself to guarantee a
credible inflation target. In the absence of any debt issued the private sector has every reason
expect the legislator to change the target once out of the trap.** In Japan, however, there is

*see e.g. Clementi (2000).
41n fact, given that the country is out of the trap, it would be in the interest of voters (if they have the social loss
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already substantial government debt outstanding. Would any further action be needed in Japan
today apart from an inflation announcement by the Cabinet or the Parliament?

To analyze this question in the context of our model we need to study data on public debt.
Figure (8) shows the maturity structure of outstanding debt in Japan, i.e. it shows the nominal
value of debt due to be paid from 2001-2021. It is simple to calculate the government gains of
inflation from this data if we make some simple assumption about the evolution of the natural
rate of interest. Figure (9) illustrates how much the real debt would be reduced under different
inflation rates. The underlying assumption is that the natural real rate is negative for 5 years
at -3% and then returns to a positive rate. The figure shows the real value of the debt in 2021
if it is rolled over from 2001 onwards. We express the value of the debt as a ratio of real debt
for a given inflation target over the real value of the debt if there would be zero inflation. We
illustrate this ratio for 3,4,5,10 and 20 percent inflation. As illustrated in the figure there would
be a substantial reduction in the real value of the debt with a credible inflation target, e.g. it is
reduced by more than a quarter for 4 percent inflation. Given the high level of public debt today

there seems to be substantial incentives for the government to adhere to the target.

Net Gross
Government Government

Debt Debt
Italy 98.66650022 110.8493514
Canada 66.02916459 104.8622681
Japan 50.70693774 122.8593272
France 42.54902586 64.44905255
United States 42.95781391 58.81071036
Germany 41.82264039 59.72264039
United Kingdom 33.49835674 54.4020255

53.74720563

82.27933934

Averag_]e in G7

Table 2: Gross and net government debt in the G7 countries.

There is, however, an important caveat to this argument. Although gross nominal debt over
GDP is 130 percent in Japan today, that does not reflect the true inflation incentives of the gov-
ernment. Government institutions such as Social Security, Postal Savings, Postal Life Insurance
and the Trust Fund Bureau hold a large part of this nominal debt. If the part of the public debt
that is held by these institutions is subtracted from the total value of gross government debt it
turns out that the “net” government debt over output is only 51 percent. The important thing
to notice is that most of the government institutions that hold the government nominal debt
have real liabilities. For example, Social Security (that holds roughly 25% of the nominal debt
held by the government itself) pays Japanese pensions and medical expenses. Those pensions
are indezed to the CPIL If inflation increases, the real value of Social Security assets will decrease
but the real value of most its liabilities remain unchanged. Thus the Ministry of Finance would

function specified in earlier sections) to vote a government that promised to bring down inflation! Thus a rational

expectations equilibrium with “credible” legislation cannot be established.
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eventually have to step in to make up for any loss in the value of Social Security assets if the
government is to keep its pension program unchanged. Therefore, the gains of reducing the real
value of outstanding debt is partly offset by a decrease in the real value of the assets of government
institutions such as Social Security. Thus the ratio of gross national debt to GDP overestimates
the inflation incentives of the government, whereas the ratio of net value of government debt and
GDP is perhaps a more realistic measure. Table 2 contrasts net government debt in Japan to net
debt in the other G7 countries. As the table illustrates net government debt in Japan is below
the average in the G7 countries. Thus trying to evaluate the inflation incentives of the govern-
ment in Japan from data on gross debt can be highly misleading. In order for an inflation target
determined outside the BOJ to be credible, further deficit spending or other actions that raise

inflation expectations might be required (such as buying long-term bonds or foreign exchange).

Government
Change in Change in Change surplus over
GNP deflator CPI Change in WPl in GNP GNP

1929 - -2.3% -2.8% 0.5% -1.0%
1930 - -10.2% -17.7% 1.1% 2.0%
1931 -12.6% -11.5% -15.5% 0.4% 0.4%
1932 3.3% 1.1% 11.0% 4.4% -3.5%
1933 5.4% 3.1% 14.6%  10.1% -3.0%
1934 -1.0% 1.4% 2.0% 8.7% -3.5%
1935 4.1% 2.5% 2.5% 5.4% -3.3%
1936 3.0% 2.3% 4.2% 2.2% -2.0%

Table 3: Coordination of Fiscal and Monetary Policy in the Great Depression in Japan.

An inflation-targeting regime of course is not the only possible interpretation of the cooper-
ation solution in our model. Another possibility would be a complete abolition of Central Bank
independence and the vesting of all monetary and fiscal policies in a single authority. There is an
interesting historical precedent from Japan for this type of cooperative solution. During the late
1920’s Japan was slipping into a depression. Growth had slowed down considerably, GNP rose
by only 0.5 percent in 1929, 1.1 in 1930 and 0.4 percent in 1931. At the same time deflation was
crippling the economy. This was registered by several macroeconomic indicators as is illustrated
in Table (2). In December 1931 Korekiyo Takahasi was appointed the Finance Minister of Japan.
Takahasi took three immediate actions. First, he abolished the gold standard. Secondly, he subor-
dinated monetary policy to fiscal policy by having the BOJ underwrite government bonds. Third,
he ran large budget deficits. These actions had dramatic effects as can be seen in Table 3. All the
macroeconomic indicators changed in the direction predicted by our model. As the budget deficit
increased, GNP rose and deflation was halted. During the same period, interest rates were at a
historical low. Short-term nominal interest rates on commercial bills stood at 5.48% at the end of
1929. They went down to 4,38% by the end of 1932, 3,65% in 1933 and 3.29% in 1934 where they
stayed throughout the 30’s. That was the lowest level this measure of short-term nominal interest
rates had ever reached to that date (data reaches back to 1883 and averages 7% up to the 30’s).

Since this data covers commercial bill rates it includes a risk premium and includes commercial
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paper of various maturity. It is thus unclear how much additional scope there was for lowering the
real rate of return through the nominal interest rate. Our model indicates that the other actions
taken, i.e. aggressive deficit spending that was financed by underwriting of government bounds,
could have had considerable effects on the real rate of return through increasing expected inflation.
This channel can be important in explaining the success of these policy measures in Japan. In
1936 Takahasi was assassinated and the government finances subjugated to military objectives.
The following military expansion eventually led to excessive government debt and hyperinflation.
Up til Takahasi’s assassination, however, the economic policies in Japan during the 1930’s were
remarkably successful.

The result in Japan stands in sharp contrast with the experience in the US during the same
period. Although the nominal interest rate (measured in terms of yields on short term government
bonds that should thus have a small risk premium and only 3 month maturity) in the US went
down close to zero during the 30’s, this failed to generate a sustained increase in output and

inflation.*®

7 Conclusions

There are several lessons that can be drawn from our simple model. First, our model can answer
puzzles such as: Why has deficit spending failed to get Japan out of its current depression while
many economists maintain that it helped to get the Japanese economy out of the Great Depres-
sion in the 30’s? Our model provides the stark conclusion that deficit spending will only increase
output and prices if the Central Bank and the Treasury cooperate. Under cooperation, deficit
spending increases inflation expectations, thereby lowering the real rate of return and stimulating
aggregate demand. If the Central Bank is independent, deficit spending has no effect due to
Ricardian equivalence. Second, our model casts some light on the costs of separating monetary
policy from fiscal policy. Our central conclusion is that it can be beneficial in a liquidity trap to
coordinate fiscal and monetary policy. It is worth stressing that our model does not indicate that
Central Bank’s independence is an inconvenient institutional framework under normal circum-
stances. What we have shown, however, is that under the unusual circumstances that create a
liquidity trap, Central Bank independence can limit the government’s ability to use non-standard

methods to control the price level. The challenge for future research is to create an institutional

It was not until 1942 that the Treasury and the FED implemented a similar arrangement of “cooperation” as
in Japan. In 1942 an “interest rate peg” was established. The FED guaranteed a yield on Treasury bills of 0.33%.
What followed was massive deficit spending due to WWII. The “cooperation” between the FED and the Treasury
was not established as a response to deflationary pressures, as it was in Japan in the 30’s. Rather it was a response
to the financial needs of the Treasury during the war. The results, however, were similar to those seen in Japan a
decade earlier. During the 40’s, there was as sustained increase in output and inflation. Needless to say the reasons
for the US recovery are too complicated to be captured by our simple model. It is possible, however, that some part
of the explanation lies in the decrease in the real rate of interest that resulted from higher inflation expectations.
Our model indicates that the cooperation between the FED and the Treasury in 1942 could have rationalized a

substantial increase in inflation expectations.
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framework that provides the price stability supplied by an independent Central Bank under nor-
mal circumstances and still allows fiscal and monetary policy to be coordinated when the zero
bound prevents an independent Central Bank from fighting deflation effectively. Third our model
casts light on several different policy options. By modeling the interaction of debt and inflation
we argue that one can analyze the effects of several different policies in a single framework. We
argue that foreign exchange interventions or open market operations in long-term bonds can be
analyzed in terms of their effect on the structure of outstanding debt. This in turn influences the
inflation incentives of the government. Working out the details of these extensions is a topic for

further research.
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A First-Order Conditions and Approximate Solutions

A.1 Commitment

Below we show the first order condition for the minimization problem under commitment defined by the
Lagrangians in (25) and (56). For compactness we only write the first order condition for (56). Below we

explain how the first order conditions for (25) can be seen as a special case of these conditions:

OLs e(Yeo1,&-1)  biq

67'(',5 = Tt +,ut ﬂfte_l (1 +m )2 777tsﬂ(7rt7ut717vt71) (58)
+l¢1 uC(}/;fvgt)Fil(}/;f) _¢ uc(}/;fvgt) _
BTt (L+m)? B (I +m)?
6L Y, Y Uy Uce(V3, &) Uee (Y, §4) bt M1
-\, _ Tt — E 59
0Y; ( Y2 ) B It K It T+ m (59)
_(b%—l (UCC(Y;hEt)Fil(Y%) ue (Y3, &)
6 1+ m FrE-1(Y) (1 + )
= Uy(Yo &) | dio1 wee(Ye &)
ﬂ (Uyy(Y;tvgt) (Y;f) + FI(F_l(}/t))) ﬂ 1 + T + ucc(Y;ﬁ,gt)’)/t
6L,
6_7't = )\7-'7'75 + My = 0 (60)
6Ls _ uc(}/tagt) :ut+1 _
5by o 7e E; T+ s +ue(Ye, &)y, =0 (61)
6L, e e
Suc = *5Et77t+1sue (7rt+17 Uy, Ut) + dﬁ =0 (62)
t
6L,
50° 5Et77t+1sv‘f (41, uf,vp) + ¢t =0 (63)
t
6Ls — uc(Yy, &) ue(Yy, &) Mgt 3
= + b E +¢; =0 64
6fte ﬁfte2 % te2 t4ot 1 + T4t ¢t ( )
Complementary slackness condition:
uc(}/tagt) uC(}/h&t)
— = —120,9, 20,(—57— - 1), =0Vt 65
ﬂfte - wt ( ﬂft ) 1pt ( )
e = 0, b— ue(Y,&)be > 0, ’Yt(E —ue(Y:,6,)0t) =0 (66)

Note that a solution for the commitment program has to be accompanied by initial conditions for (b%, ¢f,¢?

and b;_71. We assume the initial conditions:

¢£1 = ¢31 = ¢3L1 =9_1=0 (67)
b_1=0 (68)
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An optimal commitment solution under cooperation is characterized by the processes

{700, Yo, T, bey g, Uy 1y, G4, 02, 02, €, ) satisfying (8),(21),(24),(58)-(68) and the rational expectations
constraints.

If the there is no cooperation the Central Bank will set the inflation and output gap independently
of fiscal variables i.e. it will only minimize the period loss function 72 + A\,2?. It can be verified that
exactly the same solution is obtained as in the optimal commitment solution under cooperation above if
we set A, = 0. The problem of the Treasury is to minimize (19) subject to (24) taking the evolution of
{m,Ye, fE,0E,us, &, } as given. It can be verified that this minimization problem gives the same first order
condition as (60)-(61).

An optimal non-cooperative solution for the Central Bank under commitment is characterized by the
processes {7, Yz, Te, fE, 08U, 1,14, b1, 02, b5, €, } satisfying for A = 0 (8),(24),(58)-(59), (62)-(65), (67)
and the rational expectation constraints. The optimal noncooperative solution for the Treasury under
commitment is characterized by the processes {b, T+ } satisfying (21),(24),(60)-(61) and (68) where the set

of processes {m, Yy, f£,v8,ug, &, } is exogenously given.

A.1.1 Approximate Solution

To obtain an approximate solution we do a first order Taylor expansion around a constant solution. The
constant solution we expand around and solves the equation aboveis Tt =b=¢p=n=¢=0, u = -7 =
—A;G and 7 = % — 1. This constant solution would result for the initial conditions ¢*, = ¢*; = ¢* | =
¥_; =b_1 =0 at all times if there are no shocks to the economy so that £, = 0 at all times. If the shocks

are small enough the approximate equations will be arbitrarily close to the exact equations.

To simplify we can write the first order conditions and the constraints in the terms of the output gap
2+ and the two shocks 77" and ¢;. These two shocks summarize as a linear combination all the possible
shocks in the vector &,. If we substitute out d)%, qbf and d)? we can write the linearized first order conditions

as (with several tedious algebraic manipulations):*6
7o — K+ K Bty — sty = 0 69
t Ny TR t—17)¢ 52 Yyq = (69)
~1 ~1 A-Go!
Aey + %% - Uﬁ_zwt—l +n,+ K (wHo B, — A Go by + Tabt—l =0 (70)
iy =0 (71)
fi = Eifipyr — 0 (B — &) — 7 = A7 G uey, = 0 (72)

The complementary slackness conditions are:

Eti'tJrl - i’t + UEt7Tt+1 + 072? + ﬁO’f Z 0, 1ﬁt Z 0, ’(/Jt(EtftJrl - ft + O’EﬂTtJrl + 0'72? + ﬁcﬁ) =0 (73)

-1 —1
Sye = —%— and S = KL

16Tt is useful to note that in the constant solution S, =

E__
ue
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Y >0, b—ucby >0, v,(b—ucbs) =0 (74)
The initial conditions are:
bor=v_1=0 (75)

The linearized AS equation and the budget constraint can be written as:

T :Kjft+Et_1Wt + € (76)
1 .
bt = Bbt_l — G’Tt (77)

All the hatted variables above are defined as a percentage deviation from the constant solution. An
approximate solution for the cooperation case is found using the linearized equation if we make assumptions
about the stochastic process of 7} and ¢;. Similarly an approximate solution for the Central Bank’s
problem in the noncooperative case is found by setting A, = 0 in the system of equations above. Finally
an approximate solution for the Treasury’s problem under noncooperation can be found by considering
equation (71)-(72) and (74)-(75) for A+ > 0. Note that the process for 7 and €; can be found if we make some
assumption about the process for g; since 7 = = E;[(g: — ;") — Ey (141 —Yt’il)] =0 Y (1-0)Ei(g:—gi41)
and ¢ = k0(g — Ft_191)-

A.2 Discretion

Below we show the first order condition for the minimization problem under discretion defined by the
Lagrangian in (48) and (32) and (34). For compactness we only write the first order condition for (48).
Below we explain how the first order conditions for (32) and (34) can be seen as a special case of the
condition written below:

6L, 1, - o b -
— —fe(h, 1__t= be_ —
67Tt ¢ +,utﬁf ( t 17€t71) (1 +7Tt)2 ntsw( t 1,7Tt) 0 (78)
8L, Y, - V" buee(Ys, &) (Y, &)
=\, - + 1 = Y= =0 79
0Y: Ytnz e uC(Y},Et)Z T wtﬁfe(btvgt) ( )
6L,
67_t = )\7'7—15 + My = 0 (80)

0L = 1 uc(Ye, &) f7 (b, &)
— = (Vi (b, &) + + = +7v =0 81
ST g Y G &

Complementary slackness conditions:
UC(}/ﬁgt) UC(}/ﬁgt)

>0, ————=—-12>0, — = -1)=0 82
¢t - ﬂfte th( ﬂft ) ( )
715207 B_Btz()? ’Yt(B_Bt):O (83)

46



The optimal plan under discretion also satisfies an envelope condition:

V%)(Btfhgt—l) = Etfl[_m(fe@tfla gt—l)_l - fe(i)tfla gt—l)_sze(l;tflv gt—l)gtfl) - ntSB(Wta Btflyft—l)]
(84)

Using the envelope condition we can substitute the derivative of the value function into (81) eliminating
the value function from the first order conditions:

o 1— fg(bf7€t)bt)(E uc(Yt-&-lvgt-;-l) ,lEt j
’U’C(}/hgt) fe(bt7€t) 1 +7rt+1 1 +7Tt+1

ue(Yy, &) fE (b, &)
Bfe(by, &)

To obtain a solution to the system we must specify initial condition for both state variables:

— BESy(mes1,be)1 + 7 =0 (85)

t

b1 =0 (86)

§1=0 (87)

An optimal discretion solution under cooperation is characterized by the processes {ms, Yz, 7¢, br, tg, i, My Yer §4 }
satisfying (8),(21),(26),(78)-(80),(82),(85),(86) and (87).

If there is no cooperation the Central Bank will set inflation and output gap independently of fiscal
variables. It can be verified that the solution for the Central Banks problem is the same as the optimal
solution under cooperation shown above if A; = 0. Similarly it can be verified that the Treasury’s problem
will give the same first order conditions as shown in (80), (83) and (85) if we set f, =, =n, = 0.

An optimal non-cooperative solution for the Central Bank under discretion is characterized by the
processes {m¢, Yz, T¢, be, s, Uy, My, 2 satisfying (8),(26), (78)-(80), (82), (85) and (87) when A, = 0. The
optimal noncooperative solution for the Treasury under commitment is characterized by the processes
{bs, p1; } that satisfy (21),(80)-(85), (86) and (87) when f, =, =n, =0.

A.2.1 Approximate Solution

To obtain an approximate solution we once again do a first order Taylor expansion around a constant

solution. The constant solution we expand around and solves the equation above is m =b=n=v =0,
w=-X7=-X\Gandr= % — 1. This solution would result for the initial conditions ¢* | = ¢? | = ¢* | =
¥_; = b_y = 0 if there are no shocks to the economy so that £, = 0 at all times. If the shocks are small
enough the approximate equations will be arbitrarily close to the exact equations.

As in the commitment case we will write the first order conditions in the terms of the output gap ¢
and the two shocks 77" and €;. The linearized first order conditions can be written as (with several tedious

algebraic manipulations):*”

A-G
8

‘"Note that Sy = 0 in the constant solution which elimintes the term 7, in (91).

b1 — k', =0 (88)

Ty —
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—1
Aoy — 0N Gby + 1, + %wt —0 (89)

Tt =iy =0 (90)

fiy = Etfiysq — 0 Ey (B0 — 4 + o) + fEby + + A7 G gy, =0 (91)

f&
_b¢t
MG
The complementary slackness condition is:

EtJAI,H_l — i‘t + O'Etﬂ-t-l-l + Ufll + ﬂO’f Z 0, wt 2 0, ’(/Jt(Et.fIt+1 — .f?t + O'Etﬂ-t—i-l + O'f? + ﬂO’i) =0 (92)

Y6 =0, b—ucb >0, 7,(b—uch;) =0 (93)
The initial condition is:
b_1=0 (94)

A solution can now be found to the linearized equation above in addition to linearized AS equation (76)
and the budget constraint (77). This solution involves the derivative of an unknown function f¢(b,&,) in
the constant solution i.e the term f7. As we seck to find the derivative of f it is not enough to solve for
the value of f in the constant solution. Rather we need to solve for the value of f away from the constant
solution. It will not be necessary to solve for the transition dynamics of f for all type of shocks since we
are only interested in evaluating the derivative of f with respect to b. This derivative can be found by
assuming initial condition for b that are different from the constant solution. In the absence of shocks by
is the only state variable of the game. Up to a first order approximation we can write by = ucby. Then in
the absence of shocks a first order solution can be found of the form:

T = Hbtfl (95)
bt = pbt—l (96)
Ty =0bi_4 (97)

Consider the value of the function f¢ (b, €,) at time ¢ when there are no shocks to the economy and perfect
foresight (given some initial value of l~)t):

’U,Cfe(gt)_l =1+ Tt+1 (98)

A first order approximation to this equation yields

—f5be =T (99)
Equation (95) and (99) imply:
fi =1
Equation (77) implies:
L—pB 1
6= G
B



Equation (88)-(90) and (96) imply:

A G
g

The value of p can be found considering (77),(91), (90) and our solution for ff. In the absence of shocks

o= + x0T INGp

those equations combined can be written as:
BEwbi1 — (1 + B+ MG? + B~ o ING?p)by + by + uc A1y, =0 (100)
Suppose the debt limit is not binding so that v, = 0. Then p solves the characteristic equation:
T(p)=pB(1 -k o INGHP? — 1+ B8+ XCHp+1=0 (101)
Then the solution for b; when the debt ceiling is not binding is of the form

b = 1y + c2p) (102)

Proposition 8 The characteristic equation (101) has one root 0 < p; < 1 and one root p, > ‘%‘

Proof. Suppose 1 > k7 107IA\,G? Then'(p=0)=1>0.T(p=1)=8—-pr o7 '\,G>-1—-3—
AG? 41 = —(Br7 o7 +1)A-G? < 0. Thus one root is less than 1. I(p = 3) 5o MG

-1 _ 1 _q_
A G? o ING?E . AGP ; 17 ’ ’ ’ 1
5=+ 1=-22 g — 5 < 0 so that one root must be bigger than 5 Suppose 1 < k1o 7\ .G?

(*). T(p = 0) =1 > 0 Then one root is positive and one is negative. I'(p = 1) = 3—Br 1o\, GZ—1-(3—
AG? 1= —(Br o™ + 1)\, G? < 0. The positive root is less than one I'(p = —F) = § — “71+;’\’G2) +
L4142 1 =214+ 4) + 2E (1 - 57107 ING?) > 08 2(1+4) > 2285 (1 — 57107\, G?). This must
be the case since Aﬁ£2(1 —k7to7IN,G?) < 0 by (*). Thus the negative root must be greater in absolute
value than % [ |

The borrowing limit imposes that b; < b. If the debt dynamic involved an explosive root the debt
limit would be reached in finite time. This however cannot be an equilibrium because if the debt limit is
reached in the absence of any shocks then (91) is violated. To see this consider the period in which the
debt limit is reached.*® Then b; = b > b;41 and by > b;_;. Then by (100) v, = BEbir1 — (1 + 8+ NG +

Br"ro 7N G%py )b + by—1 < 0 that violates (93). Thus ¢y = 0 in (102) and
bt:pbt—l 0<p<1

Thus p solves:

148+ MG*+ /(1 + B+ AG?)2 =461 — k107 1A.G?)
26(1 — k=1~ tA.G?)

14+ 8+ MG*— /(1 + B+ A G?)2—46(1 — k107 1N.G?)
28(1 — k101X G2)

p = min{

)

}

**The argument only considers the case when p, > 1/3 which is the case of economic interest.
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B Recursive Solution Method

B.1 Commitment

Here we outline a recursive solution method for discretion and commitment for Case 2. The solution for
Case 1 can be seen as a special case of the solution illustrated. In Case 2 we assume that there is an
unexpected shock to go and that in every period ¢ > 0 there is a probability a; > 0 that it reverses back
to 0. Once it reverses back to zero it stay’s there forever after. We call the stochastic date it reverses back
to zero T. We assume that there is some date S (that can be arbitrarily far into the future) at which g;

must have returned back to zero with probability 1 (in the Case 1 § = 1).
The solution has to satisfy the following equations:

1
Tt — “_17715 + H_lEt—lnt - Fwt—l =0 (103)
-1 -1 /\TG -1
Aoy + %«/;t - Uﬂ—sz o+ w+ o YE_in, — \Go b, + T"bH =0 (104)
1 1 1 . . n
*bt + Bbtil + Etbt+1 — Ebt — 0 G(Et$t+1 — :ct) — G?"t =0 (105)

i’t — Etiit+1 — O'Et7rt+1 — O'le — 0'57 Z 0,% Z O,iﬁt(‘%t — Eti'tJrl — O'Et7rt+1 — 0'72? — O'ﬁf) =0 (106)

Ty = Ky + Ey_1m + € (107)

Let us denote the any variable ¢/ as the value of the variable conditional on that the economy is in the
trap and §}¥ as the value of the variable conditional on that the economy is out of the trap.

t>T
then Y = 2N = ##N =0 Then by (103)

my =0
and by (105)
by = by
t=T
_ _ _ 1
my =&y R ey + R (L - ar)np - Fiﬁ_l =0 (108)
N oty ot g N -1 —1 N
AaZp — 71#11 + FwT,l +np +k(w+ o7 )arny
A-Go1
+r N w+ o)1 = ar)nk — A\ Go Y + Tab%,l
= 0 (109)
lb%_l - lbéY +o G =0 (110)
5 B
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gp =0 (111)

N = ki +arnl + (1 — ap)rh 4+ Y (112)

Z

|
!

We can write (108)-(112) on the form

Z¥ = KrZ§ + FrPI_, + Wr (113)
t<T
_ _ _ 1
mi —aTnl A a4 s (L ar)nf — i =0 (114)
R S T -1 —1y, N
AaZy + 7"/& - 2 Vi1 +n 6 (wto oy (115)
A-Go~1
+e w4+ o ™)1 —a)nl — A\ Go7t! + Tath_l
-0
1 1
7()? + Bb?_l + Oét+1bi\_’~_1 + (1 — at+1)th+1 — Bb? (116)
—0  Gapprif g — o PG — ayyr)if, + o Gal - GipT
=0
& — 1@ty — (1 — ap1) @ — oappmpy g — o(1 — qup1)mly, — ot —of1=0 (117)
7l = kil + oyl + (1 —ag)wl + el (118)

We can write (114)-(118) on the form (where a are of dimension (6 x 2) and b} of dimension (6 x 4)):

T
Pia
T
Zt+l

z

:[af bf] +mt+[a§ bf} 5 (119)
t+

Substitute (113) into (119) and we get

T PT
[ al — B Fy, b - &K, } fl = [ a2+ d3F, b4+ WK } E | g+ aBW + 0P
Zt Zt+1
Inverting the matrix on the left hand side we can write the system as:
Pr A: B PE M,
tT _ t Dt tT—l n t (120)
Z; Cy Dy Zi Vi

ol



We know the matrixes A¢, By, Cy and D;. They only vary with time because of «; . We also know M; and
V; that are only a function of the exogenous shocks and the parameters of the model. Note that

Bs_1=Dgs_1=0 (121)
By recursive substitution we can find a solution of the form:

Pr =P, + @, (122)

zl'= AP+ 0, (123)

To find the solution for the coefficients Ay, 2;, ©; and &, consider the solution of the system in period S —1
when Bs_1 = Dg_1 = 0. Consider the solution of the system in period S — 1. By (120)

Pg—l = AS—1P5T_1 + Mg_1

Z%ll = CS—lpgfl + Vg_1

Then we have:

Qs_1 =45
D5 1= Mg 1
As_1=Cs_1
Os_1 =Vs_1

Consider the solution of the system in period S — 2 for PI" ,:

P&, = Ag oP{ 3+ Bs_2Z{ |+ Ms_s
As_2P&_ 34 Bs—2(As—1P§_y +Og-1) + Ms_

Then

Pi_y=(I—Bs—2As_1) " Ag_oPL g+ (I — Bs_sAs_1) " (Bs—2Og_1 + Mg_»)
Similarly the solution for Sg_s is:

75, = Cs_oPi_ g+ Dg_2Z5 1+ Vs_s
= Cs—2P§_ g+ Dg_o(As_1P§_5+Os_1) + Vs_2
Cs—oP3_3+ Dg_oAs_1PE 5+ Ds_205_1 + Vs_2
Cs—2P3_ 5+ Ds_2Ms_1(Qs—2Pd 3+ Ps_3) + Ds_205_1 + Vs_2
(Cs—2+ Dg_sAs_1Q5_2)Pi_5+ Dg_sAs_ 15+ Ds_205_1 + Vs_»

Thus we can find of numbers A, Q;, ©, and ®; for period 0 to S — 2 by solving

Qt == [I - BtAt+1]_1At (124)

52



Ay =Ci + DA 1

®; = (I — ByAiy1) H[BiOsy1 + My

O = DA 191 + DOy + Vi

(125)

(126)

Given the solution for A, ;,0; and ®; we can find the solution for each of the endogenous variables in

(122) and (123) using the initial condition for PZ] = 0. This defines the solution under the contingency

that the economy stays in the trap for the maximum period times given by S (which can be made arbitrarily

large). The solution for all of the other contingencies is then given by (113) where we now know the values

for ZI' and P! | from the solution derived above.

B.2 Discretion

The solution has to satisfy the following equations:

1 1
o b g

Iit — Etiﬁt+1 — UEt7Tt+1 — 0'72? — 0'57 Z 0, 1/% Z O, 7pt(§7t — Eti'tJrl — UEt7Tt+1 — 0'72? — O'ﬁf) =0

t>T
then ¢ =&Y =N =0

t=T

le

ﬂ T-1

G

ﬂ btfl — K?_lT]t =0

T —

-1

Aoty — 0 A Gy + 17y + 1), = 0

g

bt + Etbt+1 — U_lG(Et.i't+1 — i’t + O'ﬂf’?) — Hth —

T = K?If?t + Et—lﬂ_t + €

N _ N
my = 1Ib_

biv :Plbi\i1
pwe _
T - Tb%—l —& gl =0

Ao — T INGHY + 0l =0

1

—(1—p; + =) +o71GEY —TIGHY =0

B
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(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)



N N N T T
Ty = kiy +army + (1 —arp)rp + ep

Again define Z, = and P =

¥y ]We can write:
b,

ZN = KpZE 4+ FrPL | + Wy

t<T

G _
o =22 = =0

—1
ModT — "IN GOT 4T + T

T _
3 Yr =0

1 A,
(14 5t Gy, + Eb{,l + Arars1b g + A (1 — apr1)bi 4

IT
Ao Gagg1dty — Ao T G(L = )3y + Ao T GEL — A\ G — =

51&?

=0
T ~N T N T nT -
&y — oy — (1= qq1) g — oauamyy — o(1 = quq) ey — oy —ofr=0
T

T N T T
m; = k&, +oymy +(1—a)m +e

We can solve this in exactly the same fashion as was illustrated for the commitment solution.

C Independent Treasury

(137)

(138)

(139)

(140)

(141)

(142)

(143)

In this case the Treasury takes the processes for 7y, z; and i; as exogenously given. The program satisfies

Ty =BT+ — Eyme

b= =bi1 — Gy

B
t>T
Then
T :%i\-[s—l
and
by = by
Then
. 1-8 ,_
Y=o

(144)

(145)

(146)

(147)

(148)



t=T

1— 1— 1—

Tp = 7A'11Y+1 - U_lj¥ = TﬂG_lb¥ - 0_1£¥ = zﬂG_lb%—l - ﬁﬂ%¥ - 0_1£¥ (149)

1—
A TﬁG*bg,l o1l (150)

1
by = Eb%,l — (151)
t<T

i = (1= ap) T + o fins = BT — aepampyy — (1= el (152)

T B s _
=1 = a1) Ty + 3 G0 — a0 BN — B — appimpg — (1= agpn)miyy

1
bl = Bb;{l — Gl (153)

We can now use exactly the same solution method as before where P, = b; and Z; = 7;. Then only thing

that changes is the dimensions of 2, ®, A and O.

D calibration

Full Commitment Monetary Commitment

Level of tax
distortions T Xg to T Xo ty
1% 4.2% -1.7% -5.8% 4.2% -1.7% -5.8%
3% 4.2% -1.7% -5.8% 4.2% -1.7% -5.8%
5% 4.2% -1.6% -5.8% 4.2% -1.7% -5.8%
10% 4.3% -1.5% -5.9% 4.2% -1.7% -5.8%
15% 4.4% -1.2% -6.0% 4.2% -1.7% -5.8%
20% 4.6% -0.8% -6.2% 4.2% -1.7% -5.8%

Full Discretion Monetary Discretion

Level of tax

distortions T Xo to T Xo to
1% 0.3% -9.5% -73.9% 0.0% -10.0% -1.8%
3% 1.5% -7.1% -49.0% 0.0% -10.0% -1.8%
5% 2.5% -5.0% -32.3% 0.0% -10.0% -1.8%
10% 3.9% -2.3% -14.6% 0.0% -10.0% -1.8%
15% 4.5% -1.0% -8.5% 0.0% -10.0% -1.8%
20% 4.8% -0.3% -5.7% 0.0% -10.0% -1.8%

Table 4: Solutions under different assumptions about the level of tax distortions.

Table 4 shows the value of inflation in period 1, output gap in period 0 and tax cuts in period 0 under
different values for A.. In the numerical example in the text we assume a value of A\, so that the losses
due to 10% annual inflation would corresponds to tax distortions associated with 7, = G = 1/3. The table

shows how the result would change by varying the degree of tax distortions in the economy.
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E Data

Data on Debt

Maturity Structure, source: Japanese Government Bonds, Quarterly Newsletter of the Ministry of
Finance of Japan, October 2001. Available at http://www.mof.go.jp/english/

Net and Gross Debt: OECD databank available at http://www.sourceoecd.com.

Data from Japan 1990-2000 in Table 1

From Datastream

Historical Data from Japan in Table 3

From Estimates of Long Term Economic Statistics of Japan since 1868:

Volume 1

GNP series, Table 23 p. 225.

GNP deflator, Table 30A p. 233.

Volume 8

CPI series, Table 2, p. 136

From Hundred Year Statistics of the Japanese Economy:

WPI series, Table 18, p. 76.

From Dilemmas of Growth in Prewar Japan, ed. Morley, James W.

Central Government Surpluses, Table 7, p. 250-251.
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