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1 Equilibrium

This section presents the results of the optimization problems faced by households and firms and the
optimal policy problem for a benevolent authority that chooses fiscal and monetary policy for the
currency union as a whole.

1.1 Demand

The allocation of total consumption among different varieties can be derived by solving the standard
expenditure minimization problems. The implied GDP deflators are

_ 1 " 1—0o ﬁ _ 1 ! 1—0o ﬁ
Py = [ﬁ/o Dt (h) dh} ) Pry = {m/ﬂ Dt (f) df} . (1)

Also from expenditure minimization it follows that the consumption price index (CPI) is
e
P=[nPif+ (=) P 2)

Expression [2] can be rewritten as to highlight the relation between the relative price of country i
(pit = Pit/P;) and the terms of trade (T; = Pr/Pu )

p%{tl =n+(l—-n) Ttl_e, pi{tl = nTtg_1 +(1—n). (3)

The absence of the nominal exchange rate acting as an automatic stabilizer establishes a one to one
link between GDP inflation rate differentials and variations of the terms of trade
Ty g,
Tiv Upy

(4)

where II; , = P; /P, +—1 defines GDP inflation. Given the appropriate CES output aggregators, the
total demand for country ¢ goods is

Vi =pif Cwi + Gis, (5)

where Cy+ = fol Cg dj is total consumption in the currency union and G+ represents the exogenous
amount of public spending in country .

The consumption-saving and labor-leisure decisions can be derived by maximizing the utility func-
tion subject to the sequence of flow budget constraints. The optimality condition for the allocation of
wealth among state-contingent securities at the individual level delivers the standard expression for

the stochastic discount factor 4 .,
_ o P (Cin
Qi1 =0 (Pt+1) ( cl . (6)

Idiosyncratic risk is fully shared among households, both within and across countries. For each couple
of households in the currency union, consumption levels are proportional, and the proportionality
term depends on the initial distribution of wealth among households. Assuming that the initial state-
contingent distribution of wealth is such that the life-time budget constraints of all households are
identical, the consumption levels are actually equalized across individuals, that is, C{ = C, Vj € (0,n),
C] =Cf,Vj € (n,1) and C; = Cf = Cw,. Given the expression of the stochastic discount factor




[6], no arbitrage implies that the gross return on a one-period risk-free bond R; satisfies the Euler

equation
1 CWt+1>_p
1=PBREi{ — | —— , 7
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where II; = P,/P;_; defines CPI inflation. From [2], CPI inflation can be written as a function of
GDP inflation rates and lagged relative prices

m=%=n (HH,tpH,tfl)lie +(1-n) (HF,th,tq)lfe . (8)

An exogenous country-specific wage markup (/L;l,}t > 1) introduces a wedge between the real wage

and the marginal rate of substitution between labor and leisure!

ol _
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9)

The last first order necessary condition for household’s optimization is the intertemporal budget
constraint which corresponds to the flow budget constraint coupled with the appropriate transversality
condition

lim E{Q:rD}} =0. (10)
T—o0

1.2 Supply

The program for firm k consists of choosing the price p; (k) that maximizes the present discounted
value of profits subject to the the technology constraint and the demand for its own product
pe (k)

Y&, T (k) = |:—:| Y;,T, VT > t. (11)
Pr

The first order condition of the firm’s problem can be arranged as to express the optimal relative price
Pt (k) /Piy as a function of aggregate variables only

1
P (k) _ (Ki,t) ten

Py Fiy

The determinants of the optimal relative price for firm k can be written recursively as

g w }/7-:7t i o(14n)
K= it + aBEALL, 5 K} (12)
oc—1 Q. t '
and
Fip=(1—=7i2) CyfipiaYis + BB {107 Fiiga } - (13)

Expression [12] is the present discounted value of a time-varying gross markup over current and future
(total) marginal costs. The gross markup can be decomposed in a combination of the price markup
(the constant term) and of the distortions in the labor market due to the exogenous wage markup p;";.
Expression [13] is the present discounted value of current and future (total) revenues net of taxation.

IThis wedge can be thought of as capturing either the monopolistic distortions in input supply or inefficient con-
tracting.



Differently from the closed economy case, total revenues display a terms of trade correction due to
foreign sales (the term p; ;).

All firms that reset their price in a given period choose the same optimal figure. By the law of large
numbers, the relevant price for all the firms that do not adjust is the GDP deflator of the previous
period. From the definition of the price index [1], the resulting Phillips curve for country 4 is

1 1+_c717)
1-— aiHi,t _ Fi’t (14>
1-— (67} Kz',t '

The presence of nominal rigidities creates price dispersion across firms which is the source of the
ineflicient level of output in the model. The index A;; measures the level of price dispersion for
country ¢

n —o(14n) —o(14n)
Aps = l/ {ﬂ] Tan A=t /1 [pt (f)] " (15)
0 n
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The evolution of the index of price dispersion A; ; can be derived from the definition of the price index

1]
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Aiy = @il IV 4 (1 - ay) ( (16)

1.3 Government Budget Constraint

The flow government budget constraint for country i can be rewritten more compactly using the
demand for the k' variety [11] with 7' =t and the definition of the GDP deflator [1]

Bii=Ri_1Bi1-1— Pisiy, (17>
where real per-capita surplus is defined as
Sit = Pit (TitYir — Git) — Sig- (18)

In what follows, it will be useful to work with an alternative expression for government liabilities. In
particular, I define the real value of debt at maturity as
_ RiBiy

it = 1
bit 7, (19)

Exploiting the definition of the stochastic discount factor, expression [17] can be rewritten as

—p
Cw'ibit—1

_ Cifiiqbi
I = COw/pit (TitYir — Gy — Siit) + BE, {M} . (20)
¢
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In an open economy, the household’s transversality condition does not necessarily imply a correspon-
dent restriction on the value of debt issued by each national government. Indeed, the only constraint
brought about by the transversality conditions of the private sector is a correspondent transversality
condition on the sum of the asset positions of the two governments (i.e., on consolidated debt)

C—P
lim E, {,BTtﬂ [nbg 71 + (1 —n) bFT_l]} =0. (21)
T—o0 HT ) ’



The resulting consolidated intertemporal budget constraint is then

Cyt >
;IV’t [nbri—1+ (1 —n)bpi—1] = E; {Z BT_tC;Vf)T [nsgr+ (1 —n) SFT]} . (22)
t T=t

2 The Steady State

This section shows that there exists an optimal policy plan that supports a symmetric steady state
with zero inflation and constant values for all variables.

The proof is by construction. I need to find a system of prices and quantities that a benevolent
policymaker would implement to maximize aggregate welfare at the union level for a given constant
vector of exogenous disturbances, equal across countries (@; ; = a, ﬁ;‘jt =n" > 1, Gi,t =G >0 and
Sit =S).

The steady state is indexed by per-capita debt, the terms of trade and price dispersion. I focus on
a steady state with positive debt (b;; = b > 0), terms of trade equal to one (T_; = 1) and no price
dispersion (A; 1 = 1). While the value of b is arbitrary, I will discuss below how it is nonetheless
subject to an upper bound.

Given a set of initial commitments X that make policy optimal from a timeless perspective, I
wish to find a solution that involves a constant policy plus a constant set of commitments, debt levels,
terms of trade and price dispersions equal to the initial ones.

The centralized policymaker chooses the sequence

{Y:i,tu Ai,tv Ki,t7 Fi,t? Hi,tapi,tu bi,ta Ti,tu CW,tu Tt7 Ht};’io ) 1= {H7 F}

that maximizes

)
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pif,tl =n+(1-n) Ttkaa P%}l = nTt971 + (1 —n),

T: _ Hry
Ty gy’

;™" = nlly Ppy oy + (1= n) W py
given the initial conditions Xo, A; 1, b;,—1 and T_;. Notice that the relative price for country ¢ has
been defined as p; + = P;/P;. _ _

I attach Lagrange multipliers gbzl)t through ¢177t to the constraints of the country 4,2 and multipliers
(bg"/t and ¢‘9/V¢ to the last two union-wide constraints. In order to impose constant commitments Xy = X,
the initial conditions Xy require additional Lagrange multipliers. These multipliers are normalized
in such a way that the first order conditions for ¢ = 0 look the same as the first order conditions at
a generic period ¢t > 0. Since the stationarity constraints for fiscal policy can only be imposed on
the consolidated real value of debt at maturity, this additional multiplier is denoted by ¢X"Cl and in
principle differs from gbfff . and qﬁi .

Before formally proving the existence of the steady state characterized so far, I take a step back
and discuss the upper bound implicit on steady state debt. The government budget constraint is

(1-B)b=7Y — (G +57).

Assuming that lump-sum transfers alone do not compensate for debt (assumed to be positive) and
spending (assumed to be non-negative), the steady state tax rate must be positive. Substituting the
resource constraint into the pricing equation gives

“\ —p _—
(1-7) (1—§> - ( ? )uwi_/p -
Y o—1 altn

which determines steady state output as as a negative function of the steady state tax rate and the
steady state markup and a positive function of steady state government purchases and productivity,
where the fraction of steady state spending to output is taken as exogenous from the benchmark
calibration. In any solution, the steady state tax rate 7 must then be less than unity, otherwise
output would be zero and so would be revenues for the government. Hence, over the (0, 1) interval,
revenues are bounded above (as in a standard Laffer curve argument) and so must be b for a steady
state to exist consistent.

In order to verify the existence of the proposed steady state, I need to check that the first order
conditions of the optimal policy problem above are satisfied for time-invariant Lagrange multipliers.

The first order condition for price dispersion determines the solution for gbé

H_"N (Y/d) B

(1—n) (V/a)' ™"
% = U aup)’

F __
% = —arp)

The optimality conditions for debt give ¢i7t = ¢i,t—1 Vt. Here, it is important to stress that the
above condition holds at time zero as well, so that gbfl = ¢XV. This result combined with the first order
condition for CPI inflation then implies gbgv =0.

2The Lagrange multiplier on each country’s government budget constraint is normalized by the size of its country,
which is equivalent to write the government budget constraint in terms of total rather than per-capita levels.



The first order conditions for the tax rates give ¢3H = n(bXV and (25:1; =(1-n) ¢XV. The first order
conditions for K; and F; yield

o1 =—(1— )¢
and

¢i1 =(1- ) Q%,
which clearly imply (;Sé = —(bg. These results, together with the previous finding for (;ng , can be
substituted into one of the first order conditions for GDP inflation to show that ¢ = 0.

The set of first order conditions sufficient to determine the steady state value of remaining Lagrange
multipliers (¢} plus ¢, ¢%) finally consists of (i) the first order condition for consumption

—pCPe + (o8 + 68 ) = C (23)
(i) The two first order conditions for output

nY™"

—né_p’?QﬁV + (ﬁé] = W (24)
and ( V¥
o 1—n)Y"
-(1-n)C pTﬁf’ZVJF(?g:alT; (25)
(iii) The two first order conditions for relative prices
—nC' ¢y + 0065 + (0 — 1) ¢f =0 (26)
and - -
—(1=n)C'*¢)Y +0C¢5 + (0 —1) 67 =0 (27)
(iv) The first order condition for the terms of trade
(1=n) o7 =no7. (28)

Hence, there are six conditions left to pin down five Lagrange multipliers. I will show that one
condition is redundant so that the system is in fact uniquely determined. To this extent, I add [24]
and [25] to obtain

~N—p= W H F Y"]

I solve for ¢ 4+ ¢& and substitute into [23] to derive the value of @}

1—p!
oy =——,
T—p

(@ pe o\ Yn/attn
F=\o-1)\1-7) " ¢+

It then follows that QS()H and ¢g can be expressed as a function of the solution for ¢XV and, most
importantly, that the solution for their values satisfies

(1—-n)of =ney. (29)

where




Now, I multiply [26] by (1 — n) and [27] by n. I subtract one from the other and obtain
00 [(1 =) 688 —nof] + @~ 1) [(1—n) 6 —noF] = 0.

Since the first term of the last equation is zero because of [29], it follows that [28] is indeed redundant.
This argument completes the proof of the existence of a well-defined symmetric steady state with zero
inflation and positive debt.

The solution for the remaining multipliers is

¢{{=n(1—aH)<1—_M_l>7 ¢f:(1_n)(l_aF)<1;M_l)

T*p —p
#on(5) e ()
_ 1 =1
7—pp ! _ 7 op~L
tere () (H22)
_nCt -t CQ-mcra-n-aYy
o7 9_1[ — =0T, e = — — 0|

3 Second Order Approximation of the Utility Function

The second order approximation of the utility function is fairly standard and follows along the lines
of Woodford (2003). Up to the second order, the total welfare for country 4 is

. s ot [ 1 R
Uip = C'rE, {Z/B t |:CW,S + 3 (1-p) CI%V,S (30)
s=t
=1 (v 1 -2 P L 1 o . s 13
- (Scu) Yi,s + 5 (1 + 77) Yvi,s - (1 + n) a’i,tY;pS + 50-'%1' Ti,s +t.a.p. + @ fi,t ‘ )
where
fo = (1 — Oéi> (]. — Cmﬁ)
T i (1+on)

and s, = C/Y.

Although consumption is perfectly insured across countries, along the derivation of the approximate
policy problem, it will be useful to exploit the symmetry of the model and distinguish consumption
in country H (C; = Cyw,) from consumption in country F (C7 = Cy,). The vector of endogenous
variables in deviations from the steady state can then be defined as

; N R R ~ N R N ~ /
2= Yur Co bue Twe Yre CF Pre Tre Ti | -

The single vector of exogenous shocks can be denoted by &, = [ é Ht é Fit ] The six entries are

li
! ~ A~ A ~ ~ A~ A ~
ft = [ aft le“ GH,t SH,t QAFt N%t GF,t SEt } .



In matrix notation, welfare for country H is

- e 1 1 ,
usre = 0" By {Zﬁs t [H — 5T Lty — T L - 5%7@,8] } +tip.+0 (l&l),
s=t

where
=] ()™ 10000 0 0 0],
[ (sem) " (1+1) 0 00000O0 O]
0 —~(1=p) 00 0 00 0 0
0 0 0000000
0 0 000O0O0O0O0
Zha. = 0 0 00000O0O]|,
0 0 0000000
0 0 00000000
0 0 0000000
I 0 0 000000 O]
[ —(set) " (1+n) 0 0 0 0 0 0 0]
0 0000000
0 0000000
0 0000000
Zue = 0 0000O0O0O0O,/[,
0 0000O0O0 0
0 0000000
0 0000000
I 0 000000 O]
and

2y = 0 (Sefikr)

The Foreign counterpart is

- L 1 1 ,
ure = C 7B, {ZBS t [Fx — 5@ Zra®s — ¥ Zrek, - 57@} } +tip.+0 (|lg°).
s=t

where
e =[0 0 0 0 —(sp)™t 1.0 0 0],

0000 0 0 00 0
0000 0 0 00 0
0000 0 0 00 0
0000 0 0 00 0

Zrz=10 0 0 0 (sep)  (14n) 0 000/,
0000 0 —(1=p) 0 0 0
0000 0 0 00 0
0000 0 0 00 0
00 0 0 0 0 00 0|
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Zrg = —(sem)”" (1+1)

OO O OO OO oo
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OO O OO OO oo
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OO O OO OO oo
OO OO O OO oo
OO DO OO OO

o O oo

and
-1
Znp = 0 (Schkp) .

3.1 Second Order Approximation of the Equilibrium Relations

The second order approximation of the utility function [30] displays non-zero linear terms in consump-
tion and output. As discussed by Woodford (2003) and Benigno and Woodford (2003), in this case
a log-linear approximation of the equilibrium conditions might not deliver the correct approximation
of the optimal plan and might lead to an incorrect welfare ranking of alternative policies. The idea is
that a linear approximation to the equilibrium conditions implies errors of second order which matter
for welfare if linear terms in the objective function are non-zero. In the absence of alternative correc-
tions that eliminate the linear terms from the objective functions,® Benigno and Woodford (2006b)
propose a methodology which (i) derives a second order approximation of the equilibrium conditions
and (ii) exploits the relation between those conditions and the coefficients of the linear terms in the
second order approximation of the welfare criterion from the deterministic non-linear optimal policy
problem. This appendix applies the methodology of Benigno and Woodford (2006b) to the case of a
currency union. For simplicity, I will show the derivations only for the Home country.

3.1.1 Optimal Price Setting

The non-linear Phillips curve admits an exact log-linear approximation

140 N ~ S
( 77) Ve =Fus — Koy, (31)
o—1
where L
1 — ayllf
Vi, = &

11—« H
A second order approximation of Vi ; yields

Vin = (T2 ) (0= 1) s+ 5 (1 ) 7he] + 0 (1) (32)

1—ay 1—ay

3In the current example, the coefficients on linear terms depend on the steady state total markup. Differently
from the previous literature (see Rotemberg and Woodford, 1997), a steady state subsidy that offsets the monopolistic
distortions is not a feasible device to reduce the welfare objective to a purely quadratic criterion. The reason is that
the presence of either positive debt or public spending requires the steady state tax rate to be positive to satisfy the
government budget constraint, provided lump-sum taxes do not cover entirely the fiscal deficit.

11



A second order approximation of F; and Kp ; gives

Fry+ = FHt—(l—OéHﬁ {Z (amp)’™ (fH,s+%fl2{,s>}+0(”§t|3)
s=t

and
o0

Kpy + %K?u = (1 - aupB) E; {Z (auB)*™ <ifH,s + %’Aﬁ%{s)} +0 (||§t”3) ;

s=t

where fr s and ky ¢ are the forcing terms of Fy; and Kg,; whose difference and sum give
fH,s - ];H,s = —ifrs — U?H,s + (1 4n)aus — (14 0n) Wfq,s +PH,s + SH,S — pCs
and
frs+ ks = s+ (2+m) Virs — (L+m) ams + [0 (1+n) + (0 — 1)] T+ PHs + St — pCs.

In the previous expressions, the GDP inflation rate between time ¢ and time s is defined as
Py,
t — S
T In
Hs = < Py )

. 1—
Spe=1In (ﬂ) : (33)

1-—7

whereas

Substituting the approximations of Fp; and Ky ; into [31] gives

(5252 -0t (S ()

s=t

(Fh. - ké)]}+
—5 (Fa. - R3.) +0 (lel’) -

N)Ir—l l\')l»—t

I further define
XH,t =(2+n) Y/H,t —(+n)am: — pCi + Dt + g + SH,ta

which implies . . A
frs + ks = X + [0 (L+n) + (0 = 1)) 7y .

I can then replace in the expression for VH,t to obtain

<1a+—01n) Vire = (1 —auB) E {i (apB)™" (st - kHS)}

(F. - R3,)

l\DI»i

s=t

11—« > s— ~w A o N A A
+<TH6> Et {Z (OéH,B) k |:_/J’H,s + SH,S - nYH,s + (1 + 7]) aH s — (1 + 077) 7TtH,s +pH,s - p05:|

s=t

Ko+ 2o+ on— Dl | f+0 (I6l?).
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From the approximation of Fy; and K+, one can then observe that

FH,t + KH,t =1 —-aupB)E: {i (OéHﬁ)s_t {(fH,s + ljb'H,s) + % (firs =+ ];?{5'>:| }
5 (Fra+ B3) + 0 (le?).

I multiply the last expression by [31] and I have that

Fhy K, = (f_”{’) Vi Et{yomﬁ)s—t (fH,s+z%H,s)}+0(|st||3).

s=t

Substituting back into the expression for VH,t above, I get

<10+_0177) Vire = (1 —app) E {i (auB)*™ (fH,s - /;’H,s)}

s=t

+ <#> I {i (apB)™" (fH,s — ]ACH“(,,) |:XH7S + (20 +onp—1) 7"3{,5] }

s=t

_ % (1-anp) (1;(’1’7) Vit - By {2_; (anB)"™" [Xns + (20 +on— 1)l ] } +0 (Jlgl) -

I define
Zis = By {Z (B [Xns + 20+ on— 1)ty | } : (34)

s=t

I can then rewrite

(tom) o _ <1+an) VHtZHtJrEt{f:(aHﬁ)s‘t (fAH,s_IACH’S>} (35)

(1—apB)(c—1) ™ o—1
+3E, {i_oj (@)™ (Frrs = i) Koo + 20+ on— 1) 7ty ] } +0(lllr’).

I update [35] one period, multiply by a8 and take expectations at time ¢. I subtract the resulting
expression from the time ¢ version as to obtain

(1+om)
(I—appf)(oc—-1)

o {i (anB)™" (Fus - kH)} — (auB) By { i (0B) " (Fare kH)}

1+o0 N N
177) [VH,tZH,t - (OéHﬁ) EtVH,t+1ZH,t+1]

[VH,t - (OéHﬂ) EtVH,t-q-l] = *% <

s=t+1
% {i apB)’ (st—k:Hg> [XHQ—&-(ZU—FUn—l) }}
5 (anp) B { and) " (fas — ki) [XH7S+(20'+0'77—1)7TZ~_;:|}—|—O(|§t||3).
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I define
ZH,s = fH,s - I%H,s + (1 + 077) 773’175 = 7,&%75 + SH,S - U?H,s + (1 + 77) dH,s +ﬁH,s - pC’s- (36)
I can then rewrite the previous expression as

(14+o0n)
(1—aup)(c—1)

+ E, {Z (auB)* ™" [2m,s — (1 +on) WtH,s]} — (aup) By { Z (anB)* ! [ZH,s —(L+om) W?ﬂ }

s=t+1

14o0n
oc—1

~ ~ 1 ~ ~
[VH,t — (aupP) EtVH,tJrl] =-3 ( ) [VH,tZH,t — (aup) EtVH,t+1ZH,t+1]

s=t

+2E, {Z ()" [zae = (1 + om) 7l ] | Kavs + (20 +om = Dy | }

s=t
5 (anf) E, { S (@B e — (1 om) wif ] [Kne+ 2o+ on—1) ] }+O (Z9E
s=t+1

I use the discount factors in the sums and the fact that 7%, , = 0 and that, Vs, 7%  — ﬁﬂ'i =Ty =

T t+1 to rewrite

(1+on) > ~ _ L /14 e B .
(1 — OéHﬂ) (U — 1) [VH,t - (OéHﬂ) EtVH,t-H] ) o1 [VH,tZH,t (OéHﬁ) EtVH,t+1ZH,t+1]
1 (aup) (1 +on)
+z + —zg+ X - 7
H,t D) H,tNHt (1 — OéHﬁ) tTH t+1
o > s—t— N
+ <%ﬁ> E { > (aup)y™ ! [(20 +on—Dmui1za,s — (L+0on) The1 Xns
s=t+1

—(1+o0n) (20 +0on—1) (W%I,tﬂ + 27rH,t+17T'}ﬁ>} } + 0 (Hft||3> .

Observe that 7wy +41 + ﬁg; = 7Yy o+ Using the previous definition of Zp , T can readjust to get

1= SH;)U(T]U) Y [VH,t — (amp) EtVH,t—i—l] = *% <1U+_017]) [VH,tZH,t — (aup) EtVH,t+1ZH,t+1]
1 1 1 2 -1
+ 2z + §ZH,tXH,t - —(aéﬁz (a;ﬁ()jm Eymh 41 — louf) ?—10_77)0[5{;;_ o >Et7T%I,t+1
+ (#) E, {WH’tH Z (aHﬂ)s_t_l (20 +0n—1) {zH’S —(14+o0m) wgﬂ }
s=t+1

Q
— (%) (14+o0n) B (TH+1ZH,t4+1) -

From the definition of zg; [36] and [35] it follows that

(14+0n)
1—agf)(c—1

E, {WH,tH Z (emB)" ™" |zms — (L4 o) W?i} } 1

s=t+1

)Et (VH,t+17TH,t+1>+O (||€t|\3) :
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I substitute back to obtain

(1+om)
(I —auB)(c—1)

1
+ zgt + §ZH,tXH,t -

N N 1/1+0 N ~
[VH¢ — (agB) EtVH,t—i—l] =—= < = 177) [VH,tZH,t — (auf) EtVH,t+1ZH,t+1]

2
(anf)(Aton) , (enf)(L+on)@oton—1), ,
(T—agp) 0 (1-anp) e
() (1 + )
2(1—aypf)(c—1

. 1o
)Et (VH,t+17TH,t+1) - (%) (14+o0n) By (T t+1ZH,t41) -

Next, I use the expression for VHﬂg in [32] together with the definition of kg

oc—1 l1—« 11—«
TH,t+ o=l W%{,t + L1-onB THtZH: = BETH 141 + AU~ aub) E (THt+1ZH,t41)
21— an) 2 2

(appB) (o —1)
2 (1 - aH)

B(20+on—1)

1
—RKRH <ZH,t + §ZH’tXH7t) + |: :| EtW%{)t+1+ [f] EtW%7t+1+O (Hft”g) .

I define

- (c—1) 1—ayf o(1+mn)
VH,t:WH,t‘i’ {m ﬂ%{,t+ T 7TH,tZH,t+ T 71'%{7,5.

Notice that

ag (c—1) o—1
_ 2 —1)= 1 .
—an +(20+0n-1) 1706H+0'( +1)
I further define the parameters
oc—1 l—O[HB
vﬂHEU(l—l—n)—i—l_aH, Vo = 5

Then, it is straightforward to see that

- 1
2
Ve =THy + S UraMa et Ve THtZH b

It then follows that

- 1—agyp 1 |ag(c—-1 20 +o0n—1
VH,t =f {EtWH,t+1 + (T) E; (7TH,t+1ZH,t+1) + 5 {2 (1(_ CEH; + ( 9 q Etﬂ%[,t+1}
1 o(l+
— KH (ZH,t + §ZH,tXH,t> + {%} ﬂ—%{,t + 0 (H§t||3> .

Using again the definition of VH7t and the identity of the coefficients above, a recursive representation
of the previous expression is

o(l+n)

- 1
Vit = —kn (ZH,t + §ZH,tXH,t> + { 5

| @+ 85T + 0 (16I").

Integrating forward the last equation gives

- N 1 oc(l+n
Vi = Ey {Zﬁ i |:_"fH (ZH,S + §ZH,SXH,S> + %ﬂ-%{,s] } +0 (H§t||3) .

s=t
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For simplicity, I redefine Vi = m;II Vi . The previous expression becomes

o 1 o1+
Vie = E {2/3 ' {— (zﬂ,s + §ZH,SXH,S> + (QTH”)WH } +0(Jlel’).
s=t

From definition [33], I take a second order approximation as to obtain

A . 1/ we \.
S = —rtie = 3 (72 ) P+ O (Ial”)

1-7

where

il

Wr —.
1-7

I can then substitute into the expression for Vi, using also the definitions of X m+ and zg.. The
result is

. s— ¥ ~ A ~ o 1 A ~w
VH,t = Et {Zﬁ ! |:77YH,S - (]- + 77) aH s + pCs —PH,s + WrTH,s + Ew‘r (]- +w‘r) 7—%{,5 + MH,S:|

s=t
17 5 . A . . .
+ 5 [TIYH,S - (1 + 77) ag,s + pcs —PHs tWrTH,s + ,U}Il},s}

2
a(l+mn) o

(@4 ) Vi = () ans = pCa b Pras + iy — s | + 75— wH7s}+s-o.t-z’-p-+o(||st||3),

where s.o.t.i.p. stands for “second order terms independent of policy”. I can rewrite the aggregate
supply relation in matrix form using the vectors defined in the previous section as

= 1 1 ,
Vi = Fy {Zﬁs ¢ [a}{@xs + a}lﬁﬁs + §x;AH,1x5 +xLAp el + iaﬂHﬂ?LS} }—l—s.o.t.z.p.—l—(’) (||£t\|3> ,

s=t

where
a}{’zz[n p =1 w, 0 0 0 O O]7

dye=[—-1+n) 10000 0 0],

[ n(2+n) p -1 w; 0 0 0 0 O]
P —p? p —pwr 0 0 0 0 O
-1 1) -1 wr, 0 0 0 0 O
Wr —pWr  Wr Wy 0 0 0 0 O

A, = 0 0 0 0 00 0 0 0/,

0 0 0 0 0000 O
0 0 0 0 00 0 0O
0 0 0 0 00 00 O

i 0 0 0 0 00 0 0 0|
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)

—~(1+n)? 147 0 0 0 0 0 0

0 000 O0F O
0000 O0FO
0000 O0FO
0 000 O0FO
0 00 0O0FO
0 000 OO
0 00 O0OO0F O
0000 OO

0

0

AH7£ =

and

—1
H -

c(l1+n)k

Qg

Analogously, the Foreign aggregate supply equation in matrix notation is

Vi = Ey {

where

aﬂﬂf?’s} }+s.0.t.i.p.+0 (HftHJ) J

1
2

AF7£§S +

!
Apzs + T,

1
2"

!

/

apTs +ap el +

|

Z 5s—t
s=t

e, =[0 00 0 7 p -1 w 0],

e=[0 000 —(1+n 1 0 0],

N

0
0
0
0

0 0 0O
0 0 0O
0 0 0O
0 0 0O

S oo oo

—pwr
Wr
Wy

0

P

wr
0

p
2
p
—pws
0

0
0
0

0
—(1+4n)° 147

0 0 0 O
0 0 0 O
0 0 0 O
0 0 0O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0O
0 0 0 O

e}

e}

e}

e}

0 0
0
0
0

Apyg =

and

-1
F o

oc(l1+n)k

Qg
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3.1.2 Intertemporal Government Budget Constraint

In the global problem, the national government budget constraints can be written recursively but not
necessarily in intertemporal form. The reason is that in an open economy the only restriction implied
by the households’ transversality condition concerns the sum of debt issued by the two governments,
not the stock issued by the single fiscal authorities. Nonetheless, the existence of a symmetric steady
state with finite debt and the equilibrium concept adopted in this paper rule out equilibria in which
(i) one fiscal authority issues an infinite amount of liabilities, (ii) one fiscal authority indefinitely
accumulates government securities issued by the other country, (iii) the transversality condition is
never violated. Hence, the focus will be on the case in which the intertemporal government budget
constraint actually holds at the country level, at least locally. This section derives a second order
approximation of the intertemporal government budget constraint for country H.
The flow government budget constraint can be cast as

b

—1 H,t—1

Rt bH,t = —— — — SHt-
11

From the definition of the nominal interest rate and the fact that b; belongs to the information set at
time ¢, the previous expression can be written alternatively as

Wae=C, "sus+ BEWh 141, (37)

where, Wi+ = C; "by+—1/IL;. A second order approximation of [37] gives

Wae =W ol L ope  (SHt—S\ A (SHt—S
= = (1 ﬂ)[p0t+2p0t+ - pCi - (38)

Whe—W 3
5 {0 j6).
The definition of per-capita surplus is

SH,t = PH,t (TH,tYHJ, - GH,t) —SH,t-
Therefore, a second order approximation can be derived as

SHt — S

E = (1+wy) Y +pus+ (1L +wy) T — s (GH,t + §H7t)

1 9 N ~
5 (@) Vi + 5, + (L4 w) 7
+ (14 wy) Yabas + (1 +wy) Yaiim,
+ (1 +wg) PatTHE — SaDH,t (éHt + €H,t> +s.o0.tip. +0O (|\§t||3) , (39)

where, in steady state, 5 = 7Y — (G’ + f) and I have defined sy = Y/5 and Wy = 8454 - Let WH,t =
(WH,t — W) J/W. Up to a second order approximation, it follows that

~ A 1.
Wit = Wi+ 3Wi, +0 (1))

where WH,t stands for the percentage deviations of Wy ; from the steady state value in per-capita
terms W. It then follows that

WH,t = lA?H,tq - pét — 7+ % (I;H,t—l - Pét - 7Tt)2 +0 (||£tH3> .
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Combining [39] and [38] gives
Wie = (1=B){(+wy) Vs = pCo+ Prs + (1 +wy) Fas (40)
1 5 S .
+§ [(1 +wg) YI—QI,t + 020152 +p%[,t + (1 +wy) T%I,t}
—p (1 +wy) Vi G+ (14 wg) Vi epme + (1 + wg) Vi o7

—pCipre — p(L+wg) Cormy + (1+wy) PraTrs

+8d (Pét —DPHt — 1) (GH,t + §H7t)} + BEWp 411 + s.otip. + O (||§t||3) ;
Expression [40] is now “local”, in the sense that it involves small deviations of variables from their
steady state values. Since it has been proved that such a steady state is not characterized by explosive

paths for the real value of debt at maturity, I can safely integrate the previous expression forward to
get

WH,t = (1 - 5) E; {Zﬁs_t [(1 "‘Wg) YH,S - Pés "‘ﬁH,s + (1 + wg) 7A'H,s
s=t
1 - R
5 (1 wg) VA, + 0202+ 3+ (L4 wy) 7,
—p (1 + Wg) yH,sés + (1 + wg) yH,SﬁH,s + (1 + Wg) YH,S%H,S
_pésﬁH7s —p (1 + wg) CA’sf—H,s + (1 + Wg)]aH7s7A-H7s
54 (pCs = prs = 1) (Gas +Sns ) | } +s.0tim. +0 (&) (41)

I rewrite the previous expression in matrix notation as

- > 1
Wae=(1-8)E: {ZBSt [WIH,I% + W/H,gfs + §$;WHI$S + x'SWH@gS} } +s.0tip.+0O (||£t\|3> ,

s=t

where I have defined

Wye=[1+w, —p 1 14w, 0 0 0 0 0],

Wye=[0 0 —s4 —s4 0 0 0 0],

14wy —p(14+wy) 14w, 14wy 0 00 0O
—p (14 wy) 0> —p  —p(l4+wy) 0 0 0 0 O
1+w, —p 1 14w, 000 00
14w, —p(1+wy) 14w, 1+ wy 000 00O
Whe = 0 0 0 0 00 0 0 0],
0 0 0 0 00 0 0O
0 0 0 0 00 0 00O
0 0 0 0 00 0 0O
0 0 0 0 0000 0]
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and

[0 0 O 0 0 0 0 0]
0 0 psq psq¢ O 0O O O
0 0 —sq —sq 0 0 0 O
0 0 O 0O 0 0 0 O
Wge=|0 0 0 0O 0 0 0 O
00 O 0O 0 0 0 O
00 O 0O 0 0 0 O
00 0 0O 0 0 0 O
|0 0 O 0 0 0 0 0|

The Foreign equation is

- > 1
Wre=(1-B)E, {Z Gl {w’F,st +wpes + 5T Wraws + :c;WF,gss] } +s.otip.+0 (l&l°),

s=t
where
Wp,=[0 0 0 0 14w, —p 1 14w, 0],
Wpe=[0 00 0 0 0 —sq¢ —sq |,
[0 0 0 O 0 0 0 0 0
0 0 0O 0 0 0 0 0
0 0 0O 0 0 0 0 0
0 0 0O 0 0 0 0 0
Wg,=10 0 0 0 1+ w, —p(1+wy) 14w, 1+ wy 01,
00 0 0 —p(l+uwy) 0 —p  —p(l4wy) O
0 0 0O 1+wy —p 1 1+wy 0
0 00 O 14+ wy —p(1+wy) 14w, 14wy 0
1000 0 0 0 0 0 0 |
and ~ _
0 00 O0O0O0O O 0
00 00 O0O0 O 0
00 00 O0O0 O 0
0 00 O0O0O0O O 0
Wpe=[ 0 0 0 0 0 0 0 0
0 00 0 0 0 psqg psa
0 000 0 0 —sg —sq
00 00 O0O0 O 0
(000000 0 0 |

3.1.3 Aggregate Demand

The equilibrium in the goods market for country H is

Y= p;;?tCW,t +Guy.

20



I can write total (average) consumption as

Combining the previous two expressions and taking a second order approximation gives

YH,t =ns.Cy — 0scpre + (1 —n) SCC? + éH,H‘

In vector notation, the present discounted value of the previous expression is

where

and

The Foreign aggregate demand can be represented as

0= iﬂsft |:
s=t

1
+ =

SO DO OO OO OO

2

0= iﬁs—t |:
s=t

H,st

/H,x = [ -1 ns,

0
ns. (1 — ns.)
—nbs. (1 — s¢)
0
0

Dy

s

—nbs,
0%s. (

—(1—n)

F@xé‘

DO DD DO OO

o

SO OO OO OO

o

Cwi=nCy+ (1 —n)C;.

R N2
{nsc (1 —mnse) C? +6%s. (1 — s.) Prre+ (1 =n)sc(1—(1—n)s) (Ct*) ]
—n(1—n)s2CCf —0ns. (1 — s.) Ciprs —0(1 —n) s (1 — 50) prCf

— 5.0 Grre + 05prsCrre — (1 — 1) 5.C; Cpre + O (\|gt||3) .

1
s+ 5D + 2Dt +0 (Jel).

—fs. 0 0 (L—-n)s. 0 0 0],

OOO&?OO)—‘AO

1—5¢)
— )

e (1—s¢)

OO DO OO O OO

OO O OO OO oo

DO DD DODDODDODO OO

OO O OO OO OoOo

he=[0 01000 0 0],

0
—n(1—mn)s?
—(1—mn)bs.(1—s.)
0
0
Sc(1—(1—n) s,
0
0
0
0
0
0
0
0
0
0
0
0

O DD DD OO O OO

OO DD DD OO

1
et + 50 Drso + 2, Dret,) +0 (I617).
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where

Pe=[0 nse. 0 0 =1 (1-n)s, —0s. 0 0],

he=[0 00000 1 0],

[0 0 0 0 0 0
0 nsc(l—-mns.) 0 0 O —n(1—mn)s?
0 0 0 0 0 0
0 0 0 0 0 0
Dp.=| 0 0 00 0 0
0 —n(l-n)s2 0 0 0 (I1-n)s.(1—(1-n)s.)
0 —nbs.(1—s.) 0 0 O —(1—mn)bs.(1—s.)
0 0 0 0 O 0
0 0 00 0 0
and ~
0000 O0FO 0
000 O0O0FO —NSe
000 O0O0FO 0
00 0 0 O0O0 0
Dpe=[0 0 0 0 0 O 0
000000 —(1-n)s.
0 000 O0O 0sc
000 O0O0FO 0
|00 00 00 0

3.1.4 The Terms of Trade

0
—nbs. (1 — s¢)

0

0

0
—(1—mn)bs.(1—s.)
0%s. (1 — s.)

0
0

SO oo oo o oo

The relation between the terms of trade and the Home relative price is

pil_,tl =n+(1-n) Tt1_9~

A second order approximation of this equation yields

prae=—(—m) T zn(—n) (1 -T2 +0 (&)

The matrix form present discounted value is then

0o . 1
0= 35" [bigu + glttnam| + 0 (I67).
s=t

where

We=[00 -1 00000 —(1-n)],

22

OO DD OO OO OO

DO DD DDDODODDOo OO




and

3

8

|
OO DD DD OO
O OO OO OO oo
OO OO OO O OO
OO DD OO OO OO
OO DD DD OO
O OO OO OO oo
OO OO OO O OO
OO DD OO OO OO
S OO OO O OO

|
S

_
|

s
—~
—

|
)
N

The Foreign counterpart is

oo
1
0= 357 W+ el ran | + 0 (Jel).
s=t

where

I

58
8
Il
=
o
o
o
=
=
\
_
=
3

and

HF,I’ =

OO DO O OO
OO O OO OO oo
O OO OO OO oo
OO O OO OO oo
OO OO OO O oo
O OO OO OO oo
OO O OO OO oo
OO DO OO
S OO DD OO

|
3
—
—
I
N2
—
—_
I
s
~—

3.1.5 Risk Sharing

The risk sharing equation gives

C,—Cr=o,
which can be written as

ZBSit (mg/[/@xs) = O,
s=t

where
m’mz[o 1 000 -1 00 0].

3.2 Elimination of First Order Terms and Aggregate Welfare

This section shows how to eliminate the first order terms in the second order approximation of the
aggregate welfare function [30]. The procedure consists of two steps. First, I need to find the steady
state Lagrange multipliers of the optimal policy problem. These multipliers relate the coefficients in
front of the first order terms of the objective function with the coefficients in front of the first order
terms of the equilibrium relations. Second, I need to express the first order terms of the equilibrium
relations as a function of the second order terms. In this second step, the weights in front of the linear
terms coincide with the weights in front of the second order terms.

23



To this extent, I construct the (9 x 9) matrix ' defined as
F=[ans 0re Whoe Wre doe dre haz hre mwe |

The matrix I' collects the vectors that multiply the linear terms in the endogenous variables of the
second order approximation of the structural equilibrium conditions

n 0 14w, 0 —1 0 0 0 0
p 0 —p 0 NS, NS¢ 0 0 1
-1 0 1 0 —0s. 0 -1 0 0
wr 0 14wy 0 0 0 0 0 0
I'= 0 n 0 14wy 0 -1 0 0 0
0 »p 0 —p  (I-n)se (1—n)s. 0 0 -1
0 -1 0 1 0 —0s, 0 -1 0
0 wr 0 1+wy 0 0 0 0 0
| 0 0 0 0 0 0 -1-n) n 0 |

The steady state Lagrange multipliers that are sought are the solution of the linear system
FC’L = Zi,:ca

where (; is a (9 x 1) vectors of weights for country s.
The resulting quadratic criterion for country i becomes

R - ,
uio = —5C0"*Eo {Zﬂt (@) Qutt + 201 Qi€ + Gicnn it + Gime T } +Jio+tip.+0 (),

=0
where
Qix = Zig+G1Are +CoArz + (i sWha + (G aWra + (5D + (i 6Dra + (o + (i sHra
Qi = Zig+CrAme+CoAre+sWhe+ G aWre + i sDre + CisDrg,

qH, 7wy =Zry + CH,la’ﬂ'hﬂ dH = CH,QafrF

qF, g ECF,laﬂ'Hv qF,7r = Zrp +<F,2a7rp

~1— 1 ~ -
Jio=Cr CiaVao+ ¢ aVro + <m) (<i73WH,O + Ci,4WF,O):| .

3.2.1 Further Simplifications

The dimension of the vector of endogenous variables x; can actually be reduced by appropriately using
the first order approximation of some equilibrium relations. The objective functions u; o can then be
expressed in terms of quadratic deviations of the remaining control variables from their targets, to be
defined as linear combinations of the exogenous shocks.

Up to a first order approximation, the aggregate demand equations in the two countries can be
written as

Y/H,t = Scéw,t — 05D + GH,t +0 (Hft”z) )

YF,t = ScéW,t — Oscprt + éF,t +0 (”ft”2) .
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The relation between relative prices and the terms of trade is
pre === T+ 0 (I&)7),  pre=nli+0(I&l?). (42)

Combining the previous two relationships gives

Vire = scCwa + (L=n) 0.3 + G+ O (&)

Vit = 5:Ciwg — 00Ty + Gy + O (||gt\|2) .
I define average output as the population-weighted linear combination of national GDP
YW’t = nf/H,t +(1-m) Yp,t.

The equilibrium in the goods market at the currency union level in log-linear form requires that

Vivie = 5cCwi +nGrg+ (1=n) Gra+ O (&) (43)

I can then replace average consumption by average output and get

Vie = Ywa+ (1 =n)0s.Ty+ (1 =n) Gy — (1=n) Gre+ 0 (I6]°)
Vre = Vi —nbs.T, —nGry +nGry+0 (16]°) (44)

I define a reduced vector of endogenous variables as
Al " ~ ~ ol
yt:[YW,t TH TF Tt]~

The relation between the previous vector of endogenous variables z; and the newly defined reduced
vector is described by the two relations in [42], equation [43] applied to consumption in each country
(using the risk sharing condition C; = C¥ = Cyw;) and the two relations in [44], plus three identities
(one for the terms of trade and one for each of the two tax rates). In vector notation, the previous

system of equation can be written compactly as

w0 = Nofi + Net, + 0 (IE)1)

where _ -
1 0 0 (1—m)0s.
s;1 000 0
0 00 —(1-n)
0 1 0 0
N, = 1 0 0 —nbs. ,
s;1 000 0
0 0 O n
0 0 1 0
0 0 0 I
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and

(00 1-m 000 —(1-n) 0]
0 0 —ns;! 00 0 —(1—-n)s;t 0
0 0 0 0 0 O 0 0
0 0 0 0 0 O 0 0
Ne=|00 -n 000 n 0
00 —ns;! 00 0 —(1—-n)s;t 0
0 0 0 0 0 O 0 0
0 0 0 0 0 O 0 0
00 0 00 0 0 0 |

The relation between the reduced and the original vector can be substituted back into the welfare
criterion to obtain

14 ot [ A oA ,
Ui = *501 PEo {Zﬁt {ngi,xyt +201Qi &t + Gimy Ty + qi,ﬂFﬁ%,t} } +Jio+tip.+0 (||§t“3) ;
=0

where 5 5
Qie = N,Q; o Ny, Qie = N,QixNe + N,Q; ¢

Since this paper is concerned with the optimal policy from a centralized perspective, the welfare
criterion for the currency union as a whole is the population weighted average of the national welfare
criteria

uw,o = nup,o+ (1 —n)upp.

From the results derived above, this corresponds to

1 N _
uw,0 = —501 PEo {Zﬁt [yQQW@yt +20,Qwey + AWy TH + QW,WFW%,J }+Jw7o+t-l-p~+(9 (||§t||3) ;

t=0
(45)

where

QW,z = nQH,w + (1 - ’I’L) QH,z = N;QW@NI

Qwe = nQue+(1—n)Qre =N, Qw,Ne + N, Qe

Wy = "WHry +(1—70)qFry

qW,ﬂ'F = an,ﬂ’p + (1 - TL) qF,ﬂ’p
and

=1— 1 ~ -
Jwo=C'"" [Cwi Vo + CwaVio + <m> (CW73WH,O + CW,4WF7O)] .

It is actually convenient to compute the relevant objects for the currency union welfare objective
without deriving the national welfare objectives. In other words, I will compute only the relevant
matrices for expression [45]. To this extent, it suffices deriving the three objects Zy , = nZy 5 +
(1 — TL) ZF7x, ZW7§ = nZH@ + (1 — TL) ZF7§ and CW = TLCH + (1 — TL) CF' The first two matrices are
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easy to calculate from the quadratic approximation of utility

ZW@ =

and

[ n(sepn)” " (14 17) 0 0 0 0 0 000
0 —n(l—=p) 0 0 0 0 00 0
0 0 0 0 0 0 000
0 0 0 0 0 0 000
0 0 0 0 (1—n)(sen) ' (1+n) 0 00 0/,
0 0 0 0 0 —(1-n)(1=p) 0 0 0
0 0 0 0 0 0 000
0 0 0 0 0 0 000
0 0 0 0 0 0 00 0|
[ —n(sen) " (14+7n) 0 0 0 0 00 0]
0 000 0 000
0 000 0 00 0
0 000 0 00 0
Zwe = 0 00 0 —(1—n)(se)) " (1475 0 0 0
0 000 0 00 0
0 000 0 00 0
0 000 0 00 0
I 0 000 0 00 0|

The third vector is the solution of the linear system

FCW = ZWJ,‘ )

where zw., =nzg e + (1 —n) zp 4.
Given these three objects, I can then solve for Qw,z, Qw.e, qw =, and gw . by observing that

QW,I
QW,E
qW,m i

qW,np

Zwe+ CwaiAnz + CwoAre + CwsWaae + CwaWre + CuwsDre + CweDre + CwrHu e + CusHrw
Zwe + CwiAme + Cwalre + CwsWhe + CwaWre + Qs Dae + CweDre
NZr + CW,laTrH

(1 - n) Rrp + CW72a7TF'

It is possible to show that the quadratic terms in the tax rates are equal to zero, that is

(QW’I)m’ - (QW’I)si - (QW’I)JQ - (QW’I)JB =9

Vi,j =1,...,4. Moreover, the matrix QW,I is diagonal

(QW"'E)M - (Qw’w)41 =0

and the coefficients of the cross terms that involve taxes and the exogenous shocks in the matrix QW@
are also all equal to zero, that is

(QW’E)Q - (ng)zs =0

It follows that the tax rates do not enter directly the average welfare objective for the currency union.
While distortionary taxation does imply welfare costs to the extent that it contributes to create a
wedge between actual and desired output levels, tax rates do not appear as an explicit term in the
welfare objective?.

4The results about tax rates are consistent with the correspondent closed economy case in Benigno and Woodford

(2003).
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4 Coefficients and Targets in the Objective Function

The elimination of first order terms in the second order approximation of total welfare requires the
computation of the steady state Lagrange multipliers of the optimal policy problem, which are (yy;,

i={1,..,8}
Cwa=n(@p—1)1+wy) (ﬂdc)_l Cwa=n"'(1—-n)Cy,
Cws=—w,(B—1) (ﬂdCY1 Cwa=n"'(1-n)Cys
Cws=¢ (Scﬂdc)_l Cwe = n~'(1—n) Cws
Cwr =1 (ﬁdCrl Cws = n~'(1—-n) Cw.r
where
po= op’/[loc—1)(1—7)
wg = 8¢/ (T —sg)
s = (G+3)/Y
wr = (1-7)/7
s = CJ)Y
de = sc(l4wy) (ps;! +1—wr) + pw,
p = psc(l+twy)(m—wr)+p(l+wy+wr)
Y = (—1)Q+wyg+ws)+0p.

The weights in the purely quadratic second order approximation of the welfare function are combina-
tions of these Lagrange multipliers and of other structural parameters.
The weight on the output gap is

Ay = (Qw,z)ll )
where
() = Qs+ 522, + 2500
and
be = (se) T (LHm) +02+1) Cwa + Cwa) + (1 +wy) (Cws + Cwa)
12U,m = —(1-p) —p° [(CW,l + CW,2) - (CW,S + CW,4)] +5c (1 —sc) (Cw,s + CW,es)
?u,x = p [(CW,1 + CW,Q) —(1+wy) (CW,?, + CW,4)] .

The weight on the terms of trade gap is

Ag=nt(1-n)"" (QWx)

44’
where B
(QW7I>44 = (980>2 j}u,x + qu,:c + Q?u,:c - QQSCQZU,:C
and
i},m = 'ﬂ(l _n) Qvlﬂ,m
?v,z = n(l—-n) [— (CW,1 + CW,2) + (CW,3 + CW,4) +6%s. (1—sc) (CW,5 + CW,G)]
g,x = n(l-n)(@-1) (CW,7 + CW,S)
771),:1: = —’I’L(l—n)p_l ?u,z'
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The weight on the GDP inflation rate for country i is
Ay = (ift) T [sT + (= 1) (14 w,) (1+17) dzl} ,

where

(1 - ai) (1 - Oézﬂ)
a;(1+om)

It is easy to check that the weights on GDP inflation rates are always positive. On the other hand,
it is generally not obvious to find conditions that guarantee the weights on the output and terms of
trade gap to be positive too. The example presented in section 3.3 in the paper satisfies the conditions
for strict concavity for any calibration. In the quantitative experiments of section 4, I check concavity
numerically for the baseline calibration and find that A, and A, are both strictly positive.

In order to allow for government spending and lump-sum fiscal transfers to be zero in steady state,
the deviations of those variables from their steady state values are defined in percentage of output,
that is, up to the first order, éi,t = (Gi)t — @) /Y and ¢y = (64 — ) /Y. The vector of exogenous
shocks &, collects Home and Foreign disturbances

K

&= &ne b |
where A
§g,t = [ ait iy Gie Sie } .
In what follows, average and relative disturbances will be referred to as

Ewi=nlyy+ (1 —n)Epy, Ert =E&re — Emy

The welfare-relevant target level for the output gap is

Ve = — (”Ay)fl KQW,§>H aw, + (Qw,g)u P + (QW,g)ls éW,t + (Qw,g) §W,t} )

14
where
(@we), = —nGem)™ (L+m) = (A +0) sy
(Qw,é)m = (1+n)C¢wa
(Gwe) . = o' Qhe—ns QL — 2050
13 : : :
(QW,{)M = ps; saCws
and
Qv}u,g = psaCw,z — ScCws
54 = wg/sg.

The welfare-relevant target for the terms of trade gap is

Tt = (Aq)il [(QW’£>41 &R’t + (QW’£>42 ﬂ%’t + (QW’§)43 GR’t + (QW’E>44 gR’t} ’
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where

et
N

(1 — TL) 980 (QW75)
(1 —n)0bs. (QW@) b
—(1=n) Q% ¢ +05:Qu0 — Qb

(1=n)p~"sc (QW’€>14

11

O
3

B~
w

N 7 N 7N N
O
O
Pl

N—— N N N
Il

and
Q?H,g = —saCw,3 + 05:Cw 5

Given the definition of the target levels for average output and the terms of trade, it is then possible
to define the target levels also for Home and Foreign output as

Y’H,t = Y/Wﬂg +(1-n) 0s.T; + (I-n) CA?R,t

and R R ~ .
Yr: = Yw —nOs. Ty — nGry.

Subtracting the target levels from their actual counterparts, the Home and Foreign output gaps are
yr: =Y + (1 —n)Os.q

and
Yrt = Yt — nlscqy,

where y; + = YM —ffi’t. Substituting the Home and Foreign output gap into the per-period loss function
provides a rationale for the definition of the welfare-relevant targets for national output

Ly, = n)‘yyl%I,t +(1-n) )‘yy%,t +n(l1—n) 5‘<1qt2 + n)\ﬂ'Hﬂ-%I,t + (1 —n) )\WFW%JH

where A\, = A, — (0s.)’ Ay-
The target for the tax rates are

T = —w, ' {%ffw,t + (1 =n)6,Ty — (L4 n) ans + iy, — (1= n)nGry — PsgléW,t]

and
Fro=—wol [@Ym — 08y Ty — (1+n) gy + i, +nnGry — psc_let} :

where §, =n+ ps; ! and §, = 1 + nfs..
The fiscal stress terms for country i is

%,t = _Psc_l (?W,t - éw,t) —(1-p5)E; {ZﬁStvi,s} )
s=t

where

vie = by Yws + (1 —n)bTy + (1 +wy) Trs — Sa (GHﬂg + éH,t) +ps G — (1 —n) (1 +w,) Grt,

VEt = by)}W,t - anTt +(1+wy)Tre — Sa (éF,t + éF,t) + 0821Gw,t +n(1+wy) éR,t

and by, = (1 + wy) — ps;* and by = (1 + wy) Os. — 1.
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5 Determinacy

This section studies analytically the determinacy properties of the optimal policy under the assump-
tion that the degree of price rigidity is the same across countries (ay = ap) and the additional
simplifications on the parameters such that p = 6 = 1 and G =< = 0. I begin by proving Lemma 3
and Proposition 5 in the text.

5.1 Proof of Lemma 3

Lemma 3 If the degree of price rigidity is the same across countries, the currency union can be
represented in terms of an average and a relative block. The optimal policy plan for each block can be
determined independently.

Proof. Since the degree of price rigidity is the same, the per-period loss function can be written as
Lws = Myi +n(L=n)Agf + 77 +n(1—n)mg,, (46)

where A= (1+n) kot and 7Ry = Try — TH 4
Average Block. Taking the average, with weights n and (1 —n) respectively, of the country-
specific Phillips curves gives

T = O\ [(IJ (’7A'W7t _%W,t) +yt} +BEt7Tt+1- (47)
Similarly, the average of the two national government budget constraints is
w1 =yt — me + Yy, = (L= B) (Fwe — Fwe) + BE(bwie — Yer1 — T + Pyppn)- (48)

Equations [47] and [48] represent the average block of the currency union. The optimal policy for the
average block is the sequence {y:, m¢, Twe, 5W7t}§§0 that maximizes the present discounted value of
[46] subject to [59] and [60] and the additional constraints for the timeless perspective.

Relative Block. Taking the difference between the country-specific aggregate supply equations
yields the relative Phillips curve

Trt = 0N W (TRt —TRt) — @) + BE:TR 141 (49)
Similarly, the difference between the national government budget constraints gives
bri—1+vp, =1 —B) (Fre— Tra) + BE(brt + ¥ 441)- (50)
The law of motion of the terms of trade is already expressed in terms of relative variables
G =q1+ 7Ry — AT (51)

Equations [49], [50] and [51] represent the relative block of the currency union. The optimal policy

for the relative block is the sequence {q:, Trt, TR, I;R,t}fio that maximizes the present discounted

value of [46] subject to [49], [50] and [51] and the additional constraints for the timeless perspective.
The two problems are independent, hence completing the proof of the claim. m
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5.2 Proof of Proposition 5

Proposition 5 If the degree of price rigidity is the same across countries, the optimal policy for the
relative block can be represented by a flexible tax targeting rule adjusted for the terms of trade.

Proof. The first order conditions for optimal policy in the relative block are given by

g = O')\(,Dﬁt + 34— ﬁEt(p3’t+17 (52)
TRt = (@ﬁt - ‘Pﬁtq) — P31 (53)
Bl = 91 (54)

and by the constraints [49]-[51]. From [53], I solve for 3, and substitute into [52]. After using [54]
and [49], T obtain a solution for gpft as a function of the equilibrium values of the terms of trade gap
and of the relative tax gap

e1e = i1+ (L —p,) T,

where p,, and 7; have been defined in the text. Since [54] implies that cpft must follow a random
walk, the previous expression can be rewritten as

EyTiva = p Er1Te + (1 - p<p) T,

which corresponds to the optimal targeting rule reported in the text. m

5.3 Determinacy under Optimal Targeting Rules

The following proposition characterizes the sign and magnitude of the eigenvalues of a system of two
difference equations using the characteristic equation and will be used extensively below to study the
determinacy properties of the model.

Proposition 6 Let P ()\) = A4+ A )+ Ayg =0 and let Ay and s be the roots of P(\). Then, the
absolute values of A1 and Ao split across the unit circle if and only if P (1) >0 and P(—1) <0 or
VICEVErsa.

Proof. First, notice that one can always rewrite the polynomial P (\) as
PA)=A=A)(A=X) (55)

1. I first show that P (1) > 0 and P (—1) < 0 imply that the absolute values of the two roots A
and Aq split across the unit circle. From the right hand side of [55], it is easy to see that

P(l) = (1 — )\1) (1 — /\2) >0, (56)

and
P(-1)=(14+X)(1+X)<0. (57)

If P(1) > 0, it means that A; and g are on the same side of 1. Similarly, if P(—1) < 0, it means
that A1 and A\ are on opposite sides of —1. It then follows that one root must lie inside the unit circle
and the other outside. The case P (1) < 0 and P (—1) > 0 is totally symmetric.

2. Next, I show that if |A;| and |\z| lie on opposite sides of 1, it must be the case that P (1) and
P (—1) lie on opposite sides of 0. Without loss of generality, suppose |A1| > 1 and |A2| < 1. There
are two cases two be considered. First, if A; > 1, then, one can see from [56] that P (1) < 0 and from
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[57] that P (—1) > 0, which confirms the claim. Second, if \; < —1, then, again from [56] and [57],
P(1) > 0and P(—1) < 0. The case |A\1] <1 and |Az| > 1 is symmetric. ®

Proposition 6 complements Proposition C.1 in Woodford (2003) which gives necessary and sufficient
conditions for the two roots of P () to be both outside the unit circle.

Proposition 7 The optimal policy plan brings about a determinate equilibrium.

Proof. Given Lemma 3, I will analyze the determinacy properties of the average and relative block
separately. The equilibrium will be determinate if only if both blocks admit a determinate solution.
Average Block. Proposition 4 in the text implies that the determinacy properties of the average
block coincide with the closed economy case of Benigno and Woodford (2003) (section 7.11). Hence,
as in their model, the optimal policy brings about a determinate equilibrium for the average block.
Relative Block. The dynamics of the relative block under the optimal policy are described by
the system
MEtZt+1 = szt + NEEt, (58)

where the vector of endogenous variables is

2= TRy TRt—TRt @-1 Te-1 bre-1 |,

and x; = FyTy1. The matrixes of coefficients relevant for the determinacy properties are

3 0 —o\ 0 0
—(c-1o b & —(c—1)o7! -1 0
M= 0 0 0 0 B
0 0 1 0 0
0 0 (I1-py)(c—1)o7" 1 0
and
1 —WoA 0 0 O
0 0 0 0 0
No=|0 —(1-8 0 0 1
1 0 1 0 O

o

(1 o pw) w 0 Pe 0

The vector of shocks e; and the matrix of coefficients IV, are irrelevant for the determinacy of properties
of the system [58] and hence not reported here. The determinacy properties of the relative block
depend instead on the eigenvalues of the matrix M ~'N,. First, notice that the determinant of M is
given by 3°@ and hence M is always invertible. Second, it is easy to check that three eigenvalues of
M~IN, are 0, 1 and B~'. The remaining two eigenvalues are the roots v; and vy of the polynomial

P(v) =% — {1 + 87+ 870N (MT_l)] v+ 8L
It then follows that
P(1)=—B"'oA (“—_1> <0
1
and
P(-1)=2(1+87") +B oA (“T_l) > 0.

Since P (1) and P (—1) have opposite sign, Proposition 6 ensures that the absolute value of the two
roots of P (v) split across the unit circle. Since the system has three predetermined variables, the
solution is determinate although it possesses a unit root. m
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5.4 Determinacy under Simple Rules

This section studies the determinacy properties of the model under simple rules assuming the same
degree of price rigidity across countries (o = ap = ) but relaxing all the other restrictions on the
parameters imposed in the previous section. Therefore, Lemma 3 still applies and the aggregate and
relative block can be treated independently. For convenience, I report the equations that characterize
the average and relative block.

Average Block. The average Phillips curve is
Tt = KR [5yyt + w, (’7A'W)t - %Wat)t] + 6Etﬂ-t+1~ (59)
The average government budget constraint can be written as

bw,i—1—psg ye—mity, = (1= B) [(1+ wy) (Fwie — Fwie) + byyel +BE: (bwe—ps: ' yer1 —me+u 1)

(60)

The analysis of simple rules requires also the specification of the log-linear approximation of the
Euler equation

re =7+ Eemepr + ps;t (B — 0t) (61)

where ~ 3 . .
7t = ps. ! KEtYW,tH - YW,t) — (BGw,i4+1 + GW,t>:| .

Relative Block. The relative Phillips curve is
TRt = K|wr (Trt — TRt) — 0gqt) + BETR t41- (62)
The relative government budget constraint is
bri-1+vpe = (1= B)[(1+w) Fri— Trt) = bete] + BE (bRt + Vppsn). (63)
The terms of trade evolves according to
@ = Q-1+ TRy — AT, (64)

5.4.1 Determinacy under Simple Strict Rules

Average Block. The monetary rule for the average block is

m = 0. (65)
The fiscal rule is A
bW,t = T¢. (66)
From [59], the tax gap simply becomes a linear function of the output gap
N - Oy
Twe — Twit = ——UYt-
wr

I substitute the result into [60], together with [65] and get

bw,i—1 + uly, = wr (Wr — 0,) ye + Bbwy — Bpsz (Beyesr — wr)
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where I have exploited the definition of b, to simplify terms and I have defined wy = (1 — 8) (1 + wy) wy!
and u&ct = Yy, — BEYw41- | can then substitute for the innovation in the output gap from [61]
to eliminate the last term in the previous expression and finally apply the fiscal policy rule [66]. The
result is a closed form solution for the output gap as a function of the existing stock of liabilities and

the exogenous shocks of the form

1

S A f _ px
o7 (0r —3,) (bW,tfl + Uy 57%) . (67)

Yt =

From [67] and [61], I can then derive the dynamic evolution of debt using the fiscal rule [66]. The
resulting expression is

b, = Osbwi_1 + ewi, (68)
where L
s _ PSe
0p = —

ps T —wy (w; — 8y)
and ew,; is a composite shock whose definition is immaterial for the determinacy properties. A

determinate solution requires |0;| < 1. Under the baseline calibration, d; = 0.7724, thus ensuring
determinacy.”

Relative Block. The relative block is characterized by the fiscal rule
brs=0. (69)

I can solve for the tax gap from [62] and plug the result into the government budget constraint. I
can also eliminate debt using [69] and inflation rate differentials from [64]. The outcome is a second
order linear difference equation in the terms of trade given by

1 KW 1 K 1 +
E —(1+=>+222 g1 = —uY, + =ul,,
tqt+1 ( + 3 + Bwf) q + Gl ,BwfuR’t+ 5l

where wg = wsdg — vg, vg = (1 — ) by, uﬁ’t =Yt — BEWR 41 and u{t = AT, — BEAT 4.
The associated characteristic equation is

v l KWg l:
PAN) =X <1+5+5wf>)\+5 0.

One can easily see that

1 Kw
P(l)=—-——1, P—1:—21+ﬁ+—q].
) (=3 2048+
From the definition of the parameters, it is easy to see that wy is always positive. Under the baseline
calibration, wy > 0, hence, P (1) < 0 and P (—1) > 0. From Proposition ??, it follows that the relative
block is determinate under the baseline calibration.

5 . - . .
°Robustness exercises to different parameters configurations are available upon request.
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5.4.2 Determinacy under Simple Flexible Rules

Average Block. The monetary policy rule is
mt + Ay = 0. (70)

The flexible fiscal rule is .
bw,e + ¢yt = 7. (71)

As in the case of strict simple rules, I eliminate taxes from the average Phillips curve [59]. Since
now CPI inflation is different from zero, I use the monetary rule [70] to obtain

A ~ _ Y
TW,t*TW,t—*mJ

0
(Ayt - 5EtAyt+1) - w_yyt-

T

I replace the result into the average government budget constraint, together with the monetary rule
[70] to eliminate CPI inflation

. w
bwi—1 +vAY + ul‘f}v,t =wys(wr — 0y) Yt — %’7 (Ays — BE Ayi41)
+ Bbw,e — Bpsy ' ErAyri1 + BYE Ayy 1.
I can collect terms and express the last expression as
~ w _
Bowe+ 8 [y (1+2L) = ps | Brldyins + g (wr =8y = (72)
N w
bwi—1+7 (1 + ?f) Ay + uly,.

I can also substitute the Euler equation [61] and the monetary rule [70] into the fiscal rule [71] to
get .
b+ (v — ps; ') EeAyepr + dyr = Fo. (73)

The determinacy properties of the average block depend upon the system constituted by expres-
sions [73] and [72], together with the definition

Yt = Ayr + ye—1. (74)
The system can be written in the form
AEt2t+1 = BZt + CEW,t,
where the vector of endogenous variables is
~ !
2= bwaor Ay w1 |

the vector of exogenous shocks is

and the matrices of the system are

1 ai12 ¢ 0 0 0 2 _wo /H 8

A= ﬂ 22 Q23 N B = 1 b22 0 , C = f s
0 0 1 0 1 1 0 0 0
0 0 1



with

as = y—ps; !

azp = B (b —ps. ")
a3 = wy(wr —dy)
by = v(l4ws/k).

The determinant of the matrix A is
det (A) = d = ags — Paiz = fvy (ws/k) > 0.
It is then possible to show that

c11 ciibee +ciz cis

AT'B=| ca1 cobazt+coz co3 |,
0 1 1
where
c1 = —az/d
ci3 = (a12a23 — Pazs) /d
co1 = 1/d

ca3 = (B —az)/d.

Since at least one eigenvalue of A~'B is equal to zero,% determinacy requires that the two remaining
eigenvalues lie on different sides of 1. The other two eigenvalues are the solution of the characteristic
equation
P(X) =X — (14 c11 + baoerr + c23) A+ (c11 + bazers + cricag — carc13) = 0.
When ¢ = 0 and v > 0 (flexibility is granted to monetary policy only), little algebra leads to
P (1) = a23/d

and

d d d

From the definitions of the parameters, one can see that under the baseline calibration P (1) < 0 and
P(—1) > 0 Vy > 0. It follows that in this case the average block has always a determinate solution.

On the other hand, when ¢ > 0 and v = 0 (flexibility is granted to fiscal policy only), it is possible
to obtain a closed form solution for output similar to [67] and derive an expression for the evolution
of debt analogous to [68]. The autoregressive coefficient that governs the dynamics of debt is

P(1)_2<12+62—2)%.

b= "1 .
psc +Bo—wys(wr —dy)

Since ¢ > 0, 5{: < 43 Hence, the inequality 5£ > —1 gives the relevant restriction on ¢ for this case
20571 —
6 < ps;fﬂa”’ = 050.794. (75)

6The difference of the second and third column is equal to the first column multiplied by bse. Hence, A=1B is
singular and must have at least one null eigenvalue
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In the more general situation in which both flexibility parameters are positive, the evaluation of
the characteristic equation yields

P (1) = —C23 (1 - C11) — C21C13

and
P(—1) =21+ ci1 + bascar) + co3 (1 +c11) — c21¢13.

I solve numerically for these two conditions to find the set of values for v and ¢ that guarantee
P (1) > 0and P(—1) <0 or viceversa.

Relative Block. The fiscal rule for the relative block is
br.i + 0scdq, = 0. (76)

As in the previous section, one can derive a second order difference equation in the terms of trade
gap, which in this case reads as

1 kw KkOs.p 1 KOs.p K 1 5
E —(1+=>+—2 < =1 c = —ul —ul,.
tqt+1 ( + 3 + ,Bwf + Iy ) qs + 3 ( + y ) + qi—1 ,Bwf Upy + ﬁul,t

From the associated characteristic polynomial P (1)), it follows that

K
P(1)= oy [(1—=0)0sctd — wg]
and (1+5)6 2(1+ )
1 — Sck KWy
P(-1) R Rl

Given that under the baseline calibration wq and wy are positive, P (—1) > 0, V¢ > 0. Therefore, a
necessary condition for determinacy under flexible rules is given by P (1) < 0 which can be solved for
¢ as to yield
Wq
(1 - B) 930
Clearly, condition [77] is stronger than [75]. Condition [77] continues to bind also with flexible
monetary rules (y > 0), thus representing the relevant upper bound for the feedback coefficient in the
flexible formulation of simple fiscal rules.

¢ < = 10.4676. (77)

6 Welfare Analysis

This section shows an analytical method to derive the value of welfare under a given policy rule and
provides a second order approximation of the consumption equivalent proposed by Lucas (1987).

6.1 The Welfare Objective

The welfare objective is assumed to be

L(y-1)=(1-p)E {Zﬂ%},
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where L; = y;Qy; is the per-period quadratic loss function. The vector y; has dimension (n x 1) and
contains all the endogenous variables and @ is a given (n X n) symmetric matrix. The solution of the
model is written in vector auto-regression representation

Yt = Ayr—1 + Bey, (78)

for initial conditions y_; = 0 and i.i.d. innovations &; with mean zero and variance-covariance matrix
Q.
Substituting the solution [78], the per-period loss function can then be rewritten as

Li = (Ay—1+ Ber)' Q(Ayi—1 + Bey)
= yé_lA/QAytfl + 2€QB/QAyt71 + €2B/QB€t.

Hence, the welfare objective becomes

L(y—1)=(1-75)Ey {Zﬁt (yi 1A' QAy 1 + 6QB’QBet)} , (79)

t=0

where the expectation of the cross-product simplifies to zero because of the i.i.d. property of the
shocks.

The evaluation of welfare from an ex-ante perspective requires to integrate over the distribution of
shocks at time 0. I denote with F {-} the expectation operator over the initial distribution of shocks.
I analyze the two components of the welfare objective [79] separately.

For the second element of [79], it is straightforward to see that

(1-B)E {Zﬁt (a;B'QBat)} = tr (B'QBY).

t=0

The first component of [79] can again be written as

(1-B)E {Zﬁt (yi_lA’QAyt—l)} = (1-8) E{ gt [tr (A’QAyt—lyé_l)]}

t=0
= (1 B)tr{

tr (AQAJ),

1 1

5t [A/QAE (yt—ly£_1)] }

i
<

where oo
J=J{y-1)=F {(1 - B) Zﬁtyt1y£_1} ~
t=0

The variable J can be rewritten in recursive form using the initial condition y_; =0 as
J = (1=B)yy_,+B8E {(1 - B) Zﬁfytyz}
t=0

= BE {(1 - B) Zﬁt (Ayi—1 + Bey) (Aye—1 + BEt)/}

t=0
— B(AJA' + BQB').
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The last expression can be solved for the matrix J using a two-step procedure. First, one can solve
for vec (J) from the last equality

vee (J) = [I2 — B(A® A)] ' vec (BBOQB').

Second, one can retrieve the matrix J by “reshaping” vec (J).”

The value of welfare is then given by
E{L(y_1)} =tr (AQAJ) +tr (B'QBRN).

Expression E {L (y_1)} constitute the basis for the welfare analysis conducted in the text.

6.2 The Consumption Equivalent

The objective is to compute the number X\ such that

{Zﬁ Copt) —w (égpt } E() {iﬁt Calt (gglt)] } , (80)

where —,
ol

The present discounted value of welfare under the optimal policy is

%opt EO {Z/B Copt —w (éfpt)] } ,

whereas the present discounted value of welfare under an alternative policy is

R

It follows that [80] can be rewritten as

[ ] wgrt = vt - v, )

where
WP = Eq {Z Bru (C7) } : (82)
t=0

In equilibrium, W, V@ and V" are a function of the initial state vector zo and of the parameter
0. scaling the standard deviation of the exogenous shocks. Therefore, in what follows, I adopt the
following notation

Wé’pt =W (29,0.), Valt yatt (0,0¢), Vooz)t =V (zg,0.).
This implies that also A will be a function of g and o,

A=A (zg,0.).

"This operation can be performed, for example, using the command “reshape” in Matlab.

40



I want to consider a second order approximation of A around the vector (zg,0.) = (z,0) where
x represents the optimal deterministic steady state. Since the approximation is characterized for the
initial state being the deterministic steady state, only the first and second order derivatives with
respect to o, shall be considered

1
A=A(2,0)+ Ay, (2,0) 00 + EA[,EUE (z,0) 02 (83)
Because all policies are assumed to deliver the same level of welfare in steady state, it follows that
A (z,0) =0.

Furthermore, because the first derivatives of the policy functions with respect to o., evaluated
(zp,0:) = (x,0), are zero (see Schmitt-Grohé and Uribe, 2004), also the first derivatives of the
value functions evaluated at that point are zero (V% (x,0) = 0 and VP (x,0) = 0). From a first
order approximation of [81], it follows that

Ao, (z,0) = 0.

Hence, a second order approximation of [81] gives

Oe0¢ Oe0¢

Ao.o. (2,0) = — (1— p)Wert (z,0)

Valt (z,0) — Vort @,o)]

Substituting into [83] yields

A=—

=)W (,0) |2

Vel (a,0) — VIR (a, 0)] o?

From the definition [82] it follows

(1= )W (a,0) = S
- €, = T
p 1-3
where C is the steady state level of consumption. Plugging back into the expression for A gives the
second order approximation of the consumption equivalent

— B) o2
(]- ﬂ) 6[

A=~ e,

VAl (z,0) — VP (2,0)].

Oe0¢
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