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Abstract

This paper develops a business cycle model with heterogeneous debt constrained firms exposed to
idiosyncratic production risk. An agency problem causes firms to trade off the benefit of debt (a reduction
in the damage caused by malfeasant managers) and the cost of debt (an increase in the risk of costly
bankruptcy). Firm debt capacity, the amount of debt a firm can take on without going bankrupt, is given
by the liquidation value of the firm’s capital, which is in turn determined by the market for old capital.

I show that a firm’s production, investment and financial behavior depend on the firm’s debt-capital
ratio and the liquidation value of the firm’s capital stock. The model predicts that a firm’s debt-capital
ratio affects the firm’s behavior even when the debt capacity constraint is not momentarily binding, b)
the model predicts a non-degenerate distribution of debt-capital ratios across firms, and c) debt capacity
depends on the distribution of debt-capital ratios across firms.

Using a spectral approximation method, the paper shows how to calculate the general equilibrium
dynamics of the model. Shocks to the distribution of firm debt-capital ratios provide a new source of busi-
ness cycle impulses. Moreover, the perturbation of the distribution of firm debt-capital ratios by aggregate
technology shocks (which occurs even in the presence of financial markets which are fully contingent on
aggregate technology shocks) provides an amplification mechanism for business cycle disturbances. The
time it takes for the distribution of debt-capital ratios to return its steady state provides a new propagation
mechanism. The dependence of the liquidation value of capital on the distribution of debt-capital ratios
across firms plays an important role in these effects.

The model nests the standard stochastic growth model and thus allows for an assessment of the quan-
titative importance of debt constraints, time-varying liquidation values and firm heterogeneity for business
cycle dynamics.

[Preliminary]

1 Introduction

Macroeconomic models with a continuum of heterogeneous agents arise naturally in a wide range of contexts,
for instance, when addressing the effects of irreversible investment (Bertola and Caballero 1994), adjust-
ment costs in employment (Bentolila and Bertola 1990, Campbell and Fisher 1996, Caballero, Engel, and
Haltiwanger 1997), precautionary saving by households (Carroll 1992, 1997, Huggett 1993, Rios-Rull 1995),
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vintage capital (Caballero and Hammour 1994, 1996, Campbell 1995, 1997), price adjustment with fixed costs
(Caballero and Engel 1993, Tsiddon 1993), or financial intermediation (Bernanke and Gertler 1989, Greenwald
and Stiglitz 1993, Phelan 1994). In all of these models, ez ante identical economic agents become ex post het-
erogeneous as they experience distinct histories of idiosyncratic shocks. Until recently, the general equilibrium
analysis of these models was restricted to steady state and partial equilibrium settings, with the exception of a
few papers which eliminated any interaction between agent heterogeneity and aggregate dynamics by making
very strong functional form assumptions.! This lack of analysis of general equilibrium dynamics was due to
the problems created by the combination of an infinite dimensional aggregate state variable with the rational
expectations equilibrium concept: a rational expectation equilibrium requires that individual economic agents
know the law of motion for the aggregate state variable when they formulate their optimal policies, while the
law of motion for the aggregate state variable is in turn determined by the optimal policies of the individual
economic agents. When traditional methods are used, this fixed point problem becomes increasingly difficult
as the dimensionality of the aggregate state variable increases, making it impossible to compute the general
equilibrium dynamics of models with a continuum of heterogeneous agents.

To address these concerns, this paper uses a new method to analyze the general equilibrium dynamics
of a stochastic growth model with firm level uncertainty and partially reversible investment. The general
idea behind this method is that the standard linearization techniques used in the analysis of homogeneous
agent models can also be applied to models with a continuum of heterogeneous agents.? In the standard case
of an economy with a finite number of agents, these linearization techniques solve for an economy’s general
equilibrium dynamics in two steps. The first step is to find the economy’s linearized law of motion around
the steady state, something which can be accomplished by linearizing the economy’s feasibility conditions as
well as the agents’ first order conditions for optimization. This linear law of motion is finite dimensional due
to the finite number of agents in the economy. The second step is then to determine the economy’s jump

variables as a function of the economy’s predetermined variables. This second step can be accomplished by

IFor instance, the papers cited above either analyze the steady state (Huggett, Bentolila and Bertola) or the partial equilibrium
dynamics of an economy with exogenously given price processes (Caballero and Hammour) or policy process (Caballero and Engel,
Tsiddon), or make functional form assumptions which rule out any interaction between agent heterogeneity and the transitional
dynamics of the economy (for instance the exponential utility function in Phelan, the offsetting government policy in Rios-Rull,

the fixed entry cost in Campbell and Fisher, or the short-lived agents in Bernanke and Gertler or Greenwald and Stiglitz).
2These linearization techniques are familiar from the business cycle literature and are discussed in Blanchard and Kahn (1980),

King, Plosser, Rebelo (1988) and Campbell (1994). Moreover, as argued by Gaspar and Judd (1997) and Judd and Guu (1997),
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decomposing the economy’s linearized law of motion into the dynamics of a finite number of eigenvectors with
their associated eigenvalues, and then picking the economy’s jump variables so that the economy’s state can
always be written as a linear combination of the eigenvectors with stable eigenvalues.?

The method used in this paper proceeds in a similar fashion. As in the standard method described above,
this paper’s method represents the economy’s aggregate state by a linear combination of the economy’s stable
eigenstates and then proceeds to analyze the economy’s dynamics in terms of the dynamics of these eigenstates.
The paper’s innovation is to parameterize the dynamics of the distribution of heterogeneous agents using the
eigenfunctions of this distribution when agents follow their steady state policies. The paper’s method itself
consists of five steps. The first step is to define the eigenstates (the equivalent of eigenvectors in the standard
method) of the economy by their rate of convergence to the steady state. This step also delivers the effects
of each eigenstate on aggregate consumption and wages. The second step is to find the eigenfunctions of the
distribution of heterogeneous agents when agents follow their steady state policies — eigenfunctions which, like
all eigenfunctions, are defined by their constant growth rate and invariant form. The third step is to find
the optimal policies of the heterogeneous agents in the economic environment created by an eigenstate of the
economy, and then to use these optimal policies to find the dynamics of the distribution of heterogeneous
agents in this economic environment. The method’s fourth step then uses the economy’s aggregate resource
constraint to determine which of the potential eigenstates found in step three are indeed actual eigenstates
of the economy. This step also delivers an eigenstate’s effect on aggregate output, investment and scrapping.
The fifth and final step determines the effects of aggregate technology shocks on the economy’s eigenstates by
means of a projection procedure.

This way of computing the general equilibrium dynamics of the economy has several advantages. One
advantage is that it does not rely on brute force iteration between the aggregate economy’s law of motion and
the optimal policies of the heterogeneous agents to arrive at the general equilibrium dynamics of the economy.
Instead, the requirements of the rational expectations equilibrium concept are taken into account from the
outset, and are solved for in one single step. A second advantage is that the method provides intuition as to
why the economy behaves as it does by constructing the eigenstates of the economy, and then showing how
these eigenstates are perturbed by aggregate shocks.

Recently, papers by Krusell and Smith (1994), Den Haan (1995), Campbell (1995), Veracierto (1996)
and Cooley and Quadrini (1998) have also computed the general equilibrium dynamics of economies with a

continuum of heterogeneous agents. Krusell and Smith study the dynamics of an economy with heterogeneous
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households engaged in precautionary saving. Their solution method is to allow households to use the mean
and variance of the distribution of household asset holdings as proxies for the information contained in the
full distribution of household asset holdings. Using this restriction on household behavior, they solve for
the general equilibrium dynamics of the economy by simulating the economy and then iterating between the
economy’s law of motion and the optimal policy of the households. In their parameterized economy, Krusell
and Smith find that any one individual household would only gain minimally in utility terms from conditioning
its actions on higher moments of the distribution of financial assets across households, which suggests that their
approximation scheme is reasonable for the problem they are studying. However, they also find that household
heterogeneity has very little influence on aggregate dynamics in their model. Given the near irrelevance of
heterogeneity for the dynamics of this economy, it is therefore not surprising that their approximation method
works well.

In contrast to Krusell and Smith, Den Haan, Campbell and Cooley and Quadrini find substantial effects
of agent heterogeneity on the general equilibrium dynamics of the economies they study. Den Haan studies
the asset pricing implications of precautionary saving, focusing on the effect of the cross-sectional dispersion
of household assets on the interest rate. His solution method involves approximating the cross-sectional
distribution of household asset holdings by means of a family of exponentials and then iterating between the
optimal policy of the household and the economy’s law of motion. This solution method seems to work well
even in the presence of substantial effects of agent heterogeneity on the dynamics of the economy. However, as
Den Haan notes, the approximation of the distribution of household asset holdings by a family of exponentials
is not grounded in any prior knowledge about the dynamics of the distribution in general equilibrium, and it
does not have an intuitive interpretation.

Cooley and Quadrini is closest this paper. They study the general equilibrium dynamics of debt constrained
firms in a model which, in contrast to mine, has reversible capital investment, no hedging of aggregate shocks,
and a limited participation monetary sector.

The literature on the macroeconomic effects of debt constrained firms reflects the focus on partial equilibri-
um models discussed in the introduction. There are a wide array of models of firm financial constraints (Gertler
1992, Hart 1995, Myers and Majluf 1984, Stiglitz and Weiss 1981, Townsend 1979), as well as empirical tests
the importance of firm financial constraints for individual firm behavior (Bond and Meghir 1994, Fazzari, Hub-
bard and Petersen 1988, Gilchrist and Himmelberg 1995, Hubbard 1992, Kaplan and Zingales 1997, Lamont
1997, Whited 1992). The interest in firm financial constraints also extends to their importance for business
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Calomiris and Hubbard 1989, Carpenter, Fazzari and Petersen 1994, Gertler and Gilchrist 1994, Kashyap,
Lamont and Stein 1994, Sharpe 1994). There are also a number of models concerned with the importance of
financial constraints for business cycles. The most important of these are Bernanke and Gertler (1989, 1999),
Greenwald and Stiglitz (1993) and Kiyotaki and Moore (1997). However, in least in part because they are
trying to avoid dealing with firm heterogeneity, these papers lack interesting general equilibrium effects and
do not nest the standard stochastic growth model.

The three papers which are exceptions to this statement are Carlstrom and Fuerst (1997), Bernanke,
Gertler and Glichrist (1998), and Cooley and Quadrini (1998). Carlstrom and Fuerst as well as Bernanke,
Gertler and Gilchrist nest the standard stochastic growth model, but do so with models of the firm which
do not allow for any relevant firm heterogeneity and which also do not allow firms to hedge aggregate risks.
Cooley and Quadrini is the paper most similar to this paper. The main differences between their paper and
this paper are that Cooley and Quadrini assume fully reversible investment while I assume partially reversible
investment, that Cooley and Quadrini have a monetary sector while I do not, and finally that Cooley and
Quadrini do not allow firms to hedge aggregate risks.

The business cycle model I develop in this paper is constructed using a debt constrained firms exposed
to idiosyncratic production risk. I introduce an agency problem between the firm’s equity owners and the
firm’s management to create a role for firm financial structure. Specifically, the possible arrival of malfeasant
managers who can expropriate equity owners but not debt holders creates an incentive for the firm to issue
debt, while costly liquidation when a firm hits its debt constrain creates an incentive for the firm not to issue
too much debt.

I show that in this setting the firm’s production, investment and financial behavior behavior depends on
the firm’s debt-capital ratio and the liquidation value of the firm’s capital stock. In particular, the model
predicts a) a non-degenerate distribution of firm debt-capital ratios ranging from a lower bound at which
the firm is willing to invest and pay dividend to an upper bound at which the firm is liquidated, b) that a
firm’s debt capital ratio affect the firm’s behavior even when the debt capacity constraint is not momentarily
binding. Furthermore, I show that the, potentially time-varying, level of the firm’s debt capacity, given by the
firm’s liquidation value, is an important determinant of firm behavior and that the determinant of the firm’s
liquidation plays an important role in business cycles.

The paper is organized as follows. Section 2 describes the firm’s agency problem and contracting technology.
Section 3 lays out the structure of the economy and states the conditions for general equilibrium. Section 4

characterizes the behavior of economic agents along the balanced growth path and solves for the economy’s



general equilibrium in the absence of aggregate shocks, while Section 5 characterizes the economy’s general
equilibrium dynamics in the presence of aggregate shocks. Both these sections also presents numerical results.

Section 6 concludes.

2 The Firm’s Financial Contracting Technology and Agency Prob-

lem

This section describes the firm’s financial contracting technology and agency problem. The firm is run by a
manager who uses debt and equity to finance the firm’s operations. These two types of financial contracts are
distinguished by their distinct cash flows, as well as by their distinct enforcement and issuing technologies. By
assumption, debt pays out a cash flow (termed “interest”) which is independent of the state of the firm, but
which can depend on the state of the aggregate economy. Debt holders can enforce the payment of interest
by making the firm pay out the face value of its debt, if necessary by liquidating the firm’s capital. The firm
can continuously issue and retire debt.

Again by assumption, equity pays out a cash flow (termed “dividends”) at the discretion of the firm’s
manager. Dividends can, since they are paid at the discretion of the manager, depend on the state of the
firm as well as on the state of the aggregate economy. With equity there is no enforcement mechanism which
allows the firm to assure equity owners ez ante that any particular cash flow stream will be paid out. Finally,
the firm cannot issue additional equity and dividends must be non-negative.*

The firm’s agency problem arises from the assumption that there are two types of managers, good managers
and bad managers. All firms are run by good managers. Good managers maximize the value of equity, which
means that they maximize the value of future dividends to equity owners. The problem with good managers
is that they turn into bad managers at the exogenously given rate e. Bad managers do not maximize the value
of equity. Instead, on arrival, a bad manager expropriates the firm’s current equity owners and installs himself
as the firm’s new equity owner. As a result, the firm becomes worthless to the current equity owners. The
bad manager who has taken control of the firm then hires a new good manager to run the firm for him. Thus,

except for the replacement of the current equity owners, there are no effects on the firm from the arrival of a

4The assumption that the firm cannot issue equity is an extreme form of the assumption that it is costly for firms to issue
equity, for instance, due to inspection costs needed to overcome adverse selection problems. Allowing for some types of costly

equity issue would not change the qualitative aspects of the model.



bad manager.’

The crucial assumption about the firm’s financial contracting technology is that, even though bad managers
can expropriate equity owners, bad managers cannot expropriate debt holders. Instead, debt is always serviced
in full regardless of the arrival of a bad manager. This technological assumption about the contracting
technology of debt reflects the intuition that debt contracts use collateral and covenants to restrain managerial
discretion in a way that equity contracts do not. We will see below that this inability of bad managers to
default on debt, along with their ability to expropriate equity owners, motivates the use of debt in the firm’s
financial structure.

Finally, the amount of default-free debt the firm can issue is limited by the firm’s debt capacity. Specifically,
the liquidation value of the firm’s capital stock determines the firm’s debt capacity, with the firm’s creditors
liquidating the firm’s capital stock when the firm’s debt level reaches the liquidation value of the firm’s capital
stock. When the firm is liquidated, the firm’s creditors receive the face value of their debt, and equity owners
receive nothing. One can interpret the firm’s debt capacity as a limit on the value of future cash flows the
firm can commit to paying out with certainty.

Formally, the good manager’s objective is to maximize the value of equity
T;
Vit = max E; mt_l/ mse*(p“)(sft)dDis, (1)
{D:s} t

where V;; is the value of firm ¢’s equity at time ¢, m; is the equity owners’ marginal utility of wealth at time
t, p is the equity owners’ subjective discount rate, € is the hazard rate that a bad manager will appear and
expropriate the equity owners, D;; is firm i’s cumulative dividend flow, and T; is the time at which firm ¢
hits its debt capacity and is liquidated. The evolution of cumulative dividends D;; is governed by the firm’s
choices about its production, investment and financial policy, all of which are discussed in the next section.
This expression for the value of the firm displays the two types of financial contracting costs the firm faces
when it makes decisions about its financial structure. The first type of financial contracting cost arises from

the fact that current equity owners only have the probability of e=¢¢

of actually receiving dividends at time
t since they may be expropriated before then by a bad manager. This type of financial contracting cost is
more severe for low debt firms since these firms have a higher value of equity. The second type of financial
contracting cost arises from the fact that the firm faces costly liquidation if its outstanding debt level reaches

its debt capacity. This type of financial contracting cost is more severe for high debt firms since they face a

5Bad managers could reduce the value of the firm to equity owners by less than 100% without changing the qualitative results
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higher likelihood that they will be liquidated in the future. The firm’s optimal policy will lead it to minimize
the net present value of these two types of financial contracting costs.

This paper follows the incomplete contracting literature by attributing the differences between debt and
equity to the financial contracting technology instead of deriving them from a fully specified underlying
problem. However, the properties of debt and equity are plausible in light of the technology of the legal
system and the difficulty of renegotiating equity contracts. The legal system can prevent the expropriation of
debt holders by bad managers by keeping managers from removing capital and breaching debt covenants. This
assures debt holders that the firm will always be sufficiently valuable to service their claims. The legal system
cannot, however, prevent, the expropriation of equity holders by bad managers with equal effectiveness. There
are two interconnected reasons for this inability of the legal system to effectively protect equity. First, with
the exception of firms that are being liquidated, some fraction of the firm’s equity value must always remain
unprotected by collateralization due to the fact that the value of the firm is always higher than the liquidation
value of the firm’s capital. Secondly, when there is a cost to renegotiating the equity contract the fact that
equity bears all risk in this model makes it costly to even partially protect equity by collateralization. The
reason is that if equity is partially protected by collateralization then, since the amount of debt the firm has
outstanding varies over time, the extent to which equity is protected by collateral has to vary over time. If
this constant rewriting of the equity contract is sufficiently costly then even the partial protection of equity
by collateralization will not occur. Debt, in contrast to equity, can be protected by collateralization and

covenants, since there is never a need to renegotiate the collateralization of debt.

3 The Economy

The economy consists of three types of agents: a representative household, a continuum of financially con-
strained output producing firms, and a representative firm which converts scrapped capital into new investmen-
t. The representative household consumes output, provides labor, owns and trades debt, owns the continuum
of production firms through equity contracts, and receives interest and dividend payments. The representa-
tive household also owns the scrapped capital converting firm. FEach production firm produces a risky output
stream, employs labor, owns capital, invests in new capital, issues and retires debt, and pays out dividends
and interest payments. Furthermore, production firms go bankrupt when their debt level reaches their debt
capacity and then sell their capital stock to the scraped capital converting firm. Finally, the representative

household and the production firms can hedge aggregate shocks by contracting with each other. The rest of



this section describes the details of the economy.

3.1 Aggregate Shocks and the Economy’s Aggregate State Variable

All of the economy’s aggregate dynamics are driven by an aggregate technology process which follows the
geometric Brownian Motion
dA;

—— = gadt + 0adW 4y, (2)
Ay

where g4 is the expected growth rate of aggregate technology, o4 is the instantaneous standard deviation of
the log of aggregate technology, and Wy, is a standard Brownian Motion. Aggregate technology shocks are
the only source of aggregate uncertainty in the economy.

The aggregate state of the economy can be jointly characterized by the economy’s technology level A; and
the deviation of the economy from its balanced growth path y;. For the moment g; can simply be thought of

as an infinite-dimensional state variable. In the absence of sunspot equilibria, the evolution of y; is given by
dyy = a(y)dt + by )oadWay (3)

since aggregate technology shocks are the only aggregate shocks in this economy. For the moment a(y;) and
b(y:) can be taken as parametrically given.
Together A; and y; determine the aggregate characteristics of the economy. In particular, A; and y;

determine the equity owners’ marginal utility of wealth
my = At_lm(yt)a

the spot interest rate

re =1(ye),
the wage rate
w = Agw(ye),
and the liquidation value of old capital
Py = D(yt).

The scaling of these prices with either 4;, AY or A, ! is verified below.



3.2 The Representative Household

The representative household has the utility function

o0
Et/ e Pls—t) [log Cagg,s — VL agg,s]ds, (4)
t

where p is the representative household’s subjective discount rate, C'a44,+ is aggregate consumption, and L g4 ¢
is aggregate labor supply.

The representative household maximizes its utility subject to its budget constraint. An important feature of
the model is that the representative household can enter into hedging contracts with production firms on shocks
to the aggregate state variable y;. When the representative household enters into such a hedging contract, it
receives the certain cash flow hag4,:pn +dt and in exchange pays out the risky cash flow hagg,:04dW 4, where
hagg+ is the size and pp ¢ is the price of the hedge. The representative household’s budget constraint also
takes into account the household’s interest income r; By, dividend income D 444, labor income wyL 444.¢, cash

flow from the scrapped capital converting firm II; and consumption expenditures Cy, and is given by

dBaggt = [reBaggt+ Daggt+ haggipnt +wilaggs + 11 — Ctdt (5)

—hagg,ioAdW a4
along with the transversality condition

lim Et[e_(s_t)pmsBAg%S] =0. (6)

§—00

In the absence of sunspots, the existence of the hedging contract on the aggregate technology shock means

that the household faces complete contingent markets for aggregate state variables.

3.3 Production Firms
3.3.1 Production Technology

The production side of the economy consists of a continuum of firms indexed by i on the unit interval [0, 1].
Each firm has a constant returns to scale production technology which produces a risky cumulative output
flow Y;;. This output flow depends on the aggregate technology level A, the firm’s capital stock K;; and the

firm’s labor input L;:
dYy = (ALy)*K} “dt +oy(AiLy)* K} “dWy (7)
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= lk??“% itdt+0ylkT%KitdWit

ny (lkﬂ“it)Kitdt + oy (lk??“zt)KltdWZt

Here oy is a parameter which describes the idiosyncratic risk associated with the firm’s operating technology
and Wy is a standard Wiener process specific to firm i. The firm can costlessly and instantaneously adjust its
labor input L. Later on it will prove convenient to denote the firm’s effective labor-capital ratio ALK ~! by
lkr, as well as the drift of the firm’s cumulative output per unit of capital by py (lkr) and the instantaneous
standard deviation of the firm’s cumulative output per unit of capital by oy (lkr).

The firm’s cash flow from operations is given by the firm’s revenue from output minus the firm’s labor

costs. The firm’s cash flow from operations is therefore given by

dCFZt = dY;t - ’U}tLitdt (8)
= [y (A4LuK;Y)™ — Ayw(y) L K7 Kidt + oy (A4 L K1) KiydWy
= [lkry; — w(ys)lkri | Kedt + oy lkri KipdWy

= por(lkri, y) Kidt + ocp (1kri) KipdW.

Here CFy; is the firm’s cumulative cash flow. Hence the drift of the firm’s cumulative cash flow from

operations per unit of capital is given by
per(lkr,y) = kr® —w(y)lkr 9)

and the instantaneous standard deviation of the firm’s cumulative cash flow from operations per unit of capital
is given by

oor(lkr) = oylkre. (10)

3.3.2 Investment
Each firm’s capital stock K;; depreciates at the rate 6 and is augmented by investment:
dK;; = —0K;dt + dI;;. (11)

Here K is the firm’s capital stock, I;; is the firm’s cumulative investment. So long the firm is not liquidated

investment is irreversible and dI;; > 0.
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3.3.3 Debt Capacity

The firm’s debt capacity is given by the resale value of the firm’s capital stock. With ®; denoting the liquidation
price of old capital, this means that

Bit < &1 K. (12)

When the firm reaches its debt capacity it is liquidated to pay its creditors. In liquidation, equity owners
receive nothing since the firm’s debt level is exactly equal to the resale value of the firm’s capital. Finally,
as described below, the price of liquidated capital ® is determined by the willingness of the scrapped capital

converting firm to pay for liquidated capital.

3.3.4 Hedging Aggregate Shocks

Production firms can hedge their exposure to aggregate shocks. Just like the representative household, when
a firm enters a hedging contract, it receives the certain cash flow h:py +dt and in exchange pays out the risky
cash flow hio4dW a¢, where h; is the size of the hedge and py, ¢ is the price of the hedge. By hedging, the firm
can control the relationship between innovations in the economy’s aggregate state variable and innovations in
the firm’s financial position.

One important effect of the firm’s ability to hedge aggregate shocks is that it gives the firm control over
the effective maturity structure of its debt: the firm can use the hedging contract to synthesize the interest

rate risk of any longer term debt portfolio while only issuing short term debt.

3.3.5 Budget Constraint

The evolution of the firm’s debt level is determined by the firm’s interest payments on debt, its cash flow from
operations, its dividend payments, its investment, and its income from hedging aggregate shocks. The firm’s

budget constraint is thus given by

dBi; = [r¢Bit — por(lkri, ye) Kildt — ocp(lkri) Ky dWy (13)
+dDy + dI;

—hitpredt + hito adW a¢.
along with the transversality condition

lim Eife”~97m,B;,] = 0. (14)

§—00
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3.4 The Scrapped Capital Converting Firm

The scrapped capital converting firm takes scrapped capital from liquidated production firms and converts
it into new investment. This firm’s production function is a matching function which uses both the stock of

scrapped capital on-hand and the outflow of scrapped capital to new investment as inputs. Specifically,

Iold,t - ASCI’Y Kl_’y (15)

sc,t*rse,t

where Iy4+ is the amount of the investment good created, I, ; is the amount of scrapped capital used as
an input, K. is the amount of scrapped capital on-hand, and Asc and + are parameters of the production

function. The stock of scraped capital on-hand evolves according to
szc,t - _6scKsc,tdt + Liqug,t - Isc,t; (16)

where Ligagg,s is the inflow of liquidated capital from bankrupt production firms.

The firm is not financially constrained and operates as a price taker. Its cash flow is given by
Ui = Iota — PeLiqagg,t- (17)

and the firm maximizes the net present value of this cash flow to the representative household.

3.5 General Equilibrium

Definition 1 defines the general equilibrium of this economy in the usual manner, with all agents optimizing

their objective functions given their technology and budget constraints, and with markets clearing.

Definition 1 General Equilibrium

The economy’s general equilibrium is the set of state contingent sequences consisting of

- prices:

{me}, {re}s {pne}, {@e}, {we}

- quantities:

{YAgg,t}f {CAgg,t}’ {LAgg,t}; {KAgg,t}’ {Ksett, {otant, {Lsci} {IAgg,t}’ {LifIAgg,t}’ {hAgg,t}’ {DAgg,t};
{Bagg,t}, {Yit}izo, {Lit}tice, {Kittize, {Lit}izy, {hit}io, {Dit}izo, {Bit}

measurable with respect to {Wa}, {Wi}i_, such that
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a) quantities aggregate correctly:
- output
YAgg,t = /dY;td'L

- investment in capital

Taggs = /dIitdz'
- capital

Kaggt = /Kitdi
- dividends

DAgg,t - /dthd’L

b) markets clear:
- the market for new goods

Yaggt + Lota,t = Lagg,t + Cagg,t

- the market for liquidated capital
Ligagg ¢dt :/ Kydi
i€{Bi;/Kis—®,=0}

- the market for labor

Lagg = /Litdi
- the market for debt

Buaggt = /Bitdi
- the market for hedging contracts

haggt = —/hitdi

¢) the representative household mazimizes its expected utility (4) subject to its budget constraint (5 - 6) by
choosing {Cagg,t,Lagg,t,haggt} and the solution of this problem yields {m;} as the representative household’s
marginal utility of wealth

d) production firms mazximize their equity value (1) subject to their production technology (7), capital accumu-
lation (11), debt capacity (12) and budget (13 - 14) constraints by choosing {Ly}i_o, {Lit}i—o, {Kit}io and
{dDit}zlzo
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e) scrapped capital converting firms mazimize the net present value of their cash flows (17) subject to their

production technology (15)and capital accumulation constraint (11)

f) firms are liquidated when their debt level reaches their debt capacity (12).

4 Balanced Growth Path

Before proceeding to characterize the economy’s general equilibrium dynamics in the presence of aggregate
technology shocks, this section first studies the balanced growth path of the economy in the absence of
aggregate uncertainty. Section 4.1 characterizes the optimal policy of the representative household, Section 4.2
characterizes the optimal policy of the production firm, Section 4.3 shows how to aggregate across production
firms, Section 4.4 characterizes the optimal policy of the scrapped capital converting firm, and Section 4.5 finds

the economy’s balanced growth path. Finally, Section 4.6 illustrates the results using numerical examples.

4.1 The Household’s Problem

The representative household faces the problem of maximizing its expected utility (4) subject to its budget
constraint (5 - 6). The solution to this problem defines the household’s marginal utility of wealth m;, which

equals the household’s marginal utility of consumption:
Using this notation, the first order conditions for the household’s problem are

wy = VCt (19)

_ -1 E’t [dmt]

re = p—my dt (20)

On the economy’s balanced growth path and in the absence of aggregate technology shocks, all aggregate
quantities grow at their balanced growth path rates, including aggregate consumption which grows at the rate
gc.Bap- The first order conditions for maximizing the representative household’s expected utility (18 - 20)
therefore imply that the wage rate, the household’s marginal utility of wealth, and the spot interest rate evolve

according to

wypgp = weedO PPt

mypap = moe 9OBGP T
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Tt ,BGP = TBGP =P+ 9c,BGP-

4.2 The Production Firm’s Problem

Each individual production firm maximizes the value of its equity to the representative household (1) subject

to its budget constraint (13-14). To analyze the firm’s problem it is useful to introduce the firm state variable
:L’:(I>BGP—B/K, (21)

where ® g p is the price of old capital along the economy’s balanced growth path. The state variable z is the
amount of additional debt the firm can take on per unit of capital when the price of old capital is ®pgp. If
the economy is on its balanced growth path the firm hits its debt capacity when 2 = 0. 2 describes the firm’s
financial position and is a more convenient state variable to work with than B/K.

Proposition 1 characterizes the firm’s value function. The proposition shows that the firm chooses an
effective labor-capital ratio lkr based on the state variable . The proposition does this by relating the
required expected appreciation of the firm’s equity value to the drift and variance of the firm’s cash flow using
Ito’s Lemma and then using this relationship to find the firm’s optimal choice of its effective labor-capital
ratio. Three boundary conditions tie down the unique solution for the value function. The first boundary
condition, at the boundary where the firm hits its debt capacity, i.e. when x = 0, stems from the fact that
the firm’s equity value is zero in this situation. The second boundary condition occurs at the boundary where
the firm pays out dividends (denoted by = pgep for “payment”) and requires that cash inside the firm and
cash outside the firm be equally valuable to the representative household owning the firm. This boundary
condition is know in the literature as a “value matching condition”. The third boundary condition, know as
a “smooth pasting condition”, assures that the location of the boundary at which the firm pays dividends

maximizes the value of the firm.

Proposition 1 The Production Firm’s Value Function and Choice of Labor Input

In the economic environment created by the economy’s balanced growth path the firm’s value function is given

by
V(K,B) = Kv(z),

where x = ®pgp — B/K. Here v(z) is characterized by
a) the ordinary differential equation (ODE):

(reap +d+€)v(z) = [pcr(lkr(z),0) — (reap +0)(®pap — x)]vs ()
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+10'%F(lk‘7°(£6))’l)mc (ZU),

2
where
lkr(z) = argmax{[ucr(lkr(z),0) — (regp + 0)(Ppap — )], ()
+%oéF(lkr)vm(a:)}.

Hence the first order condition for the optimal choice of lkr is

00 (lkr)/Olkr 2 vy(z)

Opcr(lkr,0)/0lkr _ 1v.(z)

b) the boundary conditions, for a positive and finite ppap,
v(0) =0,
vz (pBGP) =1,

Vg (pBGP) =0.

Finally, v(x) has the properties, for 0 < x < ppap:
i) v(x) is twice differentiable,

i) vy (z) > 1,

iii) Vau (z) > 0.

Proof. See Appendiz H.

Proposition 2 reiterates the fact that the firm pays dividends when the firm state variable z equals the

trigger level ppap and that the firm does not pay dividends when the firm state variable z is below this trigger

level ppgp- Proposition 2 also shows that the firm’s investment policy is similar to its dividend policy, with

the firm investing only when its state variable x reaches the trigger level Iggp.

Proposition 2 The Production Firm’s Dividend and Investment Policy

The firm’s optimal dividend policy in the balanced growth path economic environment is to pay dividends when

T = pgp- T = ppap is a reflective barrier for the state variable x, and the firm pays dividends to ensure that

x < PBGP-

Similarly, the optimal investment policy of the firm is to invest in capital when x = Ipgp, where Iggp

solves the equation
v(Ipgp)

1=
vz(IBgP)

+ ®Bgp — Ipap.-
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x = Iggp is a reflective barrier for the state variable x, and the firm invests to ensure that x < Iggp.

Proof. See Appendiz H.

In a partial equilibrium setting there is no reason why a firm should be willing both to pay dividends and
to invest, and hence there is no reason why ppgp = Ipgp should hold in partial equilibrium. In general
equilibrium, however, firms have to be willing both to pay dividends and to invest. Otherwise, we either have
that ppap > Ipgp and equity never pays any dividends along the economy’s balanced growth path, which
would not maximize the value of equity when rgap > gv,Bap, or we would have that ppap < Ipgp, which
would imply that no investment would ever occur and that the economy’s capital stock does not grow at the
rate required for balanced growth. For this reason, ppgp = Ipgp must hold along the economy’s balanced
growth path in general equilibrium. We will see in Section 4.5 below that the wage adjusts to assure that
firms are willing both to pay dividends and to invest in the balanced growth path economy.

Proposition 3 relates the firm’s risk aversion towards idiosyncratic risk to the firm state variable . The
proposition states that the firm’s risk aversion towards idiosyncratic risk declines monotonically with the firm
state variable x, with the firm becoming indifferent to idiosyncratic risk when z = 0. In other words, high
debt firms are more risk averse towards idiosyncratic risk than low debt firms, with the lowest debt firm being
indifferent towards idiosyncratic risk. Furthermore, proposition 3 shows that, as a consequence of the firm’s
changing risk aversion towards idiosyncratic risk, the firm chooses higher labor-capital ratios as its debt-capital

ratio falls.

Proposition 3 The Production Firm’s Risk Aversion

The firm’s risk aversion towards idiosyncratic risk is a function of the firm’s debt-capital ratio, and is given

by
Vep(K,B) _ vga(T) ;.4
Ve(K,B)  wg(x) K

For x < ppgp, the firm is risk averse and the firm’s risk aversion towards idiosyncratic risk decreases with

d Vgs(K,B)

&z Vp(K,B) ="

Put differently, the firm’s risk aversion towards idiosyncratic risk increases with the firm’s debt-capital ratio.
At © = ppgp the firm’s risk aversion towards idiosyncratic risk is zero.

Firms with lower debt-capital ratios, since they are less risk averse towards idiosyncratic risk, have higher
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labor-capital ratios and have higher expected output per unit of capital:

dlkr(z)
dx

py (2)
dx

>0

> 0.
Proof. See Appendiz I.

There is no gambling for resurrection since the firm becomes more risk averse towards idiosyncratic risk
as its debt-capital ratio rises for the whole range of debt-capital ratios. This is due to the fact that in this
model it is impossible for the firm to default on debt, which prevents the firm from shifting wealth from debt
holders to equity holders by choosing a more risky cash flow, thus eliminating any incentive for the firm to

gamble for resurrection.

4.3 Aggregation

This section shows how to keep track of the heterogeneous firm debt-capital ratios and how to determine the
effects of firm heterogeneity on aggregate quantities. We have already seen that along the balanced growth
path firms must be willing both to pay dividends and to invest. For this reason, this section will only analyze
the case where ppgp = IBgp.

Using the firm’s optimal choice of the effective labor-capital ratio lkr(xz) from Proposition 1, as well as
the firm’s budget constraint (13), we can see that the firm state variable z evolves according to the diffusion

process

dzie = pg(xi)dt + g (i) dWy (22)

on the interval [0, ppep| with an absorbing boundary at = 0 and a reflecting boundary at = ppgp. The

drift p,(x) and the instantaneous standard deviation o, (z) of  are given by

pe(x) = por(lkr(z),0) + (reep +6)(z — ®pcp) (23)
o:(x) = ocr(lkr(x)). (24)

In the literature this type of diffusion process is know as a singularly controlled diffusion process.’

Now define f(z,t) to be the density of capital in firms with the state variable z. The evolution of the
capital density f(z,t) is governed by the Kolmogorov forward equation (KFE) modified to take into account

6See, for instance, Harrison (1985).
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depreciation. Thus, the evolution of the capital density is given by

O f(x,t) = —0f(x,t) + %3xx[03(w)f(w,t)] — Oxlpa(2) f (2, 1)] (25)
with the boundary condition, at x = 0,
f(0,t) =0
and the boundary condition, at * = ppgp,
Inage = (1 wpar) = 50:70nar) f(ppcr,t) — 503 (ppar)Os f B, 1), (26)

The liquidation rate of installed capital is given by

1
LiQAgg’t = 502 (0)6zf(0> t) (27)

and the sum of dividend payments and investment is given by

1
Daggt +1aggs = 5‘73 (pBGP)f(PBGP,T)- (28)

The KFE and its boundary conditions are discussed in more detail in Appendix J. Here I will only provide
some of intuition. In the order in which the terms appear in (25), the KFE relates the evolution of the capital
density at any one point = to the rate of capital depreciation, the diffusion of capital close to the point z into
or away from the point z, as well as the drift of capital across the point z. The boundary condition at = 0
imposes a capital density of zero at x = 0 because the capital of liquidated firms is instantaneously removed,
with the liquidation rate of capital (27) given by the arrival of capital to the point # = 0 from the right due to
diffusion. The boundary condition at z = ppgp states that the flow of capital away from x = ppgp to the left
is given by the amount of investment at this boundary. Finally, the fact that the sum of aggregate dividend
payments and aggregate investment equals %03 (pBGP,t)f(PBGP,t) is a property of the singularly controlled

diffusion process, and is discussed further, like all other aspects of the KFE, in Appendix J.

Given the capital density f(x,t) we can obtain the aggregate quantities

Yigot = / oy () () (29)
Lagos = /OPBGPAtllkr(m)f(x,t)dm (30)
Litasge = 50%0,)0.f(0) (31)
Dagos + Tagat = 572000 f (01, 1). (32
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The expressions for aggregate output and aggregate labor input follow directly from (7) and the definition
of the effective labor-capital ratio, as well as from the definition of the capital density f(z,t). The other

relationships follow likewise directly from the previous discussion.

4.4 The Scrapped Capital Converting Firm’s Problem

The scrapped capital converting firm purchases old capital from liquidated production firms and then uses
this stock of old capital to create new investment goods. Along the balanced growth path the firm’s problem
is to maximize the net present value of its cash flows subject to its production function and scrapped capital

on-hand accumulation function:

o)
Etm;l / e_p(s_t)ms(jold,s - QBGPLiqug,s)ds
t

s.t. Iold,s:AscIV Kl

sc,s**sc,s

szc,s = _6scKsc,sds + Liqug,sds - Isc,sds-

Since the firm is a price taker, the price of scrapped capital ®; must equal the marginal product of I, in the

production of the investment good:

dloia

= ~yA T K
oo y (33)

sc,t sc,t *

®pap =

Furthermore, the return on holding scrapped capital on-hand must equal the balanced growth path interest

rate
dIold,t/szc,t

— ge.
bpop

'BGP =

This implies immediately that along the balanced growth path

Ksc,t — 1- Y
Isc,t 'Y(TBGP + 65(;)

The scrapped capital on-hand accumulation constraint
szc,t = _6scKsc,tdt + L’L.QAgg7tdt — Isc’tdt

then implies that

—1
y(reap + dsc .
%) Ligagg.t

where gpi, is the BGP growth rate of Ligagg:. By choosing A,. correctly any desired balanced growth path

Ksc,t - <6sc + 9Liq +

price of scrapped capital ®pop can be calibrated.
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4.5 General Equilibrium

This section concludes the analysis of the economy’s balanced growth path in the absence of aggregate shocks.
The section begins by establishing that the economy’s balanced growth rate is given by the growth rate of
aggregate technology g4, as is to be expected in a constant returns to scale economy with labor augmenting
aggregate technology. The section then indicates how to derive the economy’s balanced growth capital density
as well as the economy’s output-technology, consumption-output, investment-output, old investment-output,
debt-output, and dividend-output ratios.

Along the balanced growth path all aggregate quantities grow at the balanced growth rate gy, pgp, in-
cluding aggregate consumption. As a result, the representative household’s first order conditions for utility
maximization (18-20) indicate that the balanced growth interest rate is regp = p + gv,pep- We have already
observed above that on the balanced growth path firms must be willing both to pay dividends and to invest,
so that ppgp = Ipgp must hold. Taking the liquidation value of old capital ®pgp as given for the moment,
the wage w; is the only other price which affects the firm’s problem. Furthermore, the wage enters the firm’s
problem only through its effect on the cost of effective labor (i.e. the wage-technology ratio) in (8). This
has two consequences. The first consequence is that gy, pap = ga since balanced growth requires that g (z)
constant over time. The second consequence is that the economy’s wage-technology ratio is determined by
the requirement that ppap = Ipgp. Given the wage-technology ratio, the first order condition for utility
maximization by the representative household (18) then yields the economy’s consumption-technology ratio.

We can now turn to the behavior of the balanced growth capital density fpap(z,t). Since firms have a
constant returns to scale production technology, the balanced growth capital density must grow at the same
rate as the rest of the economy. This means that the evolution of the balanced growth capital density is
given by f(x,t) = Kagg,0exp(gat) feap(z), where feap(z) is defined to integrate to one. The capital density
fBap(x) is determined by the KFE along with the boundary condition at x = 0. Given fpgp(x) it is then
possible to find the economy’s investment-capital ratio from (26). The economy’s output-capital ratio is given
in turn by (29). This also implies the economy’s consumption-output ratio since we already have the economy’s

investment-output ratio and since Cagg,t + Lagg,t = Yagg,t + lota,t-
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4.6 Numerical Results

This section illustrates the balanced growth path results for a series of calibrated economies with different

values of ®ggp. Figures 1-8 display the properties the first calibrated economy.” For this economy I have set

(I)BGP = 0.7
oy = 0.5
e = 0.05

as well as p = 0.05, oy = 0.5,y = 0.5, v =1 and g4 = 0. This choice of parameters results in a realistic range
of 0 to 0.7 for the firm’s debt-capital ratio. The calibration also implies a reasonable instantaneous variance
of equity returns for low and medium debt firms of 0.1.2

Figure 1 displays the production firm’s value of equity per unit of capital as a function of the firm’s debt-
capital ratio. The value of equity per unit of capital ranges from one at the dividend payment and investment
margin to zero at the liquidation margin. Furthermore, the value of equity is decreasing the firm’s debt-capital
ratio, with the rate of decrease always equal or larger than one and increasing in the debt-capital ratio, as
was indicated in Proposition 1. Figure 2 displays the same phenomenon by showing the total value of the
firm (consisting of the value of equity and the value of debt) per unit of capital. Obviously, we have the same
dividend payment and investment margin and liquidation margin as in Figure 1. Furthermore, we can see that
the total value of the firm is decreasing in its debt-capital ratio, at first slowly but then, as the debt-capital
ratio rises, more rapidly, as indicated by Proposition 1. At the dividend payment and investment margin the
slope of the total value curve is zero, so that the firm cannot change its total value by investing or paying
dividends, whereas at any higher debt-capital ratio the firm would be made worse off if it paid dividends or
invested, as indicated by Proposition 2.

Figure 3 shows the effect of the firm’s debt-capital ratio on the firm’s choice of labor input. It can be
seen that the firm’s labor input is highest for the low debt firm and falls as the firm’s debt level rises. The
difference between the low debt firm’s labor input and the highest debt firm’s labor input is substantial, with
the lowest debt firm using more than twice the labor input as the highest debt firm. It should be noted that

the fall in labor input with the rise in the debt-capital ratio is approximately linear and is not concentrated

"This is also Economy 1 in the discussion of the non-balanced growth path dynamics in Section 5.7.
8Strictly speaking, this is only true up to a debt-capital ratio of 0.5. For debt-capital ratios above 0.5 the idiosyncratic

instantaneous variance of equity prices rises rapidly in this model, mostly because of the combination of leverage with fully

secured debt. The observed idiosyncratic variance of US equity prices is around 0.1 (Malkiel and Xu, 1997).
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among firms with a high debt-capital ratio.

Figure 4 shows the effect of the firm’s debt-capital ratio on the firm’s level of expected output. This
relationship is similar to the relationship between the debt-capital ratio and labor input, except that the fall
off of expected output with increased debt is less drastic than it is for labor input due to the diminishing
marginal product of labor. Again, the fall in expected output is approximately linear and is not concentrated
among firms with a high debt-capital ratio.

Figure 5 shows the drift of the firm’s state variable z (which is of equal size and of the opposite sign as the
drift of the firm’s debt-capital ratio) as a function of the firm’s debt-capital ratio. We can see that the drift in
z is decreasing in the firm’s debt-capital ratio, so that low debt firms are expected to decrease their debt levels
at a higher rate than high debt firms. There are two reasons for this. The first is that high debt-capital ratio
firms must spend more of their cash flow in paying interest on their debt, leaving less left over to decrease their
debt-capital ratio. The second reason is that, as can be seen in Figure 6, the firm’s expected cash flow from
operations is decreasing in the firm’s debt-capital ratio. The first reason appears to be quantitatively more
important since the firm’s expected cash flows are not that sensitive to the firm’s debt-capital ratio, especially
not for low debt firms.

The slow decline of expected firm cash flow from operations despite the rapid decline in expected output
is a direct consequence of the optimizing behavior of the lowest debt-capital ratio firm. For the lowest debt-
capital firm the optimal choice of labor input maximizes expected cash flow, which means that deviations from
this level of labor input will have, at least at first, a negligible effect on expected cash flows from operations.
Eventually, as labor input declines further the effect on expected cash flow becomes larger. Figure 6 displays
exactly this effect.

Figure 7 shows the instantaneous variance of the firm’s debt-capital ratio as a function of the firm’s debt-
capital ratio. In addition to the firm’s expected cash flow from operations, this is the second important
variable affected by the firm’s choice of labor input. Figure 7 shows that the instantaneous variance of the
firm’s debt-capital ratio falls rapidly with increasing firm debt, with the high debt firm having about 1/4 the
variance as the low debt firm.

Figure 8 displays the firm’s risk aversion towards idiosyncratic risk as a function the firm’s debt-capital
ratio. As indicated in Proposition 3, the lowest debt-capital ratio firm is risk neutral and the firm’s risk
aversion increases with the firm’s debt-capital ratio. Contrary to what one naively might expect, however, the
firm’s risk aversion does not become infinite at the liquidation margin but instead remains finite. Since we

saw in Proposition 3 that the firm’s risk aversion explains the firm’s trade off of expected cash flow and cash
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flow volatility, Figure 8 also accounts for the behavior of the expected cash flow of the firm (Figure 6), and
the variance of firm cash flows (Figure 7).

Finally, Figure 9 displays this economy’s capital density for the production firm. Most of the capital
density is concentrated in low debt-capital ratio firms since the drift in the debt-capital ratio is downward for
all firms. This effect is slightly ameliorated by the increased volatility of the debt-capital ratio for low debt
firms, but not enough for the capital density to increase with the firm debt-capital ratio.

Figures 10-12 display the properties of eight economies with the same calibration as the previous economy,
except that the liquidation value of installed capital varies from 0.1 to 0.9 in increments of 0.1. Figure 10
displays the equity value of this set of firms. A firm’s equity value falls to zero at the debt-capital ratio which
equals the liquidation value of installed capital. Figure 10 also shows that firm equity value is almost linear for
economies with a hight debt capacity while becoming quite non-linear for economies with low debt capacity.
Figure 11 shows the same phenomenon as Figure 10 by displaying the total (debt and equity) value of the
firm.

Finally, Figure 12 shows firm labor input as a function of the debt-capital ratio for these eight economies.
We can again see that the liquidation margin depends in a mechanical way on the liquidation value of capital
®. Furthermore, we can see that the dividend payment and investment margin also depends significantly on
the debt capacity. It is noteworthy that the dividend payment and investment margin remains quite far from
the liquidation margin even for economies with a high liquidation value of capital.

Figure 12 also shows that the difference between the low debt-capital ratio and the high debt-capital ratio
firm’s labor input is higher for economies with low debt capacity. Indeed, for the economy with ® = 0.1 the
high debt-capital firm’s labor input becomes extremely small. The reason is that this firm needs only a small
positive cash flow to service its small outstanding debt while it is very risk averse due to the high cost of
liquidation to equity owners. But for firms in the ® = 0.9 economy, the difference between the labor inputs of

low and high debt-capital ratio firms is still substantial, with labor inputs differing by a ratio of 1.8.

5 Dynamics around the Balanced Growth Path

In this section I consider the transition dynamics resulting from an initial capital distribution that differs
somewhat from the BGP distribution. I accomplish this by representing the economy’s aggregate state as a
linear combination of the economy’s eigenstates and then using the dynamics of these eigenstates to describe

the dynamics of the economy. I start in Section 5.1 by defining what eigenstates are and establishing some
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notation for the linearized dynamics of the economy. I then proceed in Section 5.2 to analyze the optimal
policy of the production firm in this linearized economic environment. Section 5.3 analyses the linearized
dynamics of the production firm capital density f(x,t). Section 5.4 analyzes the optimal policy of the scrapped
capital converting firm in the linearized economic environment. Section 5.5 then uses the results of the
previous sections to construct the linearized general equilibrium dynamics of the economy in the absence of
aggregate shocks, while Section 5.6 finishes the analysis by determining the reaction of the linearized economy

to aggregate shocks. Section 5.7 provides numerical results for a series of calibrated economies.

5.1 What are Eigenstates?

The linearized dynamics of the economy can be written as

dAt = gAAtdt + O'AdWAt

dyt = Aytdt + BO’AdWAt

where, as indicated before, A; is the level of aggregate technology and y; is the deviation of the economy from
its balanced growth path. y; can be thought of as n-dimensional vector, A as a n*n dimensional matrix, and
B as a n*1 dimensional matrix, with n going to infinity in the limit that describes the economy accurately.
The matrix A can be specified in more detail. In particular, it is possible to choose a basis for the vector y; so
that A is diagonal, with the entries —n; along the diagonal. This means that the evolution of each component
of the vector y; is now separated from the evolution of all other components of the vector y;, and that the

evolution of each individual component y;; is given by
dyn; ¢ = —1Yn, ¢dt + bjoadWa. (34)

The effects of the state variable y; on output, consumption, investment in new capital, liquidation of old
capital, creation of new investment out of scrapped capital, scrapped capital on-hand, use of scrapped capital
to create new investment, wages and the marginal utility of wealth is denoted most easily in terms of the

log-deviation of these variables from their respective balanced growth path levels

-1 [o]
y, — Ay YAggyt_YAgmBGP _ o
t — — Cy,jYj.t
Yag9,BaP —
Jj=1
-1 [o]
A _ At CAgg,t - C’BGP _
Ci = = E €C,jYjt
Csap
Jj=1
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Similarly, the deviation of the capital density from its balanced growth path can described by
At_lf(x)t) fBGP Ze,] y]t

The effect of y; on the liquidation value of installed capital and the trigger level of the firm’s state variable =z,
which leads the firm to pay dividends or to invest, is denoted most easily in terms of the deviation of these
two variables from their respective balanced growth path levels (since the balanced growth path of these two

variables is not affected by the level of A;)°

o0
®pap + Z Co it
j=1

P,

o0
pBap + Z Cp,jYjt-
j=1

Dt

The parameters cy,;, cc,j etc., all still need to be determined. For purposes of normalization we can
distinguish two types of eigenstates. The first occurs when the eigenstate does not affect the economic
environment (i.e. when C and hence also m, 7 and @ are all zero, as is the deviation of ® from its BGP

value). The second occurs when one or more parts of the economic environment are affected by the eigenstate.

9Here T am still defining p; in terms of x = ®ggp — B/K, not z = &; — B/K.
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In this second case we can, for purposes of normalization, fix ¢ ; = 1.1° The first order condition for utility
maximization by the representative household (18) then indicates that ¢, ; = 1, while the definition of the

representative household’s marginal utility of wealth implies that ¢, ; = —1.

5.2 Optimal Policy of the Production Firm

Having established the notation for describing the linearized dynamics of the economy, we can now find the
production firm’s optimal policy in the economic environment created by an eigenstate. For the kind of
eigenstate that does not affect the economic environment this is a trivial problem: the firm just follows its
balanced growth path policies regarding labor inputs, investment and the payment of dividends. For the kind
of eigenstate that does affect the economy economic environment the firm’s problem is more interesting and

is given by

V(KtaBtaynj,t) m71 Et / ef(sft)(‘%")msst
t

s.t. dBs = [—McF(lsz,yn]—,s)Ks

= max
{tkry,D I}

+hspn(yy,,s) + 15 Bslds

+oor(lkrs) K, dWi,

+dDy + dI, — hyo 4dW 4,
lim. Efe tY"m,B,] =0

dKs; = —0Kds + dI;

dyn; s = —NjYn; sds + bjoadW as.

Letting 04 — 0 and thereby imposing certainty equivalence by neglecting the effects of future aggregate

shocks, we can find the linear approximation of the firm’s value function around y,,; ; = 0 to be:

V(K,B,y) = V(K,B)+§:[V""(K,B,yni)—V(K,B)]
= Klv(z) + Z(v"" (@, yy;) = v(2))].

Here V"(K, B,y,) = Kv"(x,y) is the value function of the firm in the economic environment created by the

1074 will turn out that ¢ # 0 for all eigenstates of this type.
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eigenstate with the associated eigenvalue 5. V(K, B,y) is in turn given by the Bellman equation

(TBGP —nyn + e)Vn(K, Bay’l’l) = _6KV1?(K:B:?J77)
+(—por(lkr,y,)K + (reap — nyy) B)VE (K, B, yy)
1
+§U%’F(lk7)K2VgB(KaBayn)

_nynvyn(Ka B: yﬂ)

with the boundary conditions

d®(y,)

Yn
Vg(K,B,yn)zl if VgB(K,B,yn)zo.

VTI(K)B)yn):O if (I>BGP+ _B/KZO

The linear approximation of the firm’s optimal policy can be obtained by linearizing this Bellman equation
around the balanced growth path solution found in Proposition 1. The calculation which lead to this linear
approximation are somewhat involved, and are relegated to Appendix K. The result is summarized below in

Proposition 4.

Proposition 4 Optimal Policy of the Firm in a Dynamic Environment
When the wage wy, the marginal utility of wealth my, the liquidation value of installed capital ®;, the eigenstate

Yn,t, and aggregate technology A; follow the processes

wy = (14yp)Arwpap
mi = (1—yp0)A 'mpap
dd
®; = ®pgp+yn: ()
dyn
dyn,t - _nyn,tdt

dA; = gaddt,
the linear approximation of the firm’s value function is given by
VUK, B,yy) = Klv(z) + yyw” (2)].
Here x = ®paop — B/K and w"(x) is given by the ODE
(0 +rpap +e+nw'(z) = nu(x)
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Oucr(lkr(x,0),0) dlkr

dlkr ay, (D (@)
0 lkr(z,0),0
+ NCF( 87'y(m ) ) + 77((1>BGP _ :L’) ’UI(Z’)

+ [ucr(lkr(z,0),0) — (0 + reap)(®pap — T) W] (z)
1002 p(lkr(z,0)) dlkr
2 Olkr gy Wer (@)

1
+308 p(lhr (@, 0))wl, (7)

with the boundary conditions

d®(yy,)
7(0) = 0 L
W) = w0
wl(peap) = 0.
The firm picks its optimal effective labor-capital ratio
Olkr(z,
lkr(z,yy) = lkr(z) + ynw
Yn

according to the FOC for mazimizing the firm’s value

_32HCF(lk7"(x)ayn)U (z) — auCF(lkT(x)’yn)w (z) =

Olkr Oy, Olkr
_ [8*ucr(kr(z), yn) 10%02 ;- (lkr) dlkr(z,0)
= ik vel@) + 3 gz et @)
1002 (lkr(z))
3 ok V@

Furthermore, the firm pays out dividends and invests when

dp(yn)
T =pBGP t+Y
n dy17
where
dp _ _ wez(pBGP)
dyn,t Veaa
Finally, if
w(ppap) =0,

the firm is indifferent between investing and paying dividends.

Proof. See Appendiz K.
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5.3 Eigenfunctions of the Capital Density

This section analyzes the dynamics of the capital density f(z,t) when firms follow their optimal policies in
the economic environment created by an eigenstate which is not further perturbed by aggregate shocks.
Again, we can use the firm’s budget constraint (13) to find the evolution of the firm state variable z

according to the diffusion process
drit = pig (Tit, Ye)dt + o4 (23)dWit (35)

with an absorbing boundary at ¢ = ®pgp — ®; and and a reflecting boundary at ¢ = p;. Here the drift

ia(z,y) and the instantaneous standard deviation o, (z) of  are given by

po(z,t) = por(kr(z),y) + (rpap —ny + 0)(z — ®pap) (36)
ox() = oor(lkr(z)). (37)

The capital density f(z,t) is similarly still governed by the Kolmogorov Forward Equation*!

1
6tf(m7t) = —(5f(1’,t) + §azz[0'3 (1‘,t)f(1‘,t)] - 3z[ﬂz(93>t)f(93,t)] (38)
this time with the time varying boundary conditions at the liquidation margin and the investment margin

0 = f(®—®Bcr) (39)

Tagg: = pa(pe,t)f(pe,t) — %Ui(pt:t)axf(pt:t) + %f(lﬂt,t)- (40)

The liquidation rate of capital given by

L02(®, — Bpap)s (B — Bpap) (41)

Ligaggs = 2

and the sum of dividend payments and investment is given by

L o2 (s 1) f o1 ). (42)

Daggt +Taggs = D)

We can now look at the evolution of the capital density f(z,t) in the economic environment created by
an eigenstate y,. As mentioned above, there are two possible types of eigenstates is this economy. The first
type does not affect the economic environment faced by the firm (i.e., C, m and @ are all zero, as is the

deviation of ® from its BGP value). In this case the firm’s behavior concerning labor input, investment

11 Again see Appendix J for details.
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and dividend payments is no different than on the BGP. The second type of eigenstate does affect the firm’s
economic environment and thus affects the firm’s behavior concerning its labor input, investment and dividend

payments. Proposition 5 below describes the behavior of the capital density for both types of eigenstates.

Proposition 5 Eigenfunctions of the Capital Density
In the linearization of the Kolmogorov Forward FEquation and its boundary conditions, the production firm

capital density associated with the eigenstate y, evolves according to
fz,t) = Ae™ e, (z).
Here e, () is given by the ODE

0 = (=54 30ea0®(@) — Bupta(w))en(a)
(0,02 (x) — 12 (2))Dyn(2)

+50%(0)Drey (2)
1 d{awx(f%(w,yn)} d{axﬂx(xvyn)}
+ (5 ), - , ) fBap(T)
N (1 0w} (@, yn)} _ A{Oupia(@,yy)}
2 dyn dyn
1do?(z,yy,)
2 dyn

) O: fBap(T)

61‘1‘fBGP("I:)‘

with the boundary condition at the liquidation margin © =0

ey(0) = %890 fBap(0)

and the boundary condition at the investment and dividend payment margin x = ppap

_ dp | dpg(z,yn)
= (@M(PBGP)d%7 + T fBap(PBGP)

1 dp {002
+5 <3zz05 (pBGP)d_?Z + %ﬁbﬁp)}) feapr(pBCP)

dl
At_l ;gy,t
Yn

- (Mz (pBGP) — %C%Ui (pBGP)> <3szGP(pBGP)j—;7 + en(pBGP)>

1 d, do?
+t3 <U;§(pBGP)d—£7 + %@) 0. fBap(PBGP)

1 d
+=02(pBap) azszGP(pBGP)—p + O0.e,(PBGP)
2 dyy
d
—U—dyI; fBap(PBGP)-
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The boundary condition at the liquidation margin x = 0 also implies that

_1dLigag,, 1 do2(0) 1
At = ST D0, fuar (@) + 502 nar(0)dsen(0
L, e 1. ,, . d®

+§Uz(0)8”fBGP(O)d—% + §6xa'z(0)d_ynaxfBGP(0).

Proof. See Appendiz L.

5.4 Optimal Policy of the Scrapped Capital Converting Firm

This section describes the scrapped capital converting firm’s optimal policy in the economic environment
created by an eigenstate. I will again consider two types of eigenstates. In the first type the level of consumption
and the interest rate are at their balanced growth path values (or C=r= 0). In this economic environment
it is necessary for the price of old capital to be at its balanced growth path level ® g p in order to assure that
production firms are willing both to invest and to pay dividends (or $ = 0). Thus it is necessary that

O=(1-7Kse — (1= =0

or

K. = fsc:

from log-linearizing the equation for the marginal product of using scrapped capital in producing the new
investment good (33). The scrapped capital converting firm’s production function then implies that

A A~

Iold = Ksc-

The log-linearized scrapped capital accumulation equation (16)

dK . Ligpap —  ILsc.BaP -
= —(0s5¢e +ga) + ———L —
7 (0sc +94) Ko por Koo ppo

then implies that, for this first type of eigenstate,

Liqg = —
Ligpap

— K I .
sc,BGP (I;C,BGP _77+6sc+gA> Ksc-
sc,BGP

The second type of eigenstate is associated with the deviation of consumption and the interest rate from

their balanced growth path levels. In this case the required return for holding scrapped capital K. is given

by
R rggp +90 A N _ dK dI.
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from log-linearizing the return to holding scrapped capital

_ MPy  d2/dt
e o

— Oge.

Tt

Here M Px = dl,q4/dKs. denotes the marginal production of scrapped capital in place. Using dK s, /dt =

—nf(sc and dfsc/dt = —nfsc and setting, as a normalization, C’O =1, we then have that

; 3 n
Isc0 — K = —
sc,0 sc,0 reap + 6sc + 77(]- — '7)

and, from the log-linearized scrapped capital accumulation equation,

Li — I IS I
gBGP Ligy = (Osc + g4 — 17 + sc,BGP sc,BGP n

Kseo — .
) 0 KSC,BGP rBGp + 630 + 77(1 - 7)

K Bap Kse Bap

Finally, this yields

B — n(l—)
0 —_ .
reap + 0sc + (1 —7)

5.5 Eigenstates

This section uses the aggregate resource constraint to pick out which of the potential eigenstates described
above are actual eigenstates of the economy. Recall from Section 5.1 that any candidate eigenstate has the log
deviations of output, consumption, investment, liquidation of old capital, scrapped capital in place, investment

of scrapped capital in new investment, and output of new capital from scrapped capital given by

1 %]
S Ay Yaggt — Yagg,Bar _
Yi = = oy
Yagg,BGP st
1 %]
A At CAgg,t - CBGP
C — —
t = = Cc,jYj.t
Csap —
]:
1 o]
i _ Ay IAggyt — IAgg,BGP _ o
Aggt = I roo BGP = E :cLAggﬁJyJ,t
99, —
j=1
—1 . . o0
e At L'Lqug,t - LZqug,BGP
YAggt = Ligrap = CLiq,jYj,t
i=1
1 o]
i Ay Taa — IoaBar
oldt = 7 = E CI,old,jYjt
old,BGP ¢
B ]:1
1 00
k _ At Ksc,t - KSC,BGP _
set  — - CK,sc,j¥Yj,t
Ksc,BGP —1
]:
1 00
f _ At Isc,t - Isc,BGP _
sc,t = T = E CI,sc,jYj,t
sc,BGP y
B j:l
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as well as deviation of the capital density from its balanced growth path
o0
A7 f(@,t) — frap(T) = Zej(w)yj,t-
j=1
with changing boundary margins

o0
®pap + Z Co jYjt
=1

P,

oo
bt pBap + Z Cp,jYjt-

j=1
We can now use what we learned about the optimal policies of the production firms, the scrapped capital
converting firms and the behavior of their capital stocks in the economic environment created by an eigenstate
to derive the parameters cy ;, cc,;, etc., for any particular  and to check if the economy’s aggregate resource

constraint is satisfied.

5.5.1 Eigenstates with Balanced Growth Path Prices

As indicated above, there are two types of eigenstates in this economy. In the first type, all prices are at
their balanced growth path levels and production firms and the representative household follow their balanced
growth path policies. An eigenstate of this type can be constructed starting with the behavior of the scrapped
capital converting firm. Since we require that dy = 0 it is necessary that, as discussed in Section 5.4,

Iold,O = Isc,O = Ksc,O and

— Kse.ggp [ Isc,BaP
Ligy =

Li _n+6sc+gA> f(sc,O-
1qBGP

Ksc,BGP

Using the results in Proposition 5 we can now find e, (z) and ngg’() and from (29) that
~ 1 pBGP
Taggo =Vigpor | mv(zlen(ad.
0

Having found fold,O; IAAg%O and )A’Agg,() we can now check if this potential eigenstate is indeed an actual

eigenstate by determining if it satisfies the aggregate resource constraint

YAgg,OYAgg,BGP + Iold,()Iold,BGP = IAgg,OIAgg,BGP-
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5.5.2 An Eigenstate with Non-Balanced Growth Path Prices

The second possible type of eigenstate involves non-balanced growth path prices. In this case, we can normalize
C’o =1 and let C’t =e " and 7, = —nrlgé p- In this kind of economic environment 'i>0 is determined by both
the behavior of the scrapped capital converting firm and the production firm. Both ways of determining &,
must agree for an eigenstate to exist.

First, from Section 5.4, ®, can be determined by the behavior of the scrapped capital converting firm since

; 3 n
Isc0 — K = —
sc,0 sc,0 reap + 65(; + 77(]- — '7)

)

and hence

5 n(l—1)
by = . 43
reap + 0sc + (1 —7) (4

Secondly, for the production firm Proposition 4 implies a $, for any 7 which leaves the production firm
indifferent between paying dividends or investing. Since it can be observed that (43) is increasing in 1 while,
as it turns out, ®o for the production firm is decreasing in 7, there is one unique eigenstate in which prices
deviate from their balanced growth path values.

Using the results in Proposition 5 we can now find e, () and I4,,0 and from (29) that

P oy (o)
0 dyn

R Po
Yaggo = YAiglg,BGP </0 py (z)e, (z)dz + fBGP(m)dm>

Having found 40, Tag90 and Yazyo we can now check if this potential eigenstate is indeed an actual

eigenstate by determining if it satisfies the aggregate resource constraint

Yagg,0Yagg,BaP + Lota,0loia,Bap = CoCsap + Lagg0lagg,BGP.

5.6 Perturbation of the Eigenstates by Aggregate Shocks

The economy’s aggregate state variable is given by the level of aggregate technology A; and the eigenstates
{Yn. }22,. When there are no shocks to aggregate technology, we know from the above analysis that the

economy’s aggregate state variable evolves according to

dAt ga At dt

Yyt = —NjYnspdt Vi > 1.
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When there are aggregate technology shocks, the economy’s aggregate state variable evolves according to

dAt gAAtdt + O'AAtdWAt.

dy,“,t = —njy%tdt +bjoadWyy Vn > 1.

where the additional b; terms need to be determined.

5.6.1 Optimal Hedging of Aggregate Shocks by the Production Firm

We can find the b;’s by projecting the non-balanced growth path capital density after the arrival of a shock to
aggregate technology on to the eigenstates of the economy. To do this, however, we first need to understand
how the capital density across production firms is affected by optimal hedging of shocks to the economy’s

eigenstates.

Proposition 6 Optimal Hedging of Aggregate Shocks
by Production Firms
The optimal hedge of a production firm of a shock to the eigenstate y,, is given by
b ,wnj (w)
holz) = =2 — 7/
77( ) 'Ua:a;(x)
if this eigenstate affects prices. Shocks to eigenstates that do not affect prices are not hedged by production

firms.

Proof. See Appendiz M.

5.6.2 Finding the Effect of Aggregate Shocks on the Economy’s Eigenstates

Using our representation of the aggregate state variable, we know that the production firm’s capital density

is given by
fla,t) = Ay | foap(@) + ) ej(x)y;.
j=1

with the boundaries

oo
&, —Ppgp = chb,jyj,t
j=1
o0
Pt = chP+E Cp,jYjt-
j=1
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and that the scrapped capital converting firm’s capital stock is given by

o
Ksc,t - At Ksc,BGP + E CK,sc,jUj,t

j=1
When the economy is perturbed by an aggregate technology shock, several things happen. First, technol-
ogy A; jumps by AdWa ¢, which means that the balanced growth path production firm’s capital density
jumps by fpap(r)AidW4 + and the balanced growth path scrapped capital converting firm’s capital jumps by
Ksc papAidW 4 .. What happens to the actual production firm’s capital density f(z,t) and scrapped capital
converting firm’s capital stock K. :? The capital density is perturbed by the fact that production firms hedge

aggregate shocks, with the production firm capital density moving according to
o0
df (x,t) =y _ dy;[hj(@) (@) + hy(2)f'(x,1)]
j=1

The actual level of K., is not affected by the technology shock. We thus have that the b;’s are given by

feap(x) = Y bjej(x) = > bi[hj(x) far(z) + hi(@) foap(@)]
j=1 j=1
— dK;,

Kyse.pap = Jz:;bj a;

Numerically the b;’s can be found by running a OLS regression using the first N eigenstates for a sufficiently

large N.

5.7 Numerical Results

This section provides numerical results on the dynamic behavior of four economies. Economy 1 is the same
economy for which we discussed the balanced growth path properties in Section 4.6. Economies 2-4 are the
same as Economy 1 except for deviations along a single dimension of parameter space. Specifically, in Economy
2 the parameter v has been changed to 0.999 and in Economy 3 to 0.001, while in Economy 4 ® g p has been
raised to 0.95. All other parameters are the same as in Section 4.6 (i.e. € = 0.05, p = 0.05, oy = 0.5, vy =0.5
and g4 = 0). Table 1 summarizes the parameterization of the four economies.

The solid lines in Figures 13-20 display the impulse response functions of Economy 1 for a permanent 1%
aggregate technology shock, while the dashed lines display the equivalent impulse response functions for a

benchmark economy without any financial contracting problems for comparison.
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Table 1: Parameterization of Economies 1-4

Parameter | Ec. 1 | Ec. 2 | Ec. 3 | Ec. 4

®pap 0.700 | 0.700 | 0.700 | 0.950
¥ 0.500 | 0.999 | 0.001 | 0.500

Figure 13 shows the impulse response of output. The first thing to notice is that the debt constrained
economy’s output response is hump shaped, a phenomenon not found in the economy without financial con-
straints. The qualitative properties of the hump-shaped response of output are broadly consistent with the
VAR evidence, with the output response building over the first two years and reaching its peak in the third
year.!? This contrasts with the larger immediate jump in output followed by exponential reversion to the
balanced growth path in the model with no financial frictions. However, the quantitative importance of the
hump-shaped output response for this calibration is not particularly large, with the maximum difference in
the output responses for the two economies 0.06% for a 1% shock. Figure 14 shows that the impulse response
of output is associated with changes in the Solow residual which are not accounted for by changes in aggregate
technology. We can see that the hump-shaped output response is due to an initial lag in the Solow residual
behind the level of aggregate technology, with firms waiting for their financial position to improve to produce
more output.

Figure 15 shows the impulse response of consumption. The initial jump in consumption is almost iden-
tical for the economies with and without financial constraints, but the consumption level of the financially
constrained economy grows towards the new balanced growth level of consumption at a slightly faster rate.
Figure 16 shows the impulse response of new investment, with investment jumping slightly less in the financially
constrained economy and decaying at about the same rate towards its new balanced growth level.

Figure 17 shows the impulse response of liquidation. We can see that liquidation is initially reduced with the
impact of the aggregate technology shock then jumps back up quickly, but to less than its new balanced growth
path level. After two quarters the liquidation rate starts to fall again and dips to its initial level after two
years, after which it recovers slowly to its new balanced growth path level. The reduction of liquidation below
its new balanced growth path level explains how the capital stock of the financially constrained economy can

grow to its new balanced growth path level at a faster rate than in the economy without financial constraints,

123ee, for instance, King, Plosser, Stock and Watson (1991).
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even though new investment is lower.

Figure 18 shows the impulse response function for the creation of new investment from the stock of scrapped
capital. We can see that the general pattern from the impulse response function of liquidation carries through
to this impulse response, with an initial slight increase followed by a decrease from the end of the first year
until the end of year 3. After year 3 the creation of new investment out of scrapped capital increases toward its
new balanced growth path level. Figure 19 shows that the impulse response function for the stock of scrapped
capital is almost exactly the same as the impulse response function for the creation of new investment out of
scrapped capital, except that the initial level of K. is predetermined and hence starts out a t a lower level
than 4.

Figures 20-23 show impulse response functions for financial variables and creation and liquidation margins.
Figure 20 shows the evolution of firm debt levels, and we can see that aggregate debt falls strongly in response
to a positive technology shock. This effect is quite large, with the face value of outstanding debt falling by
1.7% (or 0.6% of output) in response to the 1% technology shock. After the initial fall, aggregate debt levels
then rise to their new balanced growth path levels, but quite slowly, only reaching their pre-shock levels after
about five years.

Figure 21 shows that this movement in the aggregate debt level is in part due to change in the debt capacity
of firms, with debt capacity falling by 0.17% in response to the 1% technology shock. However, Figure 22
shows that the movement of the investment and dividend payment margin is more important in explaining
the fall in overall debt since the movement of this margin is about five times as large as the movement of the
liquidation margin.

We can see what is going on here in more detail in Figure 23, which displays the optimal hedge the
production firm. This figure shows the inflow of financial wealth in response to the positive technology shock.
It can be seen that the resulting decrease in a firm’s debt-capital ratio depends on the firm’s leverage. For
the lowest debt firm, the 1% technology shock decreases the debt-capital ratio by somewhat more than 0.5%,
while for the highest debt firm the effect is substantially lower, with a decrease in the debt-capital ratio of
0.14%.

Figures 24-34 and Figures 35-43 show the same impulse responses and the optimal firm hedging policy for
Economy 2 and Economy 3, respectively, both with the same ®pgp = 0.7 value but with different production
functions for the scrapped capital converting firm. In general these figures are very similar to Figures 13-23
and show that variation in v is not very important for the behavior of the economy, at least not for this value

of (I)BGP-
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Figure 24 shows the impulse response function of output for Economy 2, i.e. for an economy with almost
constant debt capacity and very little scrapped capital on-hand. The hump-shaped impulse response function
of output is again apparent, albeit with a slightly larger initial response of output and with the output response
building for a shorter time period, somewhat over one year. Figure 25 shows the impulse response function
for the component of the Solow residual not accounted for by the permanent technology shock. Again, this
impulse response function for Economy 2 is similar to the one found for Economy 1, except that the size of
the component of the Solow residual not accounted for by aggregate technology is slightly smaller.

The consumption impulse response displayed in Figure 26 again looks very similar to that of the previous
economy, with consumption jumping the same amount as in the economy without financial constraints and
then converging faster to its new balanced growth path level. The impulse response for investment, seen in
Figure 27, is slightly different. We can see that the impulse response function for investment in the economy
with almost constant debt capacity is more like the impulse response function for investment in the economy
without financial constraints, except for a slight hump-shape and a more rapid decline of investment in the
financially constrained economy. The impulse response function for liquidation, seen in Figure 28, is also
somewhat different, especially in its initial response, with liquidation spiking up, not down, in response to the
permanent technology shock. After this initial spike liquidation declines for about three years to a level below
its new balanced growth path level and then rises slowly to its new balanced growth path level. In Figure
29 we can see the same pattern in the impulse response for the creation of new investment from the stock of
scrapped capital, except that the spike up is delayed somewhat. Figure 30 shows the same behavior for the
stock of scrapped capital on-hand.

Figures 31-34 show the impulse responses for debt, liquidation and investment margins as well as the
production firm’s optimal hedge for Economy 2. Figure 31 displays the impulse response function of debt.
Again, the behavior of debt here looks very similar to the behavior of debt in Economy 1, with the fall in
debt in response to the permanent technology shock slightly larger in the economy with an almost constant
debt capacity. Figure 32 shows that debt capacity is indeed almost constant in Economy 2 and Figure 33
show that the movement of the investment margin is much larger. Figure 34 shows that the optimal firm
hedge is again broadly similar to that of the previous economy, except that high debt-capital firms now take
on aggregate risk, paying out financial resources to the representative household in the event of a positive
aggregate technology shock. This leads to the upward spike in liquidation in response to a positive technology
shock seen in Figure 28.

Figure 35 shows the impulse response function of output for Economy 3, that is for an economy in which
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debt capacity is sensitive to both investment of scrapped capital Is. and scrapped capital on-hand K,.. The
hump-shaped impulse response function of output is again apparent, this time with a slightly smaller initial
response of output and with the output response building for a longer time period, about three years. Figure
36 shows that the impulse response function for the component of the Solow residual is not accounted for
by the permanent technology shock. Again, this impulse response function for Economy 3 is similar to the
one found for Economy 1, except that the size of the component of the Solow residual not accounted for by
aggregate technology is slightly larger, but not significantly so.

The consumption impulse response displayed in Figure 37 again looks very similar to that of Economy 1
and Economy 2, with consumption jumping the same amount as in the economy without financial constraints
and then converging faster to its new balanced growth path level. The impulse response for investment, seen
in Figure 38, is also very similar, with investment jumping somewhat less initially than in Economy 1. The
impulse response function for liquidation, seen in Figure 39, is again similar, except that the initial downward
spike in liquidation is considerably larger and the subsequent level of liquidation is lower. In Figures 40 and 41
that the lower level of liquidation also shows up in lower levels of new investment from the stock of scrapped
capital a reduced level of scrapped capital on-hand.

Figures 42-45 show the impulse responses for debt, liquidation and investment margins as well as the
production firm’s optimal hedge for Economy 3. Figure 42 shows that the impulse response of debt is large,
with debt falling by 2% in response to a 1% aggregate technology shock, a slightly larger response than in
Economy 1. Figure 43 shows that debt capacity moves significantly in Economy 3, as is to be expected with
v = 0.001, with debt capacity falling in response to the positive aggregate technology shock due to the increase
in liquidation and its impact on the stock of scrapped capital on-hand. Figure 44 shows that the movement
of the investment margin nevertheless is still much larger, contributing more to the fall in aggregate debt
outstanding. Figure 45 shows that the optimal firm hedge is again similar to that of Economy 1, except
that high debt-capital firms now are even more financially exposed to aggregate technology shocks, receiving
financial resources from the representative household in the event of a positive aggregate technology shock.
This leads to the downward spike in liquidation seen in Figure 39.

Finally, Economy 4 deviates from Economy 1 by having a higher balanced growth path debt capacity
Ppep = 0.95. As a consequence of the lower cost of liquidation in this economy, Economy 4 has a much
higher balanced growth path rate of liquidation and a much higher balanced growth path level of scrapped
capital on-hand than Economy 1. The importance of this difference for impulse response functions will become

apparent below.
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Figure 46 shows the impulse response function of output for Economy 4. The hump-shaped appearance of
the impulse response function is much stronger than for Economies 1-3. The initial jump in output is smaller
than in the previous three economies and the rise in output that give rise to the hump-shape is considerably
larger, to 1.14% above its pre-shock level, not the 1.04% we have seen in the previous three economies. The time
it takes for the hump to peak is similar to that of Economy 1, around three years. Figure 47, however, shows
the impulse response function for the component of the Solow residual not accounted for by the permanent
technology shock is still similar to that displayed in Economies 1-3.

The consumption impulse response displayed in Figure 48 again looks very similar to that of the previous
three economies, except that this time consumption jumps somewhat more. The impulse response for invest-
ment, seen in Figure 49, is considerably different than any impulse response from Economies 1-3. We can see
that investment in Economy 4 is far less responsive to a technology shock, with investment rising less than 1%
in response to an aggregate technology shock of 1%, and with investment falling after its initial jump before
rising to its new balanced growth path level. Figure 50 shows that main force behind capital accumulation in
response to an aggregate technology shock in economy 4 is a large reduction in the level at which capital is
liquidated due to financial distress, with an initial spike downward in liquidation that is followed by a very slow
rise in liquidation to its new balanced growth path level. Figures 51 and 52 show the same general behavior
for the impulse responses of 1,4 and K., with these variables at first falling and then only slowly rising to
their new balanced growth path levels.

Figures 53-55 show the impulse response functions for debt, debt capacity, and the dividend payment
margin. We can see a very large —5% fall in debt in response to the 1% aggregate technology shock, and again
this change in the debt level is more due to the movement of the dividend payment margin than movement of
firm debt capacity. Finally, Figure 56 shows that the optimal hedge of the production firm.

What do we learn from the general equilibrium response of these four economies to an aggregate technology
shock? All four economies display a hump-shaped impulse response for output, a feature that also arises for
other parameterizations of the model. Other authors, among others Kyotaki and Moore (1997), Carlstrom
and Fuerst (1997), Bernanke, Gertler and Gilchrist (1998) and Cooley and Quadrini (1998), have also observed
hump-shaped output responses for models with financial constraints. For these papers the intuition behind
hump shaped output responses is that financially better off firms produce more output, but that it takes time
for positive aggregate shocks to improve the financial position of firms.

This is not quite the correct intuition for this model, although it does capture a significant part of the

intuition behind the hump shaped impulse response of output. As we saw for all four economies, a component
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of the Solow residual is not explained by the movement of aggregate technology. Instead, this component of
the Solow residual is due to the interaction of time-varying firm policies and the time-varying capital densities
of firms. Nevertheless, this component of the Solow residual still affects the firm’s decision about how much
output to produce. In particular, the initial undershooting of the Solow residual below its new balanced growth
path level means that firms, given the prices they face, choose to produce less.

However, this is not all that is going on here. Another aspect is that an economy’s ability to intertemporally
smooth production and consumption is in part determined by its stock of scrapped capital on hand. With
a small scrapped capital stock on-hand an economy is not able to smooth production and consumption by
changing this capital stock much, while with a large scrapped capital stock on-hand an economy can do exactly
this. We can see this phenomenon especially clearly in the behavior of Economy 4: here movements in the
stock of scrapped capital on-hand played an important part in the dynamics of the production firm capital
density, with the increase in the level of the production firm capital stock taking place mostly through a
reduction in liquidation. Without this large stock of scrapped capital on-hand prices move to offset many of
forces that give rise to the hump-shaped output response.

In addition, there is no hump-shaped behavior in the level of outstanding aggregate debt, such as in
Carlstrom and Fuerst’s paper. Instead, in this model the hump-shaped impulse response of output is due to
the effects of general equilibrium price movements on firm policies (and the interaction of these firm policies
with the evolution of the capital density across firms) and is not reflected in the evolution of the level of
aggregate debt.

Finally, it should be noted that giving firms access to fairly priced hedging opportunities against aggregate
shocks does not eliminate the importance of financial constraints for business cycle dynamics. In particular,
firms do not insure away the affect of aggregate shocks on their financial position. Instead, because aggregate
shocks change the relative value of firms with different debt-capital ratios, firms exploit the opportunity to
hedge aggregate shocks in a manner that has an effect on business cycle dynamics. For instance, as we were

able to see in the dynamics of Economies 3 and 4, firms may choose to hedge aggregate shock

6 Conclusion

This paper analyzes the general equilibrium dynamics of an economy with debt constrained firms exposed to
idiosyncratic production uncertainty in a general equilibrium setting. I find that firm financial constraints

affect the dynamics of the economy’s response to aggregate technology shocks by creating a component of the
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Solow residual that is not accounted for by aggregate technology. This time-varying productivity movement
induces intertemporal substitution of labor supply and gives rise to a hump-shaped impulse response for
output.

A useful avenue for research would be the incorporation of sticky prices and sticky wages into the model.
This would allow for potentially larger effects of firm financial constraints on firm output since firms would no
longer be at least in part insured again aggregate technology shocks by offsetting movements in wages.

Proof of Proposition 1 and 2

V(K,B) = Kv(z) results from the fact that both the production technology and the debt capacity of
the firm are linear in capital. Given the same sequence of idiosyncratic shocks W, any firm with capital
K can reproduce K times the dividends of a firm with capital 1 if both firms start with the same state
variable z and follow the same policies as a function of z. Since V (K, B) is linear in dividends, we have that

V(K,B) = Kv(z). It is useful to note that V(K, B) = Kv(®pep — B/K) implies

Vk(K,B,t) = v(z)+ (Pgp — x)v(x)
Ve(K,B,t) = —uv;(x)
VBB(K,B,t) = K_l’l)mg(:l?).

i.) To derive the ODE in v(x), write the value function as
T
V(K B) = m;lEt/ e~ (P+s dD,
¢
= Jim E,(Dipa = Do) + e T HIVARY (K1 A, Biya).
—
Differentiating on both sides w.r.t. A, letting A — 0 and using Ito’s Lemma, we have that

0 = dD;

—(pt+e+ gA)V(Kt, Bt)dt

(
+(=0Kdt + dI;) Vi (K¢, By)
+(—pcr(lkr)Kydt + dDy + dI; + rpgpBidt)Ve (K, By)
+(%UéF(lkr)Kt2dt)VBB (K¢, By).

Note that the first order conditions for dividend payment and investment are:

1=-Vg(K,B)

Vi (K,B) = —Vg(K, B),

45



and that the first order condition for the maximization of the appreciation of V' (K, B) by choice of the labor-

capital ratio is:
Oucr(lkr)/olkr EKVBB(K, B)
002 (lkr)/olkr 2 Vz(K,B)
Rewriting the equation for the value function using V (K, B) = Kuv(x), as well as using the derivatives this

functional form implies, and noting that rggp = p + ga, we have the ODE:
(rBap + €)v(z) = [ucr(kr) — (reap + 6)(®Bap — )]va(7) + %Uép(lkr)vm(w)- (44)
Similarly, the first order conditions for dividend payment and investment can be rewritten as:
vz(ppep) = 1
v(Ipgp) = (1—®pap + Ipapr)v.(IBGP)

as can the first order condition for the choice of lkr:

Opcr(lkr)/Olkr _ 1ves(2)
902 p(lkr)[0lkr 2 vy(z)

ii.) As shown in i.), one of the boundary conditions of v(z) is that v,(ppep) = 1 (this is also known

at the “value matching condition”). The boundary condition v(0) = 0 follows directly from the fact that
firms become worthless to equity owners when B = ®gopK. The boundary condition v, (pap) = 0 is a
requirement for the optimal choice of ppgp (this boundary condition is also known as the “smooth pasting
condition”). Note first that the ODE for v(z) is linear in v(z), so that if w(z) fulfills the ODE, then any
multiple of w(z) fulfills the ODE also. The boundary condition v, (psgp) = 1 for the payment of dividends
determines v(z). The boundary condition v, (ppgp) = 1 does not, however, determine the optimal ppap.
Instead, the optimal ppgp is determined by v,,(xz) = ppgp: from the family of all possible value functions
wP(z), one for each possible p, including the non-optimal ones, the actual v(z) = wP(x) is the one the maximal
one, i.e. v(z) = maxwP(z), where the condition w?(p) =1 is imposed. Then note that if w2, (p) > 0, lowering
p will raise w”(a:)pfor all z < p (using the fact that if w?(x) solves the ODE, then qw?(x) solves the ODE
also). Conversely, if w?_ (z) < 0, then raising p will raise w?(z) for all z < p. So w?,(p) = 0 is the condition

for optimal p, and we have that v, (ppgp) = 0.

Properties of v(z):
First note that the scrap value of capital is strictly less than the discounted value of the firm’s cash flows from

that capital without any agency problems:

o0
®pap </ e~ (rBar+0s o pds,
t
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i,/(l_a)wt_a/(l_a)aa/(lfa)Ata/(l_a) is the upper bound on the possible cash flow per unit

(where ficr = [i
capital) since a firm with contracting and agency problems can not utilize capital more efficiently that a firm
without agency problems. Hence, we have that [icr — ®pap(reep + 96)] > 0.

Property i.) wv(z) is twice differentiable since v(z) can be constructed by finding vz, (x) using the ODE
from v(z) and v, (z), starting out from v(0) = 0 and v, (0).

Property ii) v(z) > 1 for 0 < z < p follows from the ODE, the conditions for the choice of lkr, and the

fact that [icr — ®pap(reap + 0)] > 0. Recall that the ODE is
(reap + 0 + €)v(z) = [pcr(lkr(z)) + (rBap + 0)(z — Ppap)]v.(x) + %U%F(lkr(m))vm (z). (45)
Differentiating the ODE w.r.t. x we have that
ev(w) = o Ukr(e) + (rpcr + )@ = ®per)]vee) (@) + 505 (kr(w) e (). (46)

Evaluating the ODE at = 0, we have, since v(0) = 0, that

2z
ot p(lkr(0))

The case of v(0) = v;(0) = v,,(0) is of no interest, since the ODE then implies that v(z) = 0 for all z,

Va2 (0) = [uer(lkr(0)) — (reap + 0)®Bar]vs(0). (47)

and v(z) could never fulfill the boundary condition v,(ppep) = 1. Since due to limited liability v(z) > 0,
we hence need that v,(0) > 0. Since [icr — (rBap + 0)®pap] > 0, it is possible to choose lkr so that
[ucr(lkr(0)) — (reap + §)®Bap] > 0, and hence it is possible that v,,(0) < 0. If the firm chooses a lkr so
that [ucr(lkr(0) — ®(rpgp + 0)] <0, then, on the other hand, from (47) we know that v, (0) > 0. But the
firm will never choose such a lkr: with v, (0) > 0 the firm is risk neutral or risk seeking, and the firm will
always choose the highest expected return technology it can, so that in this case ucr(lkr(0)) = icr. But,
since [ficr — (reap + 0)®pap] > 0, using this technology the firm would not be risk neutral or risk seeking.
Therefore, by contradiction, we know that v,,(0) < 0.
By evaluating (46), the ODE differentiated w.r.t. x, at = 0, we have that

1

5031:(”97“(0))%”(0) = €0, (0) = [ucr (Ikr(0)) = (rBap + 6)®BG PV (0). (48)

Since v,(0) > 0, [ucr(lkr(0)) — (reap + 0)®pap] > 0, and v,,(0) < 0, we have that v,,,(0) > 0. More
generally, we know from the ODE (45) that

%Uép(lkr(w))vm = —luor(lkr(z)) + (rpap + 0)(z — ®pap)|v.(2) + (rBap + 0 + €)v(z) (49)
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and from (46) that

%Uép(lkr(w))vm(w) = evg () — [por(lkr(z) + (reap + 0)(x — ®BaP)|ve (2)- (50)

We know that v, (z) <0 for 0 < z < ppgp, since ppap is set so that vy, (x) > 0 does not occur. From this
and from v(0) = 0 and v,(0) > 0 we can conclude that v(z) > 0, v,(xz) > 0, for 0 < z < p, and, from the
argument above about the choice of pcp(lkr), that [ucr(lkr(z)) + (reep + J)(x — ®pap)] > 0. Therefore,
we can conclude from (50) that vg,.,(x) > 0. Hence v, () rises from a negative value at = 0 and v(z) is
concave for some interval above zero. Furthermore, we know that v,(0) > 1 from v, (p) = 1: since v;;(0) < 0,
we know that the optimal p is greater than zero since the value of the value function could be increased by
raising p above zero. Since v, (ppap) = 1, we have from v, () < 0 for 0 < z < p that v,(0) > 1.

There exists a pggp > 0 such that vy, (pgp) = 0: if there were no pggp > 0 then we would have

vgz(z) < 0 for all z > 0. But then, from differentiating
(rBap +0 + €)v(z) = [nor(lkr(z)) + (z — ®)(reap + 6)]v. (v) + %Uﬁ(lkr(w))vm(w),
w.r.t x, we have that
evs(2) = [ncr(lkr(z) + (& = D)(rpap + 0)]ore (2) + 202 (1hr(2))vass (2
and since [por(lkr(z)) + (x — ®)(rpap + 0)] > 0 and vy, (x) < 0 for © < ppap, we have that

%U%F(lkr(w))vzmm (z) > eve ().

Knowing that v, (z) > 1, we see that

2e
Vg (T) > =
Uz

where 2 is the maximum possible o2 which occurs when the firm acts in a risk neutral manner. Hence, from
Ve (T) = 02 (0) + fow Vpez(8)ds, that vy, (M) > 0 for M > “;T@E. But this contradicts the assumption that
Vg2 () < 0 for all & > 0. Hence there is an inflection point in v(z) if € > 0.

Proof of Proposition 3

The firm’s risk aversion declines with x or, put differently, d[—v,.(z)/v.(x)]/dx < 0 for 0 < z < ppap-

Since

ﬂ—mﬂ@ﬂﬂﬂ]__“”@0+<_%Am>i

dx N E)) v ()
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we need to show that v, (7)/v.(2) > [—vze(z) /vL(x)]? for the firm’s risk aversion to fall with z. This is the

same as showing that vz, (2)ve (2) > [vez(2)]?. Now, from (49), we have that

Vg (T) = m[(rm}a + 3+ e)v(@) + (uer(lkr(z)) + (2 — @) (reep + 6))vez()]
and from (50) that
Vora(T) = m[evz(w) — (por(lkr(z)) + (x — @) (rap + 0))ves ()],
"
[vee(@)]? = m(wcp + 6+ )v(2)vgs (z)
g e () + (= D)ragr + ) () 0
and
Vraa(@)a(z) = m[vw(x)]Q
ey e W) + (& = #)(rpp + Dlves (o)),

So what is (Vgrz (2)v2(2))/ (Ve (2))?? We can see that

Vize(T)V(2) A+ B
V()2 C+ B’

where

= evp(x)?
= —(por(lkr(z)) + (z — ®)(rBaP + 6))vsa (T)va (2)

= rpap + 0+ €)v(x)v,, (T).

Since A > 0,B > 0,C <0 and C + B > 0, we can see that (A + B)/(C + B) > 1. Thus we have shown that
d[—Vzz (z) /v, (2)]/dx < 0.

dlkr/dz > 0 follows directly from the FOC for the choice of lkr and the observation that the firm’s risk
aversion falls with z.

Kolmogorov Forward Equation
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The Kolmogorov forward equation is well-known (see for instance Karlin and Taylor (1975), Section 15.5),

and is traditionally written as

O f(x,1) = %@x[ai(w,t)f(w,t)] = Ox[pe (, 1) f (2, 1)],

where p,(z,t) is the drift of z, denoted in the rest of the paper as g,(t), and o2(z,t) is the instantaneous
variance of z. The modified KFE used in this paper is obtained by adding the term —df(z,t) to take
depreciation into account.

One way to understand the KFE is to observe that the flow across any point x is given by
Ly o L,
FlOW(.’I,',t) = (/,L(CC,t) - iawo-x (:E,t))f(:n,t) - io-x(xat)axf(mat)a
while the evolution of f(z,t) is governed by
Ocf(z,t) = =0, Flow(z,t) — 6 f(z, ).

Together these two relationships imply the KFE.
It remains to show that I; = $02f(0,¢) and S; = $02f(bpap,t). This result can be derived by working

with the transition probability of the Brownian Motion with drift

o (z—y+ut)>

pu(l‘;y,t) = (271’1502)7%6 2to2

Imagine starting out with the density

1 ifz>0
0 ifz<0O.

f(x,0) =

and letting this density evolve until time ¢, driven by a diffusion process with no drift. At time ¢, how much
work must be done to push all mass that diffused into the region z < 0 back to the region z > 0?7 The answer

is given by

0 e 2y 1 _(z—w)? 0 e 5 1 _ (@+w)?
/ / (27to”) "2 x e” 22 dy dr = / / (2nto") "2 x e 22 dz dy
—o0 /o o Jo

o0 u u2
= 2 / (27rt02)_% (u—1y) e 22 dy du
o Jo
o0

w2
/ (271'7502)_% u? e 27 du
0

[l

|
—~
S



By taking ¢t — 0, we see that the rate at which a singular control at x = 0 does work is %02 for this particular
density. Note now that as ¢t — 0, p(z,y,t) — 0 for all  # y, so only the value of £(0) is relevant for the rate of
work done by the singular control at t = 0. Thus, the rate of work done by a singular control at = = 0 is given
by %02 f(0) for a Brownian Motion without drift, for any density f(z). Similarly, note that as t — 0, we have
that p,(z,y,t)/pu=o(x,y,t) = 1. As a consequence, the rate of work done by a singular control is independent
of the drift term of the Brownian Motion, and the above expression holds for all Brownian motions and all
densities f(x).

The steady-state KFE is modified for the non-steady state environment, with the term g, pgp in the steady
state KFE replaced by the equivalent term g, ; in the modified KFE, and with ¢, pgp and bggp replaced by
the equivalent terms g, : and b; in the boundary conditions for the non-steady state KFE. Finally, there is
the additional term g3+ in the boundary condition at £ = b; in the non-steady state KFE which results from
additional drift of the boundary b; (as can be seen from the change of the variables z;; — x;+ — b, followed
by the same reasoning about this boundary condition as above).

Linearization of the Production Firm’s Optimal Policy in a Dynamic Economic Environment

Recall that * = ®pgp — B/K. We therefore have that dz/dy = 0, dz/dB = —K !, and dr/dK = BK 2.

Hence

Vk(K,B,y) = wv(z,y) (51)
Vs(K,B,y) = —v.(z,y) (52)
Vep(K,B,y) = vga(z,y)K™" (53)
V,(K,B,y) = Kuvy(z,y). (54)

Substituting these expressions into the Bellman equation for the dynamic economic environment we obtain

(6 +rpap —ny +ev(z,y) = [pcr(lkr,y) — (6 +reap —ny)(Ppap — )|v.(7,y)

1
+ QU%F (”CT)Uzz (1‘, y) - nyvy(l“, y)

Using the linear approximation
v(z,y) =v(r) + yw(z)

of the firm’s value function the above Bellman equation yields

(O +rpap +e+nw(z) = no(z)
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Oucr(lkr(z),0) dlkr(z)
Olkr dy
+ |Opcr(ikr(z),0)
dy
+ [porp(lkr(x),0) — (6 + reap)(®pap — )] wa(2)
1902 ;- (lkr(x),0) dikr(z)
2 Blkr gy @

Vg ()

+n(®pap — )| v ()

+%U%F(lkr(x))wm($)-

The boundary condition w(0) = v, (0)%‘%) stems from by the fact that the firm becomes worthless to
equity owners when the firm’s debt level reaches the firm’s debt capacity. From v(z,y) = 0if z = —%;y)y,
we have that, differentiating w.r.t. y,

d o de(y) d®(y) d®(y)
o= ) 00,055 2 +0,(0,0) =~ (0) =52 +w(0)

The boundary condition w, (ppgp) = 0 stems from the need to have a linear approximation of the firm’s

dividend trigger p(y). For a firm paying dividends we know that

I
|
—

VB(KaBay)
Vep(K,B,y) = 0

®pap — B/K

I
=
—~
<
~—

Changing notation and linearizing we have

v (p(y),y) =1 =v.(p(y)) + yw.(p(y))

Uz (P(Y),Y) = 0 = 022 (P(Y)) + YWz (p(y))

which, differentiating w.r.t. y at y = 0, yields

d

0 = vw.(pBGP) I;S/)‘f‘wz(pBGP)
d

0 = Ummm(pBGP) p(y) +wmc(pBGP)-

dy
Since v, (ppap) = 0, this implies the boundary condition w,(ppap) = 0 as well as the linear approximation
of the firm’s trigger policy for paying dividends

dp(y) _ Wae (pBGP)

dy Veaa (pBGP) ’
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Next, I derive the requirement that w(Ipgp) = 0 must hold for a linear approximation of the firm’s

investment trigger I(y) to exist. Investment occurs at the firm’s investment trigger I(y) which satisfies

v(I(y),y) ) —
va(l(y),y) T EBor T IW =1 (55)
Rearranging and differentiating w.r.t. y yields
Ve (1Y), VI(Y) + 02y (I(W),y) = 02T (W), y)1y(y) + 0y (1(y),y) (56)

+@ (W) [var (1), Y) Ly (y) + vy (1(y), y)]
—I(y)v=(1(y),y)

—1(Y)[vea (I(y), )1 (y) + vay (I (y), y)]-

At y = 0, using the fact that vy (Isgp,0) =0, vy (IBgP,0) = 0 and v, (Ipep,0) =1, we have that
w(IBGp) =0.
Any other value of w(Ipgp) would imply that I,(y) is not well defined. We now have to verify that if
w(Ipgp) = 0 the linear approximation of the firm’s trigger for investment coincides with the linear approxi-
mation of the firm’s trigger for paying dividends. To see that this is indeed the case, differentiate (56) w.r.t.
x:
Vaae (1Y) Y1y (Y) + vaey (1), y) = v2a(I(Y), y) 1y (y) + vay (1(y), y)

+@(Y)[Vewe (1Y), Y) Iy (Y) + vaay (1(y), y)]

_Iy (y)vzm(I(y)a y)
Using vey(IBap,0) =0, vz2(Ipap,0) =0, we have that at y =0

I (0) — _’U“Uy(IBGP>0) _ _ wzz(IBGP)
v Vzzax (IBGP7 0) Vzzax ([BGP)

= py(O).

The firm chooses its labor input lkr(z,y) to maximize its expected appreciation:

X o (1kr(2,9),)[02 (@) + y0e (0] + 508 1k (2, 0), ) [oae (@) + 022 () (57)

We already have the solution for this problem when y = 0. Now we need to find dikr(z,y)/dy. The FOC for

maximization of (57) is

# <N(lk;r(a:,y),y)[vz (z) + yw,(x)] + %aép(lk:r(a:,y))[vm(x) + ywm(g;)]> -
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or

Ou(lkr(z,y),y) 1002 p(lkr(z,y))
olkr 2 olkr

We already know this FOC holds for y = 0. It must also hold around y = 0, so that

d_(Op(lkr(z,y),y)
dy Olkr

[va(z) + ywe (z)] + [Vaa (7) + ywee (z)] = 0.

1002 (lkr(z,y))

[0a(@) + yua (0] + 5 LT

[Uﬂm (CU) + ywmc(m)]> =0

or

(62,UCF(”CT(1',O),O) dlkr(z,0) N azlucp(lkr(:r,O),O)> o (2)+
Olkr? dy Olkry
Oucr(lkr(z,0),0)
Olkr
10202z (lkr(z,0),0) dlkr(z,0
1902 p(lkr(z,0))
2 lkr

wy (T)+

wee(z) = 0.

This is the FOC condition found in the proposition.
Eigenfunctions of the Kolmogorov Forward Equation in the Economic Environment Created
by an Eigenstate

We are looking for the eigenfunction e,(x) so that the capital density

f(l‘,t) - egAt(fBGP(m) + yeta,ter/(x))

with the boundary condition
de,

dyy

evolves (in the linearization of the KFE around the BGP) as indicated by the law of motion for an eigenstate

f(_yn >yn) =0

of the economy without further aggregate shocks dyetq,t = —NYetq,:dl.

Looking at the left boundary condition, we can see that it implies in the linear approximation that

dd
677 (0) = —ameGp (0) d—yn

Oze,(0) remains a free parameter that is not determined by any boundary condition at & = 0. Furthermore,

linearizing the liquidation rate of installed capital

. 1 dd dd
Ligagg: = 50920(%7@:977)890]0@17@7?/77)
n n
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yields

dLigagyg, 1do?(0) 1
dy—gg L = 2 dy Ox feap(x) + 50920,3@13(0)(%617(0)
L, aé 1, ,, . d®
+§Uz(0)8mmeGP(0)d—yn + §8maw(0)d—%8xf3(;p(0).

Similarly, linearizing the boundary condition at the right boundary

dp 1 9 dp dp

I = - 5 - aVz N )

Agg.t (u(pBGp + 1y dyy’ Yn) = 50:0:(PBGP + Yy a yn)> fpBar +yy a Yn)
1, dp dp dp dp

+2%(PBGP + Yy dy:yn)azf(pBGP + Yn dy’y”) ndyf(pBGP + Yn dy’yn)
yields
dIAgg t dp d,ufx (pBGP)
— 99 = [ il
a0 ' UBG P a0 + a0 fBar(PBGP)
1 dp d{axai (pBaP)}

+§ <3mtfz,BGP(pBGP)d—y + d—y fBap(z)

1 d
- <uBGP(pBGP) - iaxUQBGP(pBGP)> <8xfBGP(pBGP)d_§ + €(pBGP)>

1 d, do?
L1 (aw%ap(pmp)_p ;. dos(pcr)

a a0 ) Oz fBaP(PBGP)

=N

d
+502,BGP(I)BGP) <8BGPfBGP(pBGP)d_§ + 3z€(pBGP)>

_ng_szGP(pBGP)-
Taking the capital density f(z,y,) = feap(z) + yne,(z) and substituting it into the KFE
Oif(w,yn) = —nynen(z) = —0(fpar(z) + yney(x))
+502086P (2,0) (5GP (1) + e (©))
+8,02(x,yy) (O fBG P (%) + YnOren(z))
F202,0) One frp(a) + yrDasey (2)
=0:p1(z,yy) (fBGP(T) + Yney(z))
—p(@,Yn)(0x fBGP(T) + YyOsey(2))

which yields, keeping only terms in y,),

0 = (1= 0+ 30020 (@) — Dete(w))eg (@)
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+(0207(7) — 2 ())Ou ey ()

+502)0ezn(0)
1 {00203 (,yn)}  d{Outiu(z,ys)}
” <5 dyy T dyy ’ > foar(@)
1 d{0:r03 (%, yy)} d{Ox e (T, yn) }
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Optimal Hedging Policy of the Production Firm

Let technology A; and the eigenstate y; evolve according to

dAt = O0A At dWA7t

dys = —nys +boadW;

and let the marginal utility of wealth be given by m; = A, *m(y;) so that

dm(yz)/dy;

mly)

(this is the normalization that Co = 1 for an eigenstate that affects consumption). Then, neglecting terms

that are quadratic or higher in o4,

d
T yedt — oa(b+ 1)dWas.
myg

When the representative household enters a hedging contract it pays out the riskless payment hp, at the

utility cost hppm; and receives the risky payment ho4dW 4 with the expected utility stream

Et[(dmt)(h(fAdWA’t)] = Et[—thA(b + l)hUAdWELt]

= mgho’(b+ 1)dt.

Since in equilibrium the representative household must be indifferent about holding a marginal hedging con-

tract, we can equate the utility cost and the utility benefit of hedging to get the price of a hedge
Ph = —O’i(b + ].)

The production firm enters the hedging position h(z), which maximizes its value to the representative

household. The marginal impact of h(z) on the firm’s state variable z is given by dx; = —hppdt + hoadWa ;.
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The firm’s value is then affected by hedging according to (using Ito’s Lemma)
d’U(CC, y) = _hph'l}x (.’I}, y)dt
1
12 0A 0 2,y
+[h0avx («75’ Z/) + UAbUy (CU, y)]dWA,t
+ho AV (2, y)bo,dt
which has the impact on expected utility
1
mt(_hphvz (:L’, y) + §h2givzz(ma y) + hg,%lvzy(l'; y)b)dt

—my(b+ 1)oa(hoavy(z,y) + cavy(z, y)b)dt.

Dividing by m; and substituting in p, = —0% (b + 1) we have
1
Ui(ih%}xm(m: y) + hbvmy(wa y) - (1 + b)bvy(xa y))dt

Differentiating this expression w.r.t. h we can find the optimal hedge h which maximizes the value of the firm

to the representative household:

h — _bvzy(may) — _bnw"(m)

Vew (T, Y) Vg () .
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