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Abstract

We examine optimal and other monetary policies in a linear-quadratic setup with a relatively
general form of model uncertainty. The form of model uncertainty our framework encompasses
includes: simple i.i.d. model deviations; serially correlated model deviations; estimable regime-
switching models; more complex structural uncertainty about very different models, for instance,
backward- and forward-looking models; time-varying central-bank judgment about the state of
model uncertainty; and so forth. We provide an algorithm for finding the optimal policy as well
as solutions for arbitrary policy functions. This allows us to compute and plot consistent distri-
bution forecasts—fan charts—of target variables and instruments. Our methods hence extend
certainty equivalence and “mean forecast targeting” to more general certainty non-equivalence
and “distribution forecast targeting.”
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1 Introduction

In recent years there has been a renewed interest in the study of optimal monetary policy under
uncertainty. Classical analysis of optimal policy consider only additive sources of uncertainty, where
in a linear-quadratic framework the well-known certainty-equivalence result applies and implies that
optimal policy is the same as if there were no uncertainty. Recognizing the uncertain environment
that policymakers face, recent research has considered broader forms of uncertainty for which
certainty equivalence no longer applies. While this may have important implications, in practice
the design of policy becomes much more difficult outside the classical linear-quadratic framework.

In this paper we develop a relatively general form of model uncertainty that remains quite
tractable. Our approach allows us to move beyond the classical linear-quadratic world with additive
shocks, yet remains close enough to the linear-quadratic framework that the analysis is transparent.
We examine optimal and other monetary policies in an extended linear-quadratic setup, extended
in a way to capture model uncertainty. The form of model uncertainty our framework encompasses
includes: simple i.i.d. model deviations; serially correlated model deviations; estimable regime-
switching models; more complex structural uncertainty about very different models, for instance,
backward- and forward-looking models; time-varying central-bank judgment about the state of
model uncertainty; and so forth. We provide an algorithm for finding the optimal policy as well as
solutions for arbitrary policy functions. This allows us to compute and plot consistent distribution
forecasts—fan charts—of target variables and instruments. Our methods hence extend certainty
equivalence and “mean forecast targeting” (Svensson [16]) to more general certainty non-equivalence
and “distribution forecast targeting.”

In section 2, we lay out the model, a so-called Markov jump-linear-quadratic (MJLQ) model,
where model uncertainty takes the form of different “modes” that follow a Markov process. We
extend existing MJLQ models to incorporate forward-looking variables, the existence of which
makes the model nonrecursive. We show that the recursive saddlepoint method of Marcet and
Marimon [11] can nevertheless be applied to express the model in a convenient recursive way, derive
an algorithm for determining the optimal policy and value functions, and discuss how different kinds
of model uncertainty are incorporated by our framework. In section 4, we present examples based on
two empirical models of the US economy: regime-switching versions of the backward-looking model
of Rudebusch and Svensson [13] and the forward-looking New Keynesian model of Lindé [9]. In

section 5, we show how probability distributions of forecasts—fan charts—of relevant variables can



be constructed for arbitrary time-varying instrument-rate paths or functions. In section 6, we show
how the same probability distributions can be constructed for arbitrary time-invariant instrument
rules and optimal restricted instrument rules. In section 7, we show how the optimal policy and
value functions can be expressed as a function of the probability distribution of the modes, when
these modes are not observed. In section 8 [to be added], we present some conclusions. Appendices

A-E contain some technical details.

2 The model and its interpretation

We set up a relatively flexible model of an economy with a central bank, which allows for serially
correlated additive and multiplicative uncertainty as well as different relevant representations of

the central bank’s information and judgment about the economy.

2.1 The baseline model

Consider the following model of an economy with a central bank,

X1 = A1 X + Ao 17 + Brgyrie + Crpi€e4 (2.1)

EiHi1x1 = A1 Xy + Ago s + Ba iy, (2.2)

where X; is an nx-vector of predetermined variables in period ¢, x; is an ng-vector of forward-
looking variables in period ¢, i; is an n;-vector of central-bank instruments (control variables) in
period ¢, and €; is a zero-mean i.i.d. shock realized in period t with covariance matrix o2I. The
matrix Ago; is nonsingular, so equation (2.2) determines the forward-looking variables in period
t. There is no restriction in including the shock e; only in the equations for the predetermined
variables, since, if necessary, the set of predetermined variables can always be expanded to include
the shocks and this way enter into the equations for the forward-looking variables. The expression
Fiwyq1 denotes the conditional expectation in period t of a random variable w11 realized in period
t + 1. The information assumption for the conditional expectations operator E; is specified below.

The central bank has an intertemporal loss function in period ¢,

Er Y 07 Lygs, (2.3)
=0

! As shown in appendix A, our framework can also incorporate additive central-bank judgment as in Svensson [16].



where the period loss, L;, satisfies

!/

X Xy
Lt = Tt Wt Tt (24)
it it

and the matrix W; is symmetric and positive semidefinite.

The matrices A11¢, Ai2t, B, Cr, He, Ao, A2at, Bay, and Wy (assumed to be of appropriate
dimension) are random and can each take n different values in period ¢, corresponding to the n
modes j; = 1,2,...,n in period t. We denote these values A11; = A11j,, A12+ = A12;,, and so forth,

for j: = 1,2,...,n. The modes j; follow a Markov process with constant transition probabilities
P =Pr{jir1 =klje=3t  (Gk=1..n). (2.5)

Importantly, the shocks €; and the modes j; are assumed to be independently distributed (although
we allow the impact on the economy of the shocks to depend on the modes j; through the matrix
Cj,). Furthermore, P denotes the n x n transition matrix [Pj], p;: = Pr{j: = j} (j = 1,...,n), and

pt = (pit, ..., Pnt)’ denotes the probability distribution of the modes in period ¢, so

pry1 = P'pe.

Finally, p denotes the stationary distribution of the modes, so
p=P'p.

In the beginning of period t, before the central bank chooses the instruments, i;, the central
bank’s information set includes the realizations of X3, ji, €, X¢—1, jt—1, €+—1, Tt—1, t4—1, ... . The
central bank also knows the probability distribution of the innovation &, the transition matrix P,
and the n different values each matrices can take. Hence, the conditional expectations operator,
E¢, refers to expectations conditional on that information. In section 7 we consider the alternative
and more realistic situation when the mode j; is not observed in period t and policy in period ¢ is
based on the probability distribution p; of the modes.

We consider the optimization problem of minimizing (2.3) subject to (2.4), (2.1), (2.2), and X}
given. In particular, we consider the optimization under commitment in a timeless perspective (see
Woodford [19] and Svensson and Woodford [18]).

Optimization problems of this type have been studied in the control-theory literature for the
special case when there are no forward-looking variables. Such models are known as Markov jump-

linear-quadratic (MJLQ) systems, as the model is conditionally linear but operates in multiple



modes which are governed by a Markov jump process. Such MJLQ systems have been widely
studied in the control-theory literature in the last few years (see Costa and Fragoso [3], Costa,

Fragoso, and Marques [4], do Val, Geromel, and Costa [6], and the references therein).

2.2 Reformulation according to the recursive saddlepoint method

In order to apply the methods developed in control theory, we require that the system be recursive.
However, the presence of the forward-looking variables in (2.2) makes the problem nonrecursive.
Fortunately, the recursive saddlepoint method of Marcet and Marimon [11] can be applied to
reformulate the non-recursive problems with forward-looking variables as recursive saddlepoint
problem (see Marcet and Marimon [11] and Svensson [17] for details).

The problem of minimizing the intertemporal loss function in each period under commitment
in a timeless perspective can be reformulated as the modified saddlepoint problem,

o
max min E; Z 5Tit+7, (2.6)
7=0

{Vigrtrzo {ZTt4rsit4r >0

with the modified period loss function,

- , -
= X = X
Liyr = { 5t+7 ] Jt4r [ o } ) (2 7)
t+1 Uit
subject to the modified model
Xt+7—+1 = Ajt+r+1Xt+T + Bjt+r+1€t+7' + éjt+r+15t+7‘+1 (2'8)

for 7 > 0, where X, and Ji are given. Here, the new n g-vector of predetermined variables X,

(n  =nx + +n,) and the new n;-vector of instruments i; (n; = ny + n; + ny) are defined as

Lt
X = [ :Xt } A EE (2.9)
— Tt

The elements of the n,-vector Z;_; are the Lagrange multipliers for the equations (2.2) for the
forward-looking variables in period £ —1 from the optimization problem in that period. Hence, =;_1
captures the history dependence of the optimal policy under commitment in a timeless perspective
(see Woodford [19] and Svensson and Woodford [18]). The elements of the ng-vector v, are the
Lagrange multipliers for equations (2.2) in period ¢, considered as control variables in period ¢.

Hence, we have

=t =Vt



as an additional dynamic equation, which is incorporated in (2.8).

The matrix W}, in (2.7) is constructed so the modified period loss L; satisfies

~ ) 1'_‘
Li=L;+ ’Y;(— Agltht — Aggjtxt — ngtzt) + gﬂélethEt. (2.10)
The matrices /Nljtﬂ, Bjt+1, and C~'jt+1 satisfy
. A, O . A1, By, O . C
Ajt+1 = [ HétH 0 :| ) Bjt+1 = [ 120Jt+1 l(j)tH I, :| ) Cjt = [ J(SH :| . (2‘11)

2.3 Optimal policy and dynamics

The solution of the modified saddlepoint problem will result in a linear optimal policy function
w=F, Xy  (ji=1,..,n) (2.12)

and a modified quadratic value function

{Vegrtr>0 {Zt4 75047 }r>0

o
X,V;, X, +1j, = max min - B Y 6 Lits,  (Ge=1,..,n) (2.13)
7=0

(see appendix B for details and a convenient algorithm for computing V; and F; for j = 1,...,n).
The optimal policy function for the modified problem is also the solution to the original problem.
Consider the composite state (X, ;) in period ¢, where 7; = thf(t. The transition from this

composite state to the composite state (Xt+1,jt+1) in period t+1 with 7,11 = th+1Xt+1 will satisfy
Xt+1 = thjt+1Xt + Cjt+15t+l’

where

Mj oy = Ajiyy + Bjy Fiy,

and will, for given realization of €;41, occur with probability P; This determines the optimal

tJt+1
distribution of future XH_T, Jt+r, and u4r (7 > 1) conditional on (Xt, Jt)-

Such conditional distributions can be illustrated by plots of future means, medians, and per-
centiles (fan charts). Plots of future means, medians, and percentiles can also be constructed for
individual chains of the modes, for instance, the median or mean chain corresponding to no model
uncertainty.

Note that the above value function is the value function corresponding to the modified period

loss function and the modified saddlepoint problem. The value function for the original problem



of minimizing (2.3) subject to (2.1), (2.2), and (2.4) under commitment in a timeless perspective

with X; given is

Xr,{vjtj(t + Wy,

The matrices V; and the scalars w; for j = 1,...,n, are determined in the following way:

Let Fj, be decomposed conformably with wz;, i, and -,

ijt
th = Fijt ’
F’th

and note that we have

Xy 107
Tt = F it X t-
it Fij,

It follows that we can write the period loss function as

Ly = X{W;, X,

where ,
I0 10
th = F. Tjt th F. zJt
Fij, Fij,

The matrix V; will then satisfy the Lyapunov function

V; =W+ P ViMjy,
P

and the constant w; will satisfy the equation®

w; = 1) Z ij[tr(VkO‘QC'ké;g) + wk].
k

3 Interpretation of model uncertainty in our framework

(2.14)

(2.15)

(2.16)

The assumptions that the random matrices of coefficients take a finite number of values correspond-

ing to a finite number of modes and that these modes follow a Markov process independent of the

additive innovations allow us to use the convenient and flexible framework of MJLQ systems—once

we apply the recursive saddlepoint method of Marcet and Marimon to reformulate the non-recursive

model with forward-looking variables as a recursive model. By specifying different configurations of

modes and transition probabilities, we can approximate many different kinds of model uncertainty.

2 Note that Jzé’ké,'c is the covariance matrix of the shocks ék;gtJr] to Xt+1 when jey1 =k (=1, ...



e Both i.i.d. and serially correlated random coefficients of the model can be handled.

e The modes can correspond to different structural models. The models can differ by having
different relevant variables, different number of leads or lags, or the same variable being
predetermined in one model and forward-looking in another. Thus, one mode can represent a
model with forward-looking variables such as the New Keynesian model of Lindé [9], another
a backward-looking model such as that of Rudebusch and Svensson [13] (see appendix C for

details).

e The modes can correspond to situations when variables such as inflation and output have more
or less inherent persistence (are more or less autocorrelated), when the exogenous shocks have
more or less persistence (add a new predetermined variables equal to the serially correlated
shock, and let this new predetermined variable be an AR(1) process with a high or low

coefficient), or when the uncertainty about the coefficients or models are higher or lower.

e The modes can be structured such that they correspond to different central-bank judgments
about model coefficients and model uncertainty. Let j; = 1,...,n correspond to n different
model modes (different coefficients, different variance or persistence of coefficient disturbances,
or different variance of the e; shocks (via different matrices Cj)). Let k; = 1, ..., m correspond
to m different central-bank judgment modes. Let each judgment mode correspond to some
central-bank information about the model modes. This can generally be modeled as a situ-
ation where the transition matrix for the model modes, P, depends on the judgment mode.
Let the transition matrix for model modes be P(kt), for ks = 1,...,m, and hence depend on
ki. Let PY denote the transition matrix for the judgment modes (assumed independent of the
model modes). We can then consider a composite model-judgment mode (j¢, k;) in period ¢,
with the transition probability from model-judgment mode (h,k) in period ¢ to mode (j,1)
in period ¢ + 1 given by P(/{:)th,?l. For instance, the judgment modes may correspond to

different persistence of the model modes.

e The mode j; may be observed in period ¢, in which case optimal policy and the value function
is conditional on the mode j;. Alternatively, and more realistically, we may assume that the
mode is not perfectly observed. Then we can represent the central bank’s information in
period t about the mode as the distribution p; of the modes. Then optimal policy and the

value function in period ¢ will depend on the distribution p;.



e As noted in appendix A, we can combine multiplicative uncertainty about the modes with
the additive uncertainty about future deviations. This way we can simultaneously handle
central-bank judgment about future additive deviations as in Svensson [16] and central-bank
judgment about model modes as in this paper. For instance, we can handle situations when
there is more or less uncertainty about shocks farther into the future relative those in the

near future.

Generally, aside from dimensional and computational limitations, it is difficult to conceive of a

situation for a policymaker that cannot be approximated in this framework.

4 Examples

In this section, we present examples based on two empirical models of the US economy: regime-
switching versions of the backward-looking model of Rudebusch and Svensson [13] and the forward-

looking New Keynesian model of Lindé [9].

4.1 An estimated backward-looking model

In this section we consider the effects of serially correlated parameter variation in the quarterly
model of the US economy of Rudebusch and Svensson [13], henceforth RS. Using the same data set
as in their paper, we estimate a three-mode MJLQ (or Markov-switching) model using the Bayesian
Gibbs sampling methods described in Kim and Nelson [8], and we compare the implications to the
constant-coefficient version of RS.?

The key variables in the model are quarterly annualized inflation 7, the output gap ¥, and the

interest rate (the federal funds rate) i;. The model has the following form:

2 2
Tl = Z QrjTi—7 + (1 — Z aTj) M3 + Q45Yt + Ext+1, (4.1)

=0 7=0

Yer1 = By + Bojyi—1 + Bsj (i — Tt) + €y at1,

where j € {1,2,3} indexes the mode, % = Y°_ it /4 and 71, = S°_ 7 /4 are 4-quarter
averages, and the shocks er; and e,; are distributed N (0, U%j) and N (0, azj), respectively.
Table 4.1 reports our estimates of the posterior mean, with the estimates from the constant-

parameter version of the model for comparison. Details of the estimation method and prior setting

3 The estimation is preliminary and will be refined in future revisions.



Parameter | Constant | Mode 1 Mode 2  Mode 3
g 0.6922 0.7076 0.6509 0.7090
o —0.1033 | —0.0864 —0.0892 —0.0934
Qs 0.2786 0.2188 0.2990 0.2312
Qs 0.1021 0.1600 0.1393 0.1532
B1 1.1591 1.1040 1.1731 1.1373
Ba —0.2521 | —0.1980 —0.2845 —0.2362
B —0.0990 | —0.1598 —0.0699 —0.0677
Or 1.0090 1.6279 3.3033 1.1764
oy 0.8190 1.0490 2.1371 0.7971

Table 4.1: Estimates of the constant-parameter and three-mode Rudebusch-Svensson model.

are in an appendix (to be written). Here we see that many of the coefficient estimates are quite
stable across modes. The biggest differences come in the slope of the IS curve 3, which is largest
in magnitude in mode 1, and in the sizes of the shocks, where we see that mode 2 is roughly
twice as volatile as the other modes. The estimated transition matrix P and its implied stationary
distribution p are

0.8911 0.0072 0.1017
P=10.0029 09425 0.0547 |, p=/[0.4473 0.1123 0.4404 |.
0.1098 0.0074 0.8827

Thus mode 2 is the most volatile and has the smallest mass in the invariant distribution.

The estimated probabilities of being in the different modes are shown in figure 4.1. The plots
show both the filtered estimates, in which the distribution in period ¢ is only estimated by using
data up to t, as well as the smoothed estimates, in which the distribution in period ¢ is estimated
with data for the whole sample. Clearly, there are more fluctuations in the filtered estimates than
in the smoothed ones, since by looking backward we can better assess the chance of being in a
particular regime. We see that for most of the sample, the economy was assessed to be in either

modes 1 or 3, where the volatile mode 2 only shows significant probability around 1975.

Model/Mode Ty M1 M2 T3 Yt Yi—1 i1 B2 i3

Constant 0.9921 0.3465 0.4273 0.1381 1.7974 —0.4639 0.3713 —0.0899 —0.0456

Mode 1 1.2350 0.4422 0.5240 0.2361 1.6501 —0.3480 0.2813 —0.1205 —0.0626
Mode 2 1.1634 0.4434 0.5378 0.1854 1.7698 —0.5240 0.4680 —0.0634 —0.0314
Mode 3 1.1965 0.3820 0.4831 0.2098 1.6910 —0.3937 0.4095 —0.0749 —0.0360

Table 4.2: Optimal policy functions for the constant parameter and three-mode Rudebusch-

Svensson model.
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Figure 4.1: Estimated probabilities of being the different modes. Smoothed (full-sample) inference

is shown with solid lines, while filtered (one-sided) inference is shown with dashed lines.

We let the period loss function be

1 . .
L= 5[%% + Aytz + v(iy — zt,l)g] (4.2)

with the parameters A = 1, v = 0.2, and 6 = 1 (J is the discount factor in the intertemporal loss

function, (2.3)). We then solve for the optimal policy function,
i = F; Xy,

where X = (my, i1, T—2, T—3, Yt, Yt—1, bt—1, 92, 11—3) , using the methods described above. The
optimal policy functions are given in table 4.2. In figure 4.2, we plot the average impulse responses
of inflation, the output gap, and the interest rate to the two shocks in the model. In particular,
for 10,000 simulation runs we first draw an initial mode of the Markov chain from its stationary
distribution, then simulate the chain for 50 periods forward, tracing out the impulse responses. The
figure plots the median response at each date, along with 5% and 95% quantiles of the empirical
distribution. Also shown for comparison are the responses under the optimal policy for the constant-

coefficient estimates given above.
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Figure 4.2: Unconditional impulse responses to shocks under the optimal policy for the Rudebusch-
Svensson model. Shown are the median response (solid lines) and the 90% probability bands

(dotted), along with the optimal responses with constant coefficients (dashed).

Both the table and the figure illustrate that the Markov uncertainty leads to a change in the
nature of policy. In all three modes the optimal policy is more aggressive in response to inflation
in the MJLQ setting versus the constant coefficient optimal rule. However in response to a shock
to the output gap, the optimal policy is nearly the same as in the constant coefficient case. This

suggests that uncertainty about the Phillips curve coefficients may be more important in this model.

4.2 An estimated forward-looking model*

We now consider the effects of uncertainty in a model with both forward- and backward-looking

elements. We use the same data set as above, and again estimate a three-mode MJLQ model. The

4 This section reports the results of a preliminary maximum-likelihood estimation. A more thorough Bayesian
estimation is in progress.
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Parameter | Constant | Mode 1 Mode 2 Mode 3
wy 0.5187 0.4920 0.5454 0.5214
v 0.0020 0.0001  0.0017 0.0032
By 0.4467 0.3241  0.4523 0.4838
B, 0.0062 0.0154  0.0038 0.0034
By 1.2215 1.4357  1.3326 1.0337
P1 0.9861 0.5901  0.9502 1.1285
Pa —0.0849 | —0.1496  0.0369 —0.2071
Vo 1.4824 1.5797  1.1056 1.2002
Vy 0.9463 0.2217  1.6165 0.8691
Ox 0.5761 0.3408  1.0050 0.4575
oy 0.3871 0.5630  0.4624 0.2673
o 1.0023 1.1480  1.2006 0.3026

Table 4.3: Estimates of the constant parameter and three-mode Lindé model.

structural model is a simplification of the model of the US economy in Lindé [9] and is given by

T = wpibmee + (1 —wpj)me-1 + 9,9t + et (4.3)
yo = BBy + (1= Byy) [Byye—1 + (1= Byi)ye—2] — By (it — Eymega) + eyt
it = (1= p1j = paj) (YajTe + Vyy9t) + prjit—1 + pajit—2 + Eit-

where again j € {1,2,3} indexes the mode, and the shocks e, €4, and €;; are normally distributed

2 2

2
wir Oy and o

with zero means and variances o 7

respectively.

Table 4.3 reports our estimates, with the estimates from the constant-parameter version of the
model for comparison. Our constant-parameter estimates are similar to those in Lindé [9], with the
main difference that we find much smaller estimates of v and 3,. We also see that many of the key
structural parameters change relatively little across modes, while the policy-function coefficients
and shock standard deviations display much more variability. For example, mode 2 has relatively
large inflation shocks and a relatively large policy response to the output gap. Mode 3 on the other
hand has a super-inertial policy response to the lagged interest rate, coupled with relatively small
shocks to all variables. The estimated transition matrix P and its implied stationary distribution
P are given by:

0.9885 0.0049 0.0065
P =1 0.0333 0.8650 0.1016
0.0039 0.0108 0.9854

p=1[0.3658 0.0593 0.5749 |

Thus modes 1 and 3 are quite persistent, and have the largest mass in the invariant distribution.
The estimated probabilities of being in the different modes are shown in figure 4.3. Again

the plots show both the smoothed and filtered estimates. We see that mode 1 was unlikely to be

12
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Figure 4.3: Estimated probabilities of being the different modes. Smoothed (full-sample) inference

is shown with solid lines, while filtered (one-sided) inference is shown with dashed lines.

Model/Mode -1 Yt—1 Yt—2 Ermt Eyt Eﬂ,tfl Ey,tfl
Constant -0.9146 1.3792 0.0388 -0.4490 2.0407 0.0005 0.0411
Mode 1 -0.8641 1.9232 -0.4429 -0.0696 1.9819 0.0000 0.0216
Mode 2 -0.9533 1.5144 -0.1579 -0.3984 2.0750 0.0003 0.0389
Mode 3 -0.8212 0.9970 0.5740 -0.9068 1.8688 0.0011 0.0343

Table 4.4: Optimal policy functions of the constant parameter and three-mode Lindé model.

experienced throughout much of the sample, only showing significant probability around 1980. The
1970s and early 1980s were a period when mode 2 was predominant, while mode 3 was predominant

before 1970 and after 1985.

We again solve for the optimal policy function,
i = Fi; Xy,

where X; = (Tt—15 Yt—1, Yt—2, Ext, Eyts S t—1, Syt—1)', using the methods described above. The opti-
mal policy functions are given in table 4.4, and in figure 4.4 we plot the average impulse responses
of inflation, the output gap, and the interest rate to the structural two shocks in the model. Again

we consider 10,000 simulations of 50 periods, and plot the median responses along with the 90%

13
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Figure 4.4: Unconditional impulse responses to shocks under the optimal policy for the Lindé
model. Shown are the median response (solid lines) and the 90% probability bands (dotted), along

with the optimal responses with constant coefficients (dashed).

bands and the corresponding optimal responses for the constant-coefficient estimates.

Again the Markov uncertainty leads to a dramatic change in the nature of policy. This is
most noticeable in the response to a shock to the output gap, where the optimal policy response
is more aggressive and longer-lived than in the constant-coefficient case. Interestingly, there is
relatively little variation in the distribution of responses to this shock, but significantly variation in
the responses to an inflation shock. Although the median responses track the constant-coefficient

version here, there is significant dispersion.
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5 Arbitrary time-varying instrument path rules

In this section we derive the dynamics of the system, including the distribution of forecasts of
relevant future variables, for arbitrary time-varying instrument rules, including time-varying in-
strument paths such as a constant interest rate for arbitrary (but finitely many) periods. We also
specify the optimization problem for instrument rules in a given class of instrument rules.
Consider implementing an arbitrary time-varying instrument rule during period t = 0,1, ...,T—1
and implementing the optimal policy function from period 1" on. Let the arbitrary instrument rule

be linear but otherwise of the rather general form
it = Fy, Xo + Fjmy (0<t<T 1), (5.1)

where X; denotes the n g-vector (X, Z}_;), Fgy;, and Fyyj, are (n; X ng) and (n; X ng) matrices,
respectively, which depend on both the period ¢ and the mode j;. For added generality, we also
allow a response to the forward-looking variables, x;.

If Fytj, = 0, this is an explicit instrument rule; that is, the instrument responds to predetermined
variables only (policy functions and explicit instrument rules are the same. If Fyy;, # 0 (Fyyy, # 0
for some mode j; with positive probability), it is an émplicit instrument rule; that is, the instrument
depends also on forward-looking variables. In the latter case, there is a simultaneity problem, in
that the instrument and the forward-looking variables are simultaneously determined. An implicit
instrument rule can be interpreted as an equilibrium condition. As discussed in Svensson [16] and
Svensson and Woodford [18], the implementation of an implicit instrument rule is problematic, since
any consideration of the practical implementation of an instrument rule leads to the conclusion that
a central bank can literally only respond to predetermined variables.” We disregard these problems
here, and consider (5.1) as just another equilibrium condition added to equations (2.1) and (2.2).

We can write (5.1) in the more general form
0=Fg, Xt — Fujie  (0<t<T—1), (5.2)

where
Fitjt = [F:Ctjt - Im Onixnx]v (53)

where 3 = (x},4},7;)’. Assume that the policy function shifts permanently to the optimal policy

function (2.12) in period 7. This is a reasonably general formulation. Since one of the elements

? In practice, because of a complex and systematic decision process (Brash [2], Sims [14], Svensson [15]), the
information modern central banks respond to is at least a few days or a week old, and most of the information is one
or several months old.
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of Xy may be unity, (5.1) includes the case of an exogenous time-varying and mode-dependent
instrument level for the first T" periods, including the case of a constant instrument level.

It follows from section 2 that there exists VJ and w; (j = 1,...,n) such that, for ¢ > T, the
intertemporal loss for the modified saddlepoint problem satisfies

X[V;, Xy +bj, = max min {L; + B§(X)41 Vi, X1 + W0y )} t>1T)

Yt (t,it)

subject to
XtJrl = AjtJrlXt + Bjtﬂit + CN'jurlgt+1 (5.4)
and X; given (Xy, Lt, it, Aj, ., Bj.., and Cj,,, are defined as in (2.10) and (2.11)). Recall that

this modified intertemporal loss is the intertemporal loss associated with the modified loss function,
not the true loss function.
Fort =T —1,T — 2,...,0, by the recursive saddlepoint method of Marcet and Marimon [11],

we can define f/}jt and wj, recursively from the saddlepoint problems,

e e )
+Vij, X4+, = max min

Et + QD; <— Fj(ttht + Fitjjt)
(Yespe) (T43¢) X X

! ) (0<t<T-1), (5.5)
+Et5(X£+1‘/t+17jt+1 X1+ wt+17jt+1)

subject to (5.4) and (5.2), where Vr;, = Vj, and 1, = 1, Here, ¢, can be interpreted as an n;-
vector of Lagrange multipliers for the n; equations (5.1). Formally, (5.2) is added to the equations
(2.2) and the Lagrange multiplier ~, is augmented to (v}, ¢})’. Normally, the recursive saddlepoint
method would then involve augmenting the Lagrange multiplier Z;_1 to (Z}_;,®;_;)’, with the
added dynamic equation

@t — (pt.

However, the augmented period loss is here
IA/t = Et + QO;: (lt — FthtXt — Fxtjtxt> . (56)

Since the analogue of E;Hyi12411, the left side of (5.2), is zero, there is no term including @}
augmented to the period loss. Hence, we do not need to consider ®; as an additional predetermined
variable here.

The recursive saddlepoint method provides a simple and compact way to incorporating the fact
that the equilibrium forward-looking variables z; and the Lagrange multiplier Z;_; will be affected
by the constraint (5.1). We have to remember that the resulting value functions are those of the

modified period loss, not those of the actual loss.
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The solution determines the time- and mode-dependent optimal policy function tht,

Tt o F:ztjt B
it = it = thtXt = Fitjt Xt (0 S t S T— 1),
fYt F’ytjt

where of course 7; in 7; satisfies (5.1). The interesting part of the solution is

Ty = Fa:tthta (57)
and FItjt will satisfy
Fyj, = %tj, T Fatj, Fatjy-

There is also a solution for ¢,, ¢, = Fgottht, but that solution is not needed for the intertemporal

loss and the dynamics. It follows that the dynamics of X, satisfies

XtJrl = Mtjtjt+lXt + éjt+16t+1 (O <t<T- 1)a
XtJrl = thjt+1Xt + éjt+1€t+1 (t >T)
where
Mtjtjt+1 = Ajt-‘—l + Bjt+1tht (O <t<T- 1)a
thjt+1 = Ajt+1 + Bjt+1th (t > T)'

The intertemporal loss in period 0 for the modified period loss function (5.6) will be given by
XoVojo Xo + oo

However, this is not the intertemporal loss in period 0 for the original period loss function, (2.4).
In order to find that, note that the intertemporal loss for the optimal policy for ¢ > T" will be given
by

Xﬂ/}t)?t + wyy,
where the matrix V; will satisfy the Lyapunov function (2.15) and the constant w; will satisfy
(2.16).

Fort=T1T-1,T7 —2,...,0, we can define V;; and wy; recursively from equations

/!

I0 10
Wtj = F:t:cj Wj F:txj
Ftij thg

17



Vij = Wi + 0 PipM{;Vir My,
%

wyj, =0 Z Pk [tr(Vig1,60° CrCr) + wir1),
k
where VT]' = ‘/j and wry; = Wy.

Then, the intertemporal loss in period 0 for the original period loss function (5.6) is
XoVojoXo + wojo-

This corresponds to the loss under commitment in a timeless perspective when the instrument is
restricted to fulfill (5.1) and shifts to optimal policy in period T'. That is, when the restriction (5.1)
is removed in period 1" and optimal policy is feasible, the commitment is not from scratch in period
T (in which case Zr_; would equal zero) but takes into account the previous Lagrange multiplier
Z7_1. In principle, this formulation also allows us to consider nonzero =_; in period 0.

The above recursive saddlepoint method also works for the backward-looking case, in which
case

itELt

and there are no variables 7, x4, and Z;_; (equivalently, they are identically equal to zero). Then
the intertemporal loss for the saddlepoint problem is equal to the intertemporal loss for the original
problem.

Details about the computation of tht are provided in appendix D.

5.1 Optimization

Let Fy = {Fg,;, Futj, }j,—q for 0 < ¢ < T —1, and let ' = {F,}/= denote the given time- and

tj’
mode-dependent policy functions for 0 < ¢ < T'—1. We may assume that there is a feasible set F of
such policy functions, so F' € F. Then we can, in principle, consider choosing the policy functions

optimally according to

iy X3 Voj, (F) Ko + oo (F), (5.8)

where the notation emphasizes that that Vj;, and wpj, will depend on F'. With the policy problem
formulated this way, the optimal F would depend on Xj (including =_;) and jp as well as the
covariance matrix c;’zCN'kCN',’C of the shocks ék€t+]_ to Xt+1 in mode jiy1 = k (k= 1,...,n). If the
class of time- and mode-dependent policy functions is sufficiently big, it would include the optimal
policy function (2.12). If we would add %E_lHjoiL‘o to the period loss function in period 0, the

optimal policy function would then be the solution to (5.8).
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Note that, if F is such that Fy;, # 0, the optimal F' is generally not unique. The reason is that
for (5.7), if

it = Fypi Xt + Futjo

tje

is a solution, so is

1 = F)‘(ttht + Fytj,xe + 0 (2 — F:rjtj(t) = (F¢ QIijt)Xt + (Fptj, + 0"y

tje

for any n,-vector 6.

6 Arbitrary time-invariant instrument rules and optimal restricted

instrument rules

In this section we derive the dynamics of the system, including the distribution of forecasts of rele-
vant future variables, for arbitrary time-invariant instrument rules. We also specify the optimization
problem for time-invariant instrument rules in a given class of instrument rules.

Consider an arbitrary time-invariant instrument rule,
i :FXJth_{'Fx]tl‘t (jt = 15"'7”)7 (61)

combined with (2.1) and (2.2). We can consider this as a special case of the time-invariant instru-
ment rules in section 5, if we let Fg, i = Fg it and Fyj, = Fyj, and apply the algorithm of that
section by iterating from t = T > tg to t = tg but instead of stopping at o = 0 letting tg — —o0.
In practice, the iteration would stop when tht and f/tjt have converged to th and f/jt. Partitioning

F i, conformably with x¢, ¢, and ~y;, we have
xt = ijtXt7
it = FthXt —+ ijtﬁditht = ﬁ;‘tht,

Xt—l—l = thjt+1Xt + CN'J‘t+lf‘:75'f'1 (e =1,...,n).

This gives rise to a probability distribution of XHT, Ziyr, and i (7 > 0) conditional on Xt
and j;.

This solution will be associated with a value function for the original period loss function,

Xz‘{Vtht + Wiy -
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6.1 Optimization

For a given restricted class F of instrument rules, we can consider the optimal restricted (time-
invariant) instrument rule 3 , the instrument rule in F that minimizes an intertemporal loss func-
tion.

This intertemporal loss function could be the conditional loss in a given period, say period 0,

F = argmin X}V, (F)Xo + w;, (F),

where the notation takes into account that Vj,(F') and wj,(F") depend on F' € F. This would make
the optimal restricted time-invariant instrument rule depend on Xo, Jo, and the covariance matrices
UQCN'jC’J’- of the shocks CN'jetH to X1 in mode j =1,...,n.

The intertemporal loss function could also be the unconditional mean of the period loss function,
E[L],

~

F = arg glé;l:E[Lt]
Note that
E[L] = (1 = ){E[XV;,(F) X, +wj, (F)} = (1 = 0){te[Vj, (X, X)) + wj, }-

Furthermore, the unconditional and conditional loss are approximately the same when the uncon-
ditional loss is scaled by 1 — ¢ and ¢ is close to one,

Jim E, ;}u = 8)07 Lyyr = E[Ly] = lim (1 - §)Efw;,] = E[tr(V;,0°C;,C},)]

7 Policy conditional only on the distribution of modes

In this section, we show how the optimal policy and value functions can be expressed as a function
of the probability distribution of model modes, when these modes are not observed.

Assume that central bank knows the distribution of modes in period ¢, p;, but does not observe
the actual mode. Conditional on p; in period ¢, the distribution of the modes in period t + 7 is
given by

Peir = (P)pe (T 20).

We examine the optimal policy function and the value function under the simplification that

there are no forward-looking variables, so the model is
Xt+1 = Ajt+1Xt + Bjt+1it + Cjt+15t+l-
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Then the recursive saddlepoint method need to be applied. We also assume that the period loss

Lt:[)?t]'w[)?t],

¢ ¢

function,

is independent of the mode.

The optimal policy function and the value function can then be written
ir = F(pt) X,

XV (pe) Xe + w(pr)-

Appendix E shows how the functions F'(p;), V(p:), and w(p;) can be computed by modifying the
iterations specified in appendix B. Computing the functions F'(p;) and V (p;) for all feasible values
of py requires standard function approximation methods. Computing the functions for a particular
value p; = Py is straightforward.

Consider the degenerate distributions, p; = e; where e; is the distribution where p; =1, pr, =0
(k # j). That is, e; corresponds to the case when the mode j is observed in period ¢. Note that
V(ej) # V; and F(ej) # Fj, where Vj and Fj (j = 1,...,n) denote the value function and optimal
policy function matrices for the case when the modes are observed in each period. The reason is
that even if p; = e; and the mode is observed in this period, the distribution of the modes in the
next period will be p,y1 = P'ej = (Pj1, Pj2, ..., Pjn)’ and the modes will not be observed in the
next period. In contrast, V; and Fj follow under the assumption that the modes are observed in

this period and every future period.

8 Conclusions

[To be added.]
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Appendix

A Incorporating central-bank judgment
In order to incorporate (additive) central-bank judgment as in Svensson [16], consider the model

X1 = AngXe + Aropr1me + Byt + Cip12e4, (A.1)

EiHi1w1 = A9 Xy + Aoy + Ba iy, (A.2)

where z;, the (additive) deviation, is a an exogenous n.-vector stochastic process. Assume that z;
satisfies
T
Zty1 = Ep41 + Z€t+1,t+1—j,

=1
where (¢, €)' = (e}, 614145+ €p 1) 18 @ zero-mean 1.i.d. random (T + 1)n,-vector realized in the
beginning of period ¢ and called the innovation in period t. For T'= 0, z;41 = €441 is a simple i.i.d.
disturbance. For T' > 0, the deviation is a version of a moving-average process.

The dynamics of the deviation can be written

Zt4+1 2t €41
5] 3]+ (3]
where 2 = (Evzy, 1, E2] 19, ..., Ezer)’ can be interpreted as the central bank’s (additive) judgment

in period ¢t and the (T + 1)n, x (T 4 1)n, matrix A, is defined as

O, xn I, 0, x(T—1)n
z z z z z 0 A
A, = O(Tfl)nzxnz O(Tfl)nzxnz I(Tfl)nz = |: 0 Azz; :| )
Onzxnz Onzxnz Oan(Tfl)nz :

in the second identity A, is partitioned conformably with z; and z!. Hence 2! is the central bank’s
mean projection of future deviations, and €’ can be interpreted as the new information the central
bank receives in period ¢ about those future deviations.%

It follows that the model can be written in the mode-space form (2.1) and (2.2) as

Xet1 Xy -
. . . . .
Zt+1 = Angr1 |z | AT+ Bt + Ci [ S+ ] )
JRas) St
Xy
EiHi1xipr = Aoy | 2z | + Aooyxe + Bayly,
¢
z

% The graphs in Svensson [16] can be seen as impulse responses to &’.

22



where

R A1p+1 0 CrprAem R Bi 41 ) 0 Ci
A1 = 0 0 Ay , Biiy1 = 0 , Ci=| 1, O ,
0 0 A 0 0 I
R Aot 41
A11441 = 0 ;
0

and the new predetermined variables are (X7, 2}, 2'')’

B An algorithm for the value function and optimal policy function

Consider the modified saddlepoint problem of (2.6) subject to (2.7), (2.8), and X; given. Let us
use the notation Z; = Z;, for any matrix Z that is a function of the mode j;, and let the matrix

Wt = V~Vjt be partitioned conformably with X't and 7; as

| Qe N
Wt_{Nt, RJ'

We use that the value function for the modified problem will be quadratic and can be written
XVi X + i,
where f/t is a matrix and w; a scalar. It will fulfill the Bellman equation

X{%Xt + th — Imax mln {XéQtXt + QXgNtit + %tht + Et(XtJrl‘N/tJrlXtJrl + u~2t+1)} 5

Yt (xe,it)
where Xt+1 is given by (2.8) and E; refers to the expectations conditional on Xt and 7.

The first-order condition with respect to 7; is
X{N;+ 3Ry + X,gEtAQHVtHBtH + ﬁEtBéHVtHBtH =0,

which can be written

Jriy + KtXt =0,

where

Jt = Rt + EtB£+1‘;%+1Bt+1, (Bl)

Kt = EtB£+1‘7t+1fit+1 + Nt, (B2)
This leads to the optimal policy function
ir = Fy Xy, (B.3)
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where

F=—-J 'K, (B.4)
Furthermore, the value function satisfies
X[ViXy = X[Qu Xt + 2X, Ny F, Xy + X[ F{ReFu Xy + X[ i (A} + F/ Bl 1) Viea (Aps1 + B )] X
This implies
Vi = Qi+ NiF, + FIN| + F{R(F, + By [(A} 1y + F{ Bl ) Vig1(Apg1 + B B,
which can be simplified to the Riccati equation
Vi= Qi+ B4 Vi Ay — KK, (B.5)

Equations (B.1), (B.2), and (B.5) show how V11 =V}, for ji41 = 1,...,n is mapped into V; =V}
for jy =1,...,n.

Iteration backwards of (B.4) and (B.5) from any constant positive semidefinite matrix V should
converge to stationary matrices functions F; and f/] (j = 1,...,n), where V; satisfies the Riccati
equation (B.5) with (B.1) and (B.2).

Taking account of the finite number of modes, we have

Fj = —J;'K;
n ~ ~ ~
Jj = Rj + Z B]/kaBkij
k=1
n ~ ~ ~
K; = ZB,QVkAkij + N},
k=1

Vi = Qi+ AViAPy - KjJ7'K; (G =1,..,n), (B.6)
k=1
where P, is the transition probability from j; = j to jiy1 = k.

The scalars w; will fulfill the equations
wj = 0 Z P]k[tl“(VkO'QCN'kélg) + Wy
k

Thus determining the optimal policy function (B.3) reduces to solving a system of coupled
algebraic Riccati equations (B.6). In order to solve this system numerically, we adapt the algorithm
of do Val, Geromel, and Costa [6]. In a very similar problem, they show how the coupled Riccati

equations can be uncoupled for numerical solution.”

" In their problem, the matrices A and B next period are known in the current period, so the averaging in the
Riccati equation is only over the V; matrices.

24



The algorithm consists of the following steps:
1. Define /ij = \/ijflj, Bj = ,/ijBj and initialize ‘73'0 =0,7=1,...,n.

2. Then at each iteration [ = 0,1, ..., for each j define:

L
[

Qj+ ZA;evliAkij
k#j
Ry = R+ BViBiPy
k#j
N; = N;+ Z Az‘?klékp]k
k#j
Then for each j solve the standard Riccati equation for the problem with matrices (Aj, Bj, Qj,

]%j, N ;). Note that these are uncoupled since VkZ is known. Call the solution f/jlﬂ.
3. Check > 77 4 ||‘~/J-H'1 — ‘7jl ||. If this is lower then a tolerance, stop. Otherwise, return to step 2.

do Val, Geromel, and Costa [6] show that the sequence of matrices le converges to the solution of
(B.6) as I — co. In order to understand the algorithm, recall that, in the standard linear-quadratic
regulator (LQR) problem (Anderson, Hansen, McGrattan, and Sargent [1] and Ljungqvist and
Sargent [10]), we have

—J'K

R+ B'VB

BVA+ N,

D T
[

= Q+AVA-KJ 'K

If we can redefine the matrices so the equations conform to the standard case, we can use the

standard algorithm for the LQR problem to find F} and V;. The above definitions indeed allow us

to write
Iy = _inlKj’
J; = Rj+BV;B;,
K; = B;f/]fl]—i-N]/;
Vo= Qe ATA K (L),

so we can indeed use the standard algorithm.
Note that the above algorithm is easily modified to solve the Lyapunov equation (2.15) for the

matrix V; for the true value function of the original problem.
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C Alternative models with different predetermined and forward-

looking model

Our MJLQ framework allows us to consider situations when the modes j = 1, ...,n correspond to
alternative structural models, including not only when some coeflicients are zero or nonzero but
also when a variable is predetermined in one model and forward-looking in another. This allows
us include optimal policy when it is known what structural model is true in the current period but
there is uncertainty about the true structural model in the future.®

In order to see this, consider a particular simple example, when there are two modes, 7 = 1,2,
with transition matrix P = [Pj;], j,k = 1,2. Let j = 1 corresponds to a model with an acceleration
Phillips curve (the AP model),

T4l = Mt + QY + E14+1,

and let 7 = 2 corresponds to a New Keynesian Phillips curve (the NK model),
Eimit1 =m0 — Kye — 2.1,

where €1; and g9 are i.i.d. with zero means. Thus, inflation, 7441 is predetermined in AP model and
forward-looking in the NK model. Regard the output gap, v, as the control variable, for simplicity.

Let 74 denote actual inflation in period t, and introduce the two variables 7q; and w9, where 71
is predetermined and denotes inflation in the AP model (AP inflation) and my; is forward-looking

and denotes inflation in the NK model (NK inflation). Actual actual inflation then satisfies
T = 01 + (1 — O¢)mor,
where 6; = 1 in mode 1 and 6; = 0 in mode 2. We thus have

MTit+1 = T+ QY+ €141,

Eimipr = mo — Ky — €24, (C.1)

where we assume that, in the AP model, current actual inflation affects future AP inflation and,
in the NK model, the expected future actual inflation affects current NK inflation.
We want to write this model as (2.1) and (2.2) by suitable definitions of Xy, ¢, i;, and &, and

the matrices. The trick is to treat actual inflation, 7, as a nonpredetermined variable even though

8 If the current model is not observed, we would have to include Bayesian learning of the subjective probabil-
ity distribution over models and encounter problems of experimentation versus “adaptive” loss minimization [give
reference(s)].
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this is not the case when the AP model is true. This works, because an additional predetermined
variable identical to an existing predetermined variable can always be introduced as a trivial non-
predetermined variable by adding an equation in the block of equations for the forward-looking
variables. Suppose that the new variable, ¥, is identical to an existing predetermined variable,

X1, say. Then we can just add the equation
0= Xlt — Yt

to that block, where the left side has zero instead of a linear combination of expected future forward-
looking variables. Generally, a new variable that is a linear combination of current predetermined
and forward-looking variables can always be introduced as a new forward-looking variable in this
way.

Observe that

B = Egfamien + (1 — 0p1)m2001]

= Efipa(me+ aye) + Eg(1 — 0pq1) 72041

and use this to substitute for Ey;miyq in (C.1). Let Xy = (w1r,e9t), @ = (7o, 7)), and i = .

Then we can write the model in the form (2.1) and (2.2) as
(10 0 0 a | . €1,4+1
sea=o o]0 [0 o= [§ ][00

1_0t+1 0 o 0 —1 0 1_Et9t+1 —K—OzEtQtJrl .
Et[ 0 0]“’”1[@ O}X“L[l—et 1 }x”[ 0 i

D Details for arbitrary time-varying instrument rules

For t =0,...,T — 1, introduce the new (n; + n;)-vector of instruments,
L [ it ]
it = 9
Pt

X1 = Ajt+1Xt + Bjt+17't + Cjt+15t+1,

and write the model

where the new n ¢ x (n; + n;) matrix Bj,., satisfies

Jt+1

N ~

Bjt+1 = [ Bjt+1 Ongxm ] :

27



Partition the (ng 4 n;7) X (ng + n;) matrix W;, conformably with X; and 7 as

~ Q N
WJ’f:[NJ'.t Rj '
Jt

Furthermore, write the augmented period loss as

~ A

j—/ — Xt th th
N N! R;
t jt It

where the new n; x (n; +n.) and (n; +ng) x (n; + n,) matrices Nj, and R;, satisty, respectively,

R; _Filtjt/Q ] '

Neji = [ Nie =Fy; /2 } = [ —F; /20

Then, the first-order condition for an optimum of the Bellman equation will, in the standard
way, result in a time- and mode-dependent optimal policy function
it:thtXt (OStST—l,Ogjtgn),
which is defined in a compact way as

. — -1
tht = — tht Ktjt?

where J;j, and Kyj, are defined recursively from Vi1 j, as

— D )/ v » D ! Y7 »
Jij = Ry + EtBjtJ,-l Vit1jeii Bjern = Rij + Z By Vir1,kBr Pk,
k

Ktjt = EtB/‘ ‘71‘/4*1,jt+1Ajt+1 + N]/t = Z B]’gfkt"rl,kf’ik + Néjt-
k

Jt+1

Substitution of this optimal policy function in the Bellman equation results in the recursive equation

for Vi,

y TR i —1 ey i —1
‘/%jt - th + EtA;'H_l V;f-‘rl,jtJrlAjtJrl - Kt/jt tht Ktjt = th + Z A;thJrl,kAk - Kzf/jt tht Ktjt’
k

Finally, the optimal policy function tht fort =0,...,7 — 1 can be identified by partitioning tht

conformably with 7; and ¢,
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E Details when modes are not observable

We adapt the iterative process we have used in appendix B to determine F; and V; in the present
case. We assume that beginning sometime far into the future, the modes can be observed. Once
the modes are observed, we have the mode-dependent value-function matrices, V; (j = 1,...,n) de-
termined in appendix B. Consider the period before the modes can be observed, let p = (p1, ..., pn)’
denote an arbitrary distribution in that mode, and let V°(p) be the matrix of the value function in
that period. Think of this as iteration [ = 0. The matrix function V°(p) will be given by

J°(p) = R+>.> pjPiBiViBu,
E g

=

==
=

~—
Il

> piPiBViAr + N,
kg

Vop) = Q4> piPiAiViAr — KO(p)'J°(p) 'K (p),
k J

where the matrix W is partitioned conformably with X; and i; as

N
WjE[ﬁ,R}.

Given this, consider the iteration for [ = 1,2, ...,

J(p) = R+>.> piPiuBiV' " (P'p)Bs
k J

.
S
I

Z ijpjkB,;Vl—l (P'p)Ay + N’

k J
Vip) = Q+>.> piPuiV (Pp) Ay — K'(p) T (p) ' K (p).
k J

Continue these iterations until V(p) has converged, which gives J(p), K(p), and V(p). The policy
function is then given by

F(p) = —J(p) " K(p).

Note that V!=1(P’p) in the above iteration takes into account that, if the distribution is p this
period, it is P’p next period. Also, in the sums above, Vlfl(P’ p) does not depend on the mode
k next period (except for | = 0). Furthermore, the current distribution matters only because of
the information about the future distribution it conveys. Finally, consider p; = e;, where e; is the
distribution where p; =1, p, = 0 (k # j). That is, e; corresponds to the case when the mode j is
observed in period t. Note that it does not follow that V'(e;) = V. This equality would follow, if

the mode were observed in each period in the future, but in the above case, even if the mode is by
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chance observed in the current period, it is not observed in the future period. The distribution in
period ¢t + 1 is then pyy1 = P'ej = (Pj1, Pj2, .., Pjn)’.

Note that from the above follows that, in a particular period ¢, we can always find V' (p;) and
F(py) for a given p; = p with the following algorithm: Let 7 = 1,2,...,T — 1 refer to periods t + 7

ahead for a given T' > 1, and define
pr=(P)'p (r=1,.,T-1).

Hence, pr denotes the probability distribution of the modes jii, in period ¢ 4+ 7 conditional on the
current distribution p; = p. Assume for convenience that the modes become observable beginning

in period t + T and define

Jr=1 = R—FZZI;T—l,ijkB],ngBka (E.1)
k J
KTil = ZZﬁT—l,ijkB;ﬂvak—i_N,’ (EZ)
k J
VIl = Q4> pro P Vide — (KT (JTH TR (E-3)
k J

Given this, consider the iteration for [ =1 — 2,...,0,

J' = R+ pPkB VB, (E.4)
ko j

K' = >N i PpBVIT A + N, (E.5)

ko

Vi = Q4+ )Y m P AVitA, — (K (JH K (E-6)

E j
Then,

vp) = Vv
F(p) = —(J°) K

Obviously, T should be chosen so large that V°, JY and K are insensitive to 7. Thus, given
any p, the central bank can through this iteration determine the optimal policy. In future periods
t + 7 for small 7 > 0, if there is no new information, the relevant future probability distribution is

given by pi+r = pr, and the corresponding V' (p,) and F(p,) are given by

V(ﬁT) = VT?

F(pr) = —(J)K".
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However, for larger 7, the corresponding V7, J7, and K" would start being sensitive to T—that
is, T'— 7 would not be sufficiently large—and the iteration should be redone. Furthermore, any
additional information or judgment may lead to the relevant probability distribution in period ¢+ 7

to deviate from p,, in which case the iteration (E.1)-(E.6) also needs to be redone.”

% A related paper is do Val and Basar [5], who consider the problem of “receding horizon control.” They introduce
a terminal payoff, and at each date t they solve a finite-horizon optimization problem looking ahead T periods given
the current probability distribution. The action taken at the current date is then the first optimal choice in the
solution of the finite horizon problem. Then the distribution is updated and the problem repeats.
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