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1 Introduction

The quantitative evaluation of monetary policy rules plays an important role in the design
of stabilization policies. Much of the recent debate about optimal monetary policy rules
has been carried out with New Keynesian dynamic stochastic general equilibrium (DSGE)
models (see Woodford 2003). DSGE models have the advantage that one can explicitly assess
the effect of policy regime changes on expectation formation and decision rules of private
agents. Yet, until recently, these models were scarcely used by central banks because they
were perceived as being inferior to less structural model in terms of fit. Recent work by
Christiano, Eichenbaum, and Evans (2005) and Smets and Wouters (2003) has changed this
perception. These papers show that the fit of large scale New Keynesian DSGE models is
comparable to that of more heavily parameterized models. As a consequence, a number of
central banks have begun to show interest in these models as tools for quantitative policy
analysis. Despite the success in improving the empirical performance of DSGE models,
misspecification remaing a concern, as shown in Del Negro, Schorfheide, Smets, and Wouters

(2004).

Accounting for misspecification and model uncertainty in general is an important aspect
of the assessment of monetary policies. After all, it has long been recognized that model
and parameter uncertainty affects optimal policies, e.g., Brainard (1967), Chow (1975), and
Craine (1979).! This paper proposes a new method for taking model misspecification into
account when assessing the performance of alternative interest-rate feedback rules. We apply
this approach to evaluate different policies in the context of a New Keynesian DSGE model,

including the estimated Volcker-Greenspan rule.

A natural approach in the presence of model uncertainty is to evaluate policy rules within
all the model specifications that are under consideration. In choosing the best performing
rule one can either follow a Bayesian route, assigning probabilities to models and minimizing
the overall posterior expected loss. Alternatively, one can follow a minimax strategy by
adopting a policy that minimizes the worst-case loss across models. The literature contains
numerous applications of these ideas, e.g., McCallum (1988), Levin, Wieland, and Williams
(1999, 2003), Rudebusch (2001, 2003), Onatski and Stock (2002), Onatski and Williams
(2003), Brock, Durlauf, and West (2004), Cogley and Sargent (2005), and Hansen and
Sargent (2005). All these papers differ with regard to the type of models included in the

1The distinction between model and parameter uncertainty is somewhat artificial. By enlarging the

parameter space appropriately, we can always absorb different model specifications.



model set, and the formulation of the decision problem that leads to the choice of a preferred

policy.

Our analysis differs from previous work with respect to the method that is used to con-
struct a model set and assign probabilities to these models so that a Bayesian calculation
of posterior expected losses is possible. We start from a DSGE model in which monetary
policy is modelled through an interest-rate feedback rule. The DSGE model imposes cross-
coeflicient restrictions on a vector autoregressive representation of the data. While we are
assuming that the data obey a vector autoregressive law of motion, we allow for potential
deviations from the cross-coefficient restrictions. At the same time we maintain the assump-
tion that monetary policy follows the same interest-rate rule as in the DSGE model. This

collection of identified vector autoregressions forms our model set.

We place a prior distribution on the structural parameters of the DSGE model and on
parameters that characterize the discrepancies between the DSGE model restrictions and
the vector autoregressive law of motion. In constructing this prior we follow our earlier work
in Del Negro and Schorfheide (2004). Roughly speaking, the prior for the discrepancies is
centered at zero and has a covariance matrix that is scaled by a hyperparameter which
is denoted by A. If X is large then the prior for the discrepancies concentrates near zero
reflecting the belief that a potential misspecification of the DSGE model restrictions is small.

Vice versa, small values of A induce a prior that implies large misspecification.

Our procedure works in two steps. First, we construct a posterior for the hyperparame-
ter A, determining the overall extent of misspecification on the basis of the available sample.
Conditional on the estimated A we compute a posterior for the DSGE model and the dis-
crepancy parameters. Next, we evaluate the outcome of alternative policy rules under the
simplifying assumption that the public believes the new policy to be in place indefinitely af-
ter being announced credibly. Policy evaluation is based on a loss function defined in terms
of expected squared deviations of the output gap, inflation, and interest rates from their
respective target levels. An important feature of our analysis is that we use the historical
observations to learn about the degree of DSGE model misspecification. Tn other words,
the extent to which our policy analysis relies on the DSGE model depends on the estimated

degree of misspecification.

Following early work by McCallum (1988) a number of recent papers studies the perfor-
mance of different interest-rate feedback rules across a variety of macroeconometric models
including models that are currently use by the Board of Governors and the European Central

Bank to analyze monetary policy. Examples of this line of research include Levin, Wieland,



and Williams (1999, 2003), Taylor (1999), Coenen (2003), Levin and Williams (2003), Brock,
Durlauf, and West (2004), and Adalid, Coenen, McAdam, and Siviero (2005). As in our
paper, policy loss functions are given by a weighted average of unconditional variances of
output, inflation, and interest rates. While the class of models considered in these papers
is arguably broad and contains both forward-looking as well ag backward-looking specifica-
tions, with the exception of Brock, Durlauf, and West (2004) little or no attention is paid
to fit and forecasting performance when weighting predictions from various models. Hence,
potentially too much weight is given to specifications that are clearly at odds with the data.
By using likelihood-based measures of fit, the approach proposed in this paper guarantees
that model specifications that have performed well historically receive a lot of weight in the

policy loss calculation.

Our framework is rich enough to encompass existing approaches to policy analysis such
as the evalnation of policy rules directly based on DSGE models or by replacing the policy
rule in identified vector autoregressions as in Sims (1999). Specifically, we consider four
assumptions about the policy invariance of the misspecification parameters and calculate
posterior expected losses as a function of the policy parameters. The first scenario — used as
a benchmark — simply ignores misspecification, and computes the loss assuming the DSGE
model correctly describes the data. The first scenario corresponds to the type of analysis
conducted by Laforte (2003), and Levin, Onatski, Williams, and Williams (2005). These
papers estimate New Keynesian DSGE models similar to the one used here with Bayesian
methods to study the effects of uncertainty about structural parameters on optimal monetary
policy. If uncertainty about taste and technology parameters is certainly important, we find
that the uncertainty about the model specification is as at least equally important. Our
estimates of A indeed suggest that policymakers cannot afford to ignore misspecification in

the New Keynesian model.?

The remaining three scenarios are an attempt to incorporate the concern about model
specification in the policy recommendations derived from DSGE models. The second sce-
nario assumes that the policy maker is willing to learn from historical data about the overall
degree of model misspecification, but not about its precise nature. Tn computing the ex-
pected loss from a given policy she therefore draws the misspecification parameters from
her prior distribution conditional on A. In the remaining two scenarios the policy maker

learns from the data about the misspecification parameters, that is, uses the posterior dis-

2The out-of-sample forecasting results obtained by Del Negro, Schorfheide, Smets, and Wouters (2004)

are consistent with this conclusion.



tribution of the misspecification parameters in computing the loss. In the third scenario the
policy maker assumes that misspecification is policy invariant, while in the forth scenario
she uses the conditional distribution of the misspecification and policy parameters to let the

misspecification vary with policy.

We find that the outcomes associated with different policies change as misspecification
is taken into account.® In particular, the loss associated with policies that deviate from the
DSGE model prescriptions may not be nearly as large as policy analysis under the DSGE
model would suggest. At the same time, our results indicate that following those prescrip-
tions, even under misspecification, leads to outcomes that are not substantially inferior
to those of the best-performing rule. In summary, a fairly robust policy recommendation
emerges from our analysis: the central bank should avoid strong responses to output gap
movements and not react weakly to inflation fluctuations. Moreover, we find that the best-
performing rules are those with a substantial degree of inertia in the policy instrument. An
implication of these findings is that the gains associated with deviating from the historical
Volcker-Greenspan policy, whenever positive, are generally not very large. This suggests
that the historical rule, if not always optimal among those we consider, has been reason-
ably good at least from the perspective of this New Keynesian DSGE model, even taking

misspecification into account.

The literature is fairly divided between Bayesian and minimax or robust approaches to
resolve model uncertainty. Rather than placing a prior distribution on the misspecification
parameters, the robustness literature specifies either a static or dynamic two-player zero-
sum game in which a malevolent “nature” chooses the misspecification parameters to harm
the policy maker. Examples are Tetlow and von zur Muehlen (2001), Giannoni (2002),
Onatski and Stock (2002), some of the analysis in Levin and Williams (2003), Onatski and
Williams (2003), and the robust control approach developed in the monograph by Hansen
and Sargent (2005). The disadvantage of this approach is that the resulting policy performs
well in the worst-case but possibly poorly on average. A key difficulty in the use of minimax
rules is to constrain the model set and to bound the worst case. In most formulations of the
minimax problem the policy maker does not use historical data to learn about the extent of
model misspecification. An exception is Onatski and Williams (2003) who bound deviations

from the Rudebusch-Svenson (1999) model in a minimax calculation based on a confidence

3Preliminary empirical results based on a simple three-equation New Keynesian model without capital
accumulation and variable factor utilization were reported in the 2005 Proceedings Volume of the Journal

of the European Economic Association, Del Negro and Schorfheide (2005).



set derived from a posterior distribution. Tn Hansen and Sargent’s approach the relevant
model set is constructed by bounding the Kullback-Leibler discrepancy between the models
contained in the set and a reference model, so that it becomes difficult to discriminate
among them based on statistical methods. In fact, the minimax approach is arguably most
compelling if there is little or no empirical evidence available that can discriminate between

model specifications.

While our paper emphasizes a Bayesian resolution of uncertainty, our framework is
general enough to enable a risk-sensitive analysis. More specifically, using a result from
Jacobsen (1973) we compute posterior expected losses for an exponential transformation
of our loss function. The resulting risk can be interpreted as the Nash-equilibrium of a
zero-sum game in which “nature” distorts the probability distribution of the misspecifica-
tion parameters subject to a penalty that is a function of the Kullback-Leibler discrepancy

between the distorted and the non-distorted probabilities.

The paper is organized as follows. The DSGE model is presented in Section 2. This
model is based on work by Altig, Christiano, Eichenbaum, and Linde (2002), Smets and
Wouters (2003), and Christiano, Eichenbaum, and Evans (2005). Compared to the bench-
mark New Keynesian models discussed, for instance, in Woodford (2003), our model has
been subjected to a number of modifications, all designed to improve its empirical fit. Sec-
tion 3 discusses the estimation of potentially misspecified DSGE models. Bayesian inference
is implemented through Markov Chain Monte Carlo methods described in the Appendix.
The framework for policy analysis is introduced in Section 4. Section 5 describes the data

set and discusses our empirical findings, and Section 6 concludes.

2 Model

This section describes the DSGE model, which is based on work by Altig, Christiano,
Eichenbaum, and Linde (2002), Smets and Wouters (2003), and Christiano, Eichenbaum,
and Evans (2005). The model contains nominal price rigidities, capital accumulation subject

to adjustment costs, variable factor utilization, and habit formation.



2.1 Final goods producers

The final good Y; is a composite made of a continuum of intermediate goods Y;(i), indexed

by i € [0, 1]:

1
= U Y, (3) T di
0

The final goods producers are perfectly competitive firms that buy intermediate goods,

()

:| 1+Af

combine them to the final product Y;, and resell the final good to consumers. The firms
maximize profits

an—/ammmm

subject to (1). Here P; denotes the price of the final good and P;(i) is the price of inter-
mediate good ¢. From their first order conditions and the zero-profit condition we obtain

that:

Bt A
P.(i ~ 1 1 F
Y (i) = (t(’)) "Y, and P = U Pt(i)*fdi] . 2)
P, 0
We define aggregate inflation as 7, = P /P;_1.
2.2 Intermediate goods producers
Good 7 is made using the technology:
Vi) = max { K DO Z L]0}, 3)

where the technology shock Z; (common across all firms) follows a stationary autoregressive

process

In(Z: /2%y = p, In(Z4 1] Z*) + 06,4 4)

and the function ~(t) induces a trend into productivity. All firms face the same prices for
their inputs, labor and capital. Hence cost minimization implies that the capital/labor ratio

is the same for all firms, and equal to:

Kt . [0 Wt

L, 1—aRF

()

where W; is the nominal wage and RF is the rental rate of capital. Following Calvo (1983)
we assume that in every period a fraction of firms (, is unable to re-optimize their prices

P;(i). These firms adjust their prices mechanically according to

P(i) = 7" P_1 (1), (6)



where 7* is the steady state inflation rate of the final good.* Firms that are able to re-

optimize prices choose the price level P, (i) by solving

maxp, ) By ¥ G EE, (Bi)(m.) = MCiyy ) Vi)

By ()" CewleRls Y
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where 827, | is today’s value of a future dollar for the consumers and M C; reflects marginal

costs. We consider only the symmetric equilibrium where all firms will choose the same P, (i).

Hence from (2) we obtain the following law of motion for the aggregate price level:

Y 2N
= {(1 — )P A Gp(mePo) ™ | (8)

2.3 Households

There is a continuum of households, indexed by 7 € [0, 1]. The objective function for each

household is given by:

00 . 1—-v
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where Cy(j) is consumption, L;(7) is labor supply, and M(j) are money holdings. House-
holds’ preferences display habit-persistence. Real money balances enter the utility function

deflated by the trend growth of the economy to make real money demand stationary.

Household 7’s budget constraint written in nominal terms is given by:

PiysCirs(9) + Pislins(J) + Bews(G) + Myt s(5) < ReysBeys—1() + Migs—1(J) + Agys—1(5)

+ Mo+ Wi s (1) Lias (7) + (BE, sttt () Kegs—1(5) — Prasa(urrs() Kirs—1(3))
(10)

where I(j) is investment, B:(j) is holdings of government bonds, R; is the gross nom-
inal interest rate paid on government bonds, A4,(j) is the net cash inflow from trading
state-contingent securities, II; is the per-capita profit the household gets from owning firms
(households pool their firm shares, and they all receive the same profit), and W,;(j) is the
nominal wage earned by household j. The term within parenthesis represents the return to
owning K;(j) units of capital. Households choose the utilization rate of their own capital,

u¢(j). Households rent to firms in period ¢ an amount of effective capital equal to:

Ki(j) = w () K1 (4), (11)

4We also estimated a version of the DSGE model with dynamic price indexation Py(i) — my_1 Pi_1(i)

but found that the time series fit did not improve.



and receive Rfu;(j)K;—1(j) in return. They however have to pay a cost of utilization in
terms of the consumption good equal to a(u:(j))K;_1(j). Households accumulate capital

according to the equation:

Rii) = -0k () + (1-5 (7225) ) 1o (12)

where § is the rate of depreciation, and S(-) is the cost of adjusting investment, with
S'(-y > 0,58"() > 0.

Since we do not use wage data in our empirical analysis it is difficult to disentangle
price rigidity and wage rigidity. We therefore assume that the labor market is perfectly
competitive and wages are flexible. Finally, we assume there is a complete set of state
contingent securities in nominal terms, which implies that the Lagrange multiplier associated
with (10) must be the same for all households in all periods and across all states of the world.
This in turn implies that in equilibrium households will make the same choices and can be

aggregated into a representative household.

2.4 Government policies

The central bank follows a nominal interest rate rule by adjusting its instrument in response

to deviations of inflation and output from their respective target levels:

1—

R, R, PR T Y1 Y, P2 PR o

o\ w =) 7, oRET, (13)
* t—1

where R* is the steady state nominal rate, Y} is a measure of potential output, and the

parameter pr determines the degree of interest rate smoothing. The government budget

constraint is of the form
PGi+ Ry 1By 1+ My | =T+ M; + By, (14)

where T; are nominal lump-sum taxes (or subsidies) that also appear in household’s budget

constraint. Government spending is given by:
Gy =(1-1/g)Ye, (15)
where g; follows the process:

Ingi =0 —pg)Ing+p;Ingi—1 + ggeq . (16)



2.5 Resource constraint

The aggregate resource constraint

- 1
Ct + It + a(ut)Kt_l = ;n (17)

¢
can be derived by integrating the budget constraint (10) across households, and combining
it with the government budget constraint (14) and the zero profit conditions of the final

good producers.

2.6 Model solution and State-Space Representation

Our model economy evolves along a balanced growth path, generated by the trend in tech-
nology. Output, consumption, investment, real wage, physical capital and effective capital
all grow according to «(t). Nominal interest rates, inflation, and hours worked are station-
ary. The model can be rewritten in terms of detrended variables. We find the steady states
for the detrended variables and use the method in Sims (2002) to construct a log-linear

approximation of the model around the steady state.

Our empirical analysis is based on data on nominal interest rates R} (annualized per-
centages), inflation rates = (annualized percentages), and the log output gap. Hence, we
define the vector of observations as y; = [R{, 7{,100InY,?]’. The relationships between the
percentage deviations from steady state Et, T Y; derived from the DSGE model and the

observables y; are given by the following measurement equation:

Y1t = T‘:_ +7a+7f: +4Et, (18)
7Tz + 4%t

Yor = ~
Y

Here, we have partitioned y; such that y; corresponds to the policymaker’s instrument
(the interest rate), and ya: is a vector that includes the remaining two observables. The
steady state (net) real interest rate in our model is given by % +~,, where +, is the average
annual growth rate of the economy. The parameter r} is related to the discount rate g
according to 8 = 1/(1 + r*/400). Within the model, ¥; denotes the percentage deviation
of output from its trend path y(#)Y*. We interpret the potential output series published
by the Congressional Budget Office (CBO) as a measure of v(¢)Y*. Hence, the output gap,

computed as log difference of real and potential GDP provides us with a measure of f’t The
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monetary policy rule can be rewritten in terms of observables as follows:

* * * (1 - pR)wl
yr,e = (1= pr)[(ry +Ya +75) =1 In 73] + y1e-1pR + Y2, +ogrer (19)

4(1 = pr)¢2

We collect all the DSGE model parameters in the vector # and stack the structural shocks

in the vector ¢;.

3 Setup and Inference

In the subsequent analysis it is assumed that the DSGE model generates a covariance-
stationary distribution of the sequence {y;} for all § € ©. Expectations under this dis-
tribution are denoted by IE§[]. We will derive an (approximate) vector autoregressive
representation for the DSGE model and introduce model misspecifications as deviations
from this representation.> Unlike in Del Negro and Schorfheide (2004) and Del Negro,
Schorfheide, Smets, and Wouters (2004), we assume that the interest rate feedback rule in
the DSGE model is correctly specified and do not relax the restriction generated by the
policy rule. Finally, we specify a prior distribution for these model misspecifications and

discuss posterior inference and policy analysis.

3.1 A VAR Representation of the DSGE Model

Let us rewrite Equation (13), which describes the policymaker’s behavior, in more general

form as:

Y1, = xy M1 51 (0) + yé,thﬁz(G) + €1, (20)

where y; = [y1,¢,¥5,]" and the k x 1 vector z; = [y; 1,...,1;_,, 1] is composed of the first
p lags of y; and an intercept. The shock €; ¢ corresponds to the monetary policy shock
orer, in the DSGE model. The matrices M; and M, select the appropriate elements
of 2; and y»; to generate the policy rule. Tn our application the vector M; selects the
intercept and the lagged nominal interest rate and the matrix My extracts inflation, and
the output gap. The functions 8;(8) and S2(8) are implicitly provided in Equation (19).
Considering forecast-based policy rules in this framework would require significant modifica-
tions. However, according to the findings reported by Levin, Wieland, and Williams (2003)

forecast-based rules do not provide substantial gains in stabilization performance compared

5We are working with vector autoregressive approximations rather than with state-space models to

simplify the simulation of the posterior distributions.
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with simple outcome-based rules. Hence, we decided not to pursue these modifications at

this point.

The remainder of the system for y; is given by the following reduced form equations:
yé,t = 352‘1’*(9) + Ulzt (21)

Tn general, the VAR representation (21) is not exact if the number of lags p is finite. We
define T'x x(6) = I} [x:2}] and T'xy, (6) = EY [z:y5 ] and let

U*(0) = Ik ()T xv, (6). (22)

Since the system is covariance stationary, the VAR approximation of the autocovariance
sequence of y»; can be made arbitrarily precise by increasing the number of lags p. If
in addition, the moving-average (MA) representation of the DSGE model in terms of the
structural shocks ¢ is invertible, then us ; can also be expressed as a function of ¢ for large
p. Conditions for invertibility and results on the accuracy of this VAR approximation can

be found in Fernandez-Villaverde, Rubio-Ramirez, and Sargent (2004).

The equation for the policy instrument (20) can be rewritten by replacing y»; with
expression (21):
y1,0 = 2, M1 51(0) + 287 (0) M2 B (0) + un g, (23)
where w1 = uy MyB2(6) + €14 Define uj = [uys,us ], Bi(8) = [M151(8),0kx(n-1)];
By(0) = [M2f32(0), Itn—1)x(n—1)]; and let

" (9) = B1(A) + ©*(0)B2(h). (24)
Hence, we obtain a restricted VAR for y;
yy = o ® +uy,  FEluuy] = 3*(6) (25)
with
®=3"(), T=3%(0)=Tyy(0) —TyxO)3%(Oxy(8).

Here the population covariance matrices are Tyy (6) = I [y,y)] and Txy (8) = Ty 5 (8) =
By [zy)-

Since the monetary policy rule (13) in the DSGE model is specified so that it can
be exactly reproduced by the VAR, see Equation (20), ®*(#) equals the population least
squares coefficients associated with (25), and the covariance matrix of x; under the DSGE

model and its VAR approximation are identical. We will subsequently ignore the error
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made by approximating the state space representation of the DSGE model with the finite-
order VAR or, in other words, treat (25) as the structural model that imposes — potentially
misspecified — cross-equation restrictions on the matrices ® and Y. We can do so because
we have checked that the impulse responses from the VAR representation of the DSGE
model — obtained using the identification scheme discussed in Section 3.3 — match almost
exactly those of the DSGE model even when the lag length is four (results are available

upon request).

3.2 Misspecification and Bayesian Inference

We make the following assumptions about misspecification of the DSGE model. There is a

vector § and matrices U2 and ¥2 such that the data are generated from the VAR in (25)
® = B (0) + (T*(0) -+ ¥2)By(d), L= +¥? (26)

and there does not exist a § € © such that

® = B, (6) + U*(0)By(d), = =3x*(h).
We refer to the resulting specification as DSGE-VAR. A stylized graphical representation of
our notion of misspecification can be found in Figure 1. Qur econometric analysis is casted
in a Bayesian framework in which initial beliefs about the DSGE model parameter 8 and
the model misspecification matrices ¥ and X2 are summarized in a prior distribution. In
order to compare a Bayesian approach to model misspecification to a minimax approach,
the reader might find it helpful to think of a fictitious other, “nature”, that draws the mis-
specification matrices 2 and £ from a distribution — the prior — rather than maximizing
the loss function to harm the policy maker. The remainder of this section describes the

choice of this prior.

Qur prior is based on the idea that “nature” is more likely to draw smaller than larger
misspecification matrices, reflecting the belief that the DSGE model provides a good albeit
not perfect approximation of reality. Specifically, we assume that the prior density decreases
the larger the size of the discrepancies ¥2 and ¥2. Tn the spirit of Hansen and Sargent’s
(2005) approach to model misspecification and robust control, the size of the discrepancies
is determined by the ease with which they can be detected via likelihood ratios. This metric
determines the shape of the prior contours (see Figure 1). The mass placed on these contours
is determined by the parameter A. Large values of A imply that large discrepancies are less

likely to occur. Hence, the parameter A measures the overall degree of misspecification. We
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will now further motivate and explain the prior distribution using a thought experiment,

where for ease of exposition we set 2 = 0 and fix the DSGE model parameter vector §.

Suppose that a sample of AT observations is generated from the DSGE model (that is,
from Equation (25), where ® = ®*). Here T denotes the size of the actual sample used in the
estimation. We will construct a prior that has the property that its density is proportional
to the expected likelihood ratio of ¥ evaluated at its (misspecified) restricted value ¥ x ()
versus the true value ¥ = ¥*(4) + U2, The log-likelihood ratio is

In

L(T*, 5% 0]V, X) }

1 ' ,
— |2 BIO* X' XO*B, — 2B)®* X'(Y — XB
L(T* + TA, 5 4]Y, X) r{ ( 2 2 2 ( )

2
—By(* + T2V X' X (¥* + T2)B,
+2BL(T + U X'(Y - XBQ)] :
Here Y denotes the AT x n matrix with rows y; and X; is the AT x k matrix with rows z}.

After replacing Y by X (B; + (¥* + ¥2)By) + U the log likelihood ratio simplifies to

In

L(T* 3%, 0]Y, X) }

[z(\p* U5 3+ )Y, X) 27)

1 : ,
= —5tr {z*—l (B;\IJA X'XUAB, — 2BLUA X’Uﬂ

Taking expectations over X and U using the distribution induced by the data generating
process yields (minus) the Kullback-Leibler discrepancy between the data generating process
and the DSGE model:

EVAR In £(‘I’*,E*,6‘Y,X)
YmET T LT + A B )Y, X)

1 !
} = —5tr {z*—l (ATBQ\I’A FXXWABzﬂ- (28)

Here we have used the relationship ng‘({i),z*(g) [z:2}] = Y [x:2}] = Ux x(6), where the first
term refers to expectation taken with respect to the probability distribution generated by
the VAR. We choose a prior density for ¥2 that is proportional () to the Kullback-Leibler

discrepancy:
Apyx AT =1 { pr g A
p(T2|X*,0) xexpq — Ttr X B9~ T'xx V" Bs (29)

The hyperparameter A determines the length of the hypothetical sample as a multiple of the
actual sample size T. This hyperparameter “scales” the overall degree of misspecification.
For high values of A, it is easy to tell the misspecified model and the DSGE model apart
even for small values of the misspecification ¥2. Hence the prior density places most of its
mass near the restrictions imposed by the DSGE model when A is large, and for A = oc the
misspecification disappears altogether. On the contrary, if A is close to zero the Kullback-

Leibler discrepancy can be small even for relatively large values of the discrepancy ¥2.
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Hence the prior is fairly diffuse. For computational reasons it is convenient to transform this
prior into a prior for ¥. Using standard arguments we deduce that this prior is multivariate

normal

1 -1

U6~ N (\Il*(ﬂ), T [(32(9)2*132(0)') ® I‘XX(H)] ) . (30)

In practice we also have to take potential misspecification of the covariance matrix

3*(0) into account. Hence, we will use the following, slightly modified, prior distribution
conditional on # in the empirical analysis:

vx,e ~ N (\I’*(G), % [(32(9)2132(9)’) ® FXX(6>} : ) (31)

Y6 ~ IW (x\TZ*(G), AT — k,n),

where ZW denotes the inverted Wishart distribution. The latter induces a distribution for
the discrepancy ¥4 = % — ¥*.

The Appendix provides a characterization of the following conditional posterior densi-
ties:

p(¥|%,0,Y), p(E|¥,0,Y), and pO|¥,%,Y).

Unfortunately, it is not possible to give a characterization of all conditional distributions
in terms of well-known probability distributions. To implement the GGibbs sampler we have
to introduce two Metropolis steps that generate draws from the conditional distributions
p(X|¥,0,Y) and p(A|¥,3%,Y). The resulting Markov-Chain-Monte-Carlo (MCMC) algo-
rithm is known as Metropolis-within-Gibbs sampler and allows us to generate draws from

the joint posterior distribution of 8, ¥, and 3. In addition to the posterior distribution of

the parameters we are also interested in evaluating marginal data densities of the form
p) = [ P16, 80,6, 8)d(6, %, 2) (32)

for various choices of the hyperparameter A and restrictions on the parameter space of the
DSGE model. Based on the marginal data densities we can compute Bayes factors and
posterior probabilities for the various specifications of our model. Under the assumption of

equal prior probabilities, ratios of marginal likelihoods can be interpreted as model odds.

3.3 Identification

The model developed in the preceding subsections is of the form

Y0 = pMif+zWMaBs + uy (33)

' _ ] '
Yoy = ¥+ Ug ts
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where u; ; = u’zthg,Bg +e€1,4. The policy rule coefficients 8; and f2, and hence the monetary
policy shock €1 = ogrer; are identifiable. Unlike in a standard VAR, identification is
achieved through exclusion restrictions: lagged inflation and output gap do not enter the
monetary policy rule by assumption. According to the underlying structural model, the
one-step ahead forecast errors us; are a function of the monetary policy shock € ; and the

two other structural shocks ez = [eg.4,€2.4]"
! !
Uy = 61715141 + 62,tA2.

Straightforward matrix algebra leads to the following formulas for the effect of the structural

shocks on uy 4:

-1
A = [211 — By M3E0o MsfBs — 2(12 — ﬂéMéZQ2)M252:| (Z12 — By M3%0)
ALAy = Tgo — A {211 — ByMyToo Moo — 2(E10 — ﬂéMQZQQ)MQ@] Ay

Here, ¥ denotes the covariance matrix of u;, and the partitions of ¥ conform with the
partition of u} = [u1¢,u5,]. Once Ay is determined, the impulse response function with

respect to the monetary policy shock can be calculated.

In order to identify Ao an additional assumption is needed. We follow the approach taken
in Del Negro and Schorfheide (2004). Let A5, A4 = A) As be the Cholesky decomposition
of A5As. The relationship between Aj ;- and As is given by A5 = A5, Q) where 2 is an
orthonormal matrix that is not identifiable based on the estimates of 5(d), ¥, and 3.
However, we are able to calculate an initial effect of e2; on y»2 ¢ based on the DSGE model,
denoted by AL (#). This matrix can be uniquely decomposed into a lower triangular matrix

and an orthonormal matrix:

AP (8) = AD, ()" (9).

To identify A, above, we combine A}, with 02%(6).% Loosely speaking, the rotation matrix
is constructed such that in the absence of misspecification the DSGE’s and the DSGE-VAR'’s
impulse responses to €3 ; would coincide. To the extent that misspecification is mainly in the
dynamics as opposed to the covariance matrix of innovations, the identification procedure
can be interpreted as matching, at least qualitatively, the short-run responses of the VAR

with those from the DSGE model.

8The calculation is easily implementable in a Markov Chain Monte Carlo analysis. For every draw of

(6, U2, £2) from their joint posterior distribution we compute Q*(#) and As.
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4 Policy Analysis

Between time £ = T and ¢t = T + 1 the policymaker seeks to replace the existing policy rule
with one that minimizes a loss function that will be defined subsequently. We make the
simplifying assumption that the public believes the new policy to be in place indefinitely
after being announced credibly. The policymaker does not exploit the fact that the public
has formed its time T expectations based on the T policy rule. This assumption is a short-
cut to a more realistic scenario in which there are two types of policy shifts - normal policy

making and rare regime shifts (using the terminology of Sims, 1982).

4.1 Loss Function

To simplify the exposition we begin by abstracting from parameter uncertainty. Suppose
that prior to the policy the economy operates according to the parameters 6y, ¥5', and
Y5, We assume that under this parameterization the VAR is non-explosive with long-run
mean §. Define §; = y; — 5. Let M be the (k — 1) x k matrix with zeros in the last
column and a (k —1) x (k — 1) identity matrix in the remaining columns. Moreover, define

Zr =[Jt-1,---,Ut—p)- Then the VAR can be rewritten in terms of deviations from the mean

as follows:

7, = FM[B1(8) + (¥*(8) + ¥*) By (6)] + uj. (34)

We assume the mean 4 is invariant to changes in the policy parameters’ and that the policy
maker considers the following loss function

T+h
Ly(6p, 0,92, 52) = (1=6)Ep | Y 6T rWiii]| . (35)
t=T+1

where the law of motion of § is given by (34). § is a discount factor, € is partitioned into
policy rule parameters 8, and taste-and-technology parameters 6, and tr[-] denotes the trace
operator. The expectation in (35) is taken conditional on post-intervention parameters 4,

U2, and X2 and the pre-intervention observations 7 11, .., Jr-

The loss function can be rewritten as

T+h
Lr(0p,0,, 82,52 =(1-8) > 5t—T—1<tr[WVT(g7t)]+tr[WET[§t}ET[g7t]’]>. (36)
t=T+1

7This assumption is consistent with the DSGE model, in which the policy parameters ¥1, 2, and pgr do

not affect the steady state output gap, inflation, and interest rates.
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Here V7(-) denotes the conditional covariance matrix of §;. The loss function L1(6,,8,, ¥4, %2)
is well defined, even if the post intervention VAR is explosive, as long as the horizon h is
finite or the reciprocal of the discount factor exceeds the largest eigenvalue of the vector
autoregressive system. Since the loss is obtained by taking a conditional expectation it
depends on the state of the economy in time 7T, summarized by Z7,;. To remove this
time dependence a common approach in the literature, see for instance Woodford (2003), is
to integrate over Zp,1 using the distribution implied by the VAR, provided the system is

stationary. Hence we define
L(8,,05, 82, 52) = E [Lr (8,05, ¥, 5] = (1 — 8" tr WV (Fr11)], (37)

where V(-) is now the unconditional variance.

We truncate the loss function £ at the level B. This truncation ensures that the expected
loss is well defined, even if some of the parameter configurations in the support of the

posterior imply explosive behavior of the vector autoregressive system. Let?
L(8,,05, 9%, 52) = min {B, L(6,,0,, ¥, £4)}. (38)

Tn the empirical analysis the weighting matrix W is diagonal with elements i (interest
rates, annualized), 1 (inflation, annualized), and i (output gap, percentage deviations from
potential output). Our weight on the output gap is somewhat larger than in Woodford
(2003, Table 6.1) reflecting a smaller estimate of the price stickiness. Moreover, we place
considerable weight on the nominal interest rate, which could be justified by a large interest
elasticity of money demand and an important role of real money balances for transactions.
The upper bound B of the loss is set to 50, which is more than 20 times larger than the
weighted sample variance of the three series. As a basis for comparison, the sample variances
of the output gap, inflation, and interest rates are approximately 2.9, 2.1, and 6 percent

respectively.

We interpret monetary policy shocks as discretionary deviations from the interest-rate
feedback rule, reflecting normal policy making in Sims’ (1982) terminology. The monetary
policy shocks add variability to the endogenous variables in the model and increase the

loss. Hence, deviations € from the policy rule are clearly suboptimal. Tn the empirical

8In our empirical analysis (not reported in this paper) we also calculated posterior expected losses for
the loss function (1 — §) EtT:‘ZfLH = T=14r[WV (7 ) for h = 80 (20 years) and § = 0.99. Even though the
expected losses are strictly speaking finite, the posterior risk was greater than 1010 for those values of 8,
that with some probability lead to explosive behavior of the resulting VAR, and less than 20 for the other

values of 6.
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analysis we therefore use the procedure described in Section 3.3 to identify the monetary
policy shocks and then set their standard deviation to zero in the calculation of the policy

losses.

4.2 Taking Misspecification into Account

The policymaker minimizes the loss L(6,,8,, ¥2, ¥2) as a function of the policy parameter
f,. She has imperfect knowledge about: (i) the policy invariant private sectors’ taste and
technology parameters 8,; and (ii) the degree of model misspecification captured by X, ¥*

and 2. The uncertainty is summarized in the posterior distribution.

We consider four different scenarios for the policy invariance of the misspecification ma-
trices ®* and 2. Then we calculate the posterior expected loss associated with different
policies according to each scenario. If the DSGE model does not suffer from serious misspec-
ification all scenarios collapse to Scenario 1. The goal of the subsequent empirical analysis
is to illustrate the sensitivity of policy predictions when the DSGE model is embedded in a
collection of identified VARs.

The challenge in the evaluation of monetary policy rules is to predict the private sectors’
behavioral responses to policy regime changes. Standard VAR analysis proceeds under
the assumption that the behavioral changes are negligible. Our framework creates a link
between VAR and DSGE model parameter. Hence, it becomes possible to re-calculate the
private sector decision rules with the DSGE model and exploit the link to make non-trivial
predictions about the private sector behavior with the identified VAR. If the data contain
substantial evidence against the DSGE model restrictions, that is, A is small, less weight is

placed on the DSGE model predictions about the behavior of the private sector.

Scenario 1 — Ignore Misspecification: The DSGE model is estimated directly and its
potential misspecification is ignored. The policymaker does, however, take the uncertainty
with respect to the non-policy parameters into account when calculating the expected loss.
This scenario is explored in detail by Laforte (2003) and Levin, Onatski, Williams, and
Williams (2005). If no deviations from the DSGE model restrictions are contemplated then
the ad-hoc loss function introduced in the previous subsection could be replaced by the
households’ utility function. Unfortunately, the empirical evidence points toward misspec-
ifications. Once we allow for deviations from ¥*(8) and ¥*(8), it is not clear whether the
DSGE model-based welfare function remains appropriate. Hence, we conduct our policy

analysis based on the ad-hoc loss function in all the scenarios.
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Scenario 2 — Acknowledge Misspecification, Discard the Past: The policymaker believes
that the sample (hence the posterior) provides no information about potential misspeci-
fication after a regime shift has been implemented. This skepticism about the relevance
of sample information is shared by the robust control approaches of Onatski and Stock
(2002), Onatski and Williams (2003), and Hansen and Sargent (2005). However, instead
of using a minimax calculation, our Bayesian policymaker relies on her prior distribution
p(T2, 5210, \) to cope with uncertainty about model misspecification. The sample is only

used to learn about the non-policy parameters 85 and the overall degree of misspecification

A

Scenario 8 — Learn about Misspecification (Policy Invariant): ¥ and ¥4 are assumed
to be invariant to changes in policy. The sample information is used to learn about the model
misspecification via the posterior distribution. Looking forward, the information is used to
adjust the policy predictions derived from the DSGE model by the estimated discrepancies.
To implement the analysis, we generate draws from the marginal posterior distribution
of §,, ¥*, and ¥4, combine § = [§/.0)', and calculate T*(§) + T2 and T*(f) + T4,
Here, 6, is the new set of policy parameters. Since the choice of 8, does not affect beliefs
about the misspecification matrices we refer to the treatment of misspecification as policy

invariant. This rather mechanical post-intervention adjustment of ¥*(#) and X*(f) has

some undesirable properties which will become evident in the empirical analysis.

Scenario 4 — Learn about Misspecification (Conditional): “Nature” generates a new set
of draws from the posterior distribution of ¥4 and ¥* conditional on the post-intervention
DSGE model parameters . To implement the risk calculation we take a draw from the
marginal posterior distribution of 84, combine it with the policy parameter to obtain 6 =
[é;, 6')', and generate a draw from p(T2, EAIYT,é, A) by iterating between the conditional
distributions of ¥2 and ¥* provided in the Appendix (see Equations (A.5) and (A.7)).
As before, we then calculate ¥*(8) + T2 and £*(8) + 2. Tn this scenario, the policy
maker revises her beliefs about the misspecification matrix as she contemplates different
values of the policy parameters. Hence, we use the term conditional. Roughly speaking, the
calculation can be interpreted as follows: based on the data there is uncertainty about the
historical policy rule coeflicients. Now suppose one fixes the policy parameters at a particular
value ép: what information do the data provide about the misspecification parameters? This
information is summarized in p(¥2,X2|YT, 6, \). If the estimated value of A is small and
hence the perceived DSGE model misspecification is large, the DSGE model’s prediction of

the effect of policy rule changes on the reduced form equations for the private sector become
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less credible. Tn our analysis the conditional posterior distribution of ¥ and 3. given 8 will
effectively become insensitive to 8. As A tends to zero we effectively analyze monetary policy
with a VAR by simply changing the coeflicients in the policy rule, ignoring any changes in
private-sector behavior that the policy shift might induce as in Sims (1999).

4.3 Risk-Sensitivity

So far, we placed a probability distribution over the misspecification parameters and mini-
mized posterior expected loss. There is a growing literature in economics? that studies the
robustness of decision rules to model misspecification. Underlying this robustness analysis
is typically a static or dynamic two-person zero-sum game. The decision maker, in our
case the central bank, is minimizing her loss function while a malevolent fictitious other,
“nature”, chooses the misspecification to harm the decision maker. “Nature’s” choice, in
our notation ¥2 and X4, is either limited to a bounded set or it is subject to a penalty
function that is increasing in the size of the misspecification. The policy maker’s decision

is robust, if it corresponds to a Nash equilibrium in the two-person game.

Tn the Bayesian framework the risk sensitivity that is inherent in the robust control
approach can be introduced by transforming the loss function. Instead of minimizing the
expected value of L(6,,8,, ¥2, £4), the policy maker is equipped with an exponential utility
function. She considers the transformed loss e, and solves

1
min fln/exp{TL(Hp,Hs,‘IIA,EA)}p(HS,‘IIA,EA)d(HS,\IIA,EA), (39)
s T
where p(f,, T2, ¥2) denotes the joint density of 8,, T2, ¥, A positive 7 makes the policy
maker risk averse. It can be shown that the optimization of (39) is the solution to the
following zero-sum game

. A A A A A A A A
min max [ £6y:0., 95, 520006, 12, 22)q(6,, 0, 52)d(6,, W2, 52 (40)

- (mq(es,\IJA,EA))p(es,\IIA,EA)q(es,\PA,EAM(@S,\PA,EA)-
.

The maximization with respect to ¢(-) is subject to the constraints

/p(&s,\IlA,EA)q(ﬁs,\IJA,EA)d(és,\IJA,EA) =1, g¢(b,, 72, 2%)>0.

98ee for instance, the monograph by Hansen and Sargent (2005) or the February 2002 special issue of

Macroeconomic Dynamics.
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The interpretation of this game is that “nature” chooses the function ¢(-) to distort the

probabilities from which the model (misspecification) parameters are drawn. Notice that
[imaCClaerde. v, 54)
= [1epOaC a0, 2,5 ~ [InpCpCa0de., 1,52

is the Kullback-Leibler discrepancy between the distorted and the undistorted probabilities.
The larger 7, the larger the penalty for deviating from p(-). The link between the exponential
transformation of the loss function and the zero-sum game representation was pointed out

by Jacobsen (1973) in one of the first studies of optimization under a risk-sensitive criterion.

In the subsequent empirical analysis we will also compute posterior expected losses under
Scenarios 1 and 2 for the risk sensitive version of the policy problem. Under Scenario 1 the
DSGE model itself is assumed to be correctly specified but “nature” is allowed to distort the
believes about the structural parameters. The larger the uncertainty about a parameter,
the easier it is to shift probability mass to create havoc. This analysis is similar in spirit
to Giannoni (2002) who assess the robustness of monetary policy to changes in non-policy
parameters of a simple three-equation New Keynesian DSGE model. Under Scenario 2
nature can also distort believes about the misspecification matrices, that is, the deviation of
the “true” law of motion from the DSGE model restrictions and hence our analysis becomes

comparable to Onatski and Stock (2002) and Onatski and Williams (2003).

5 DPolicy Evaluation Under DSGE-VAR

Our empirical analysis is based on interest rate, inflation, and output gap time series. We use
the CBO’s potential output series and obtain all other series from Haver Analytics (Haver
mnemonics are in italics). The output gap is defined as the log difference of real GDP
(nominal GDP divided by the chained-price deflator JGDP) and real potential output. The
log differences are scaled by 100 to convert them in percentages. Inflation is computed using
quarter-to-quarter log-differences of the GDP deflator, scaled by 400 to obtain annualized
percentages. The nominal rate corresponds to the effective Federal Funds rate (FFED), also
in percent. The results reported below are based on a sample from 1983:Q3 to 2004:Q1.
We begin with the estimation of the state-space representation of the DSGE model and of
the DSGE-VAR for different values of A. We document the degree of misspecification of the
DSGE model. Next, we discuss the estimates of the “deep” parameters and the extent to

which they are identified. Finally, we proceed with the policy analysis.
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5.1 Estimation

We begin the section by discussing our assumptions on the priors for the “deep” parameters.
Since we do not use observations on consumption and investment, it is difficult to identify
the capital share and the depreciation rate. Therefore, we let o = 0.25 and § = 0.025.
Moreover, in a log-linear approximation the price markup parameter Ay, which we fix at
0.3, is typically not identifiable. The parameters y and v, only affect the dynamics of the
money stock, which is not included in the set of observables. The parameter ¢ determines
the steady state labor supply and does not influence the dynamics of interest rates, inflation,
and the output gap. We set the average annualized growth rate of the economy -y, equal to

1.5%.

Priors for the remaining DSGE model parameters are provided in Table 1. All intervals
reported in the text are meant to be 90% intervals. The distribution for 17 and o is
approximately centered at Taylor’s (1993) values, whereas the smoothing parameter lies in
the range from 0.18 to 0.83. The prior mean for the growth adjusted real interest rate,
5+ e, 18 2.5% and annualized steady state inflation ranges from 0 to 6.25%, which is
consistent with pre-1982 long-run historical averages. The prior mean of ¢g* implies that
that the government share of GDP is 15%. According to our prior the habit persistence
parameter h lies between 0.55 and 0.85. Boldrin, Christiano, and Fisher (2001) found that
a value of 0.7 enhances the ability of a standard DSGE model to account for key asset
market statistics. The interval for vy implies that the Frisch labor supply elasticity lies
between 0.3 and 1.3, reflecting the micro-level estimates at the lower end, and the estimates
of Kimball and Shapiro (2003) and Chang and Kim (2005) at the upper end. According
to the prior for (, firms re-optimize their prices on average every 2.5 to 12.5 quarters.
This interval encompasses findings in micro-level studies of price adjustments such as Bils
and Klenow (2004). The prior for the adjustment cost parameter s” is consistent with the
values that Christiano, Eichenbaum, and Evans (2005) when matching consumption and
investment DSGE impulse response functions, among others, to VAR responses. Our prior
for a' implies that in response to a 1% increase in the return to capital utilization rates rise
by 0.1 to 0.3%. These numbers are considerably smaller than the one used by Christiano,
Eichenbaum, and Evans (2005). Finally, the priors for p, and p, are centered around 0.8.
The priors for the standard deviation parameters are chosen to obtain realistic magnitudes
for the implied volatility of the output gap, inflation, and interest rates. These priors are by
and large similar to the ones that have been used elsewhere in the literature, e.g., Smets and

Wouters (2003), Del Negro, Schorfheide, Smets, and Wouters (2004), and Levin, Onatski,
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Williams, and Williams (2005).

We estimate the state-space representation of the DSGE model using the Bayesian
techniques described in Schorfheide (2000) and the DSGE-VARs with the Gibbs sampler
discussed in the Appendix for various values of A. Although ) is in principle a continuous
parameter, for computational reasons we consider only 8 values on a grid ranging from 0.25,
i.e., large prior variance of the misspecification matrices ¥ and %2, to 10, which implies

small misspecification. The DSGE-VAR analysis is based on p = 4 lags.

Table 2 summarizes the posterior of the hyperparameter A. Log marginal data densities
are reported in column 2 of the table. Differences of log marginal densities across A’s can
be interpreted as log posterior odds, under the assumption that the prior odds are equal to
one. The odds reported in the last column of Table 2 are relative to A = 0.5, which is the
specification with the largest marginal data density and, according to this likelihood-based
criterion, the best fit. The posterior of A has an inverted U-shape. There is little variation
in the marginal data densities for A values between 0.50 and 1, whereas values outside of
this interval lead to a substantial deterioration in fit. Tn the first row of the Table 2 we
report the marginal data density for the DSGE model, which is about 30 points lower than
the density of the DSGE-VAR(A = 0.5) on a log scale. We conclude that over the range of
the historical sample the DSGE model is strongly dominated by DSGE-VARs with fairly
low values of A, indicating that the structural model is to some extent misspecified and
that its policy predictions should be interpreted with care. However, the results of the next
section indicate that even when A is as low as .5 much of the mechanics of the DSGE model
carries over to the DSGE-VAR. All DSGE-VAR results reported subsequently are based on
A=0.5.

Parameter estimation results for the DSGE-VAR and the state-space representation
of the DSGE model are reported in Table 3. There is a growing literature highlighting
parameter identification problems associated with New Keynesian DSGE models, e.g. Beyer
and Farmer (2004), Canova and Sala (2005), and Lubik and Schorfheide (2004, 2005). In
some cases the rational expectations solution of the DSGE model implies that a subset of
structural parameters disappear from the reduced form law of motion of the observables, in
other cases the estimation objective function may have little curvature in some directions.
Straightforward manipulations of Bayes Theorem can be used to show that priors are not
updated in directions of the parameter space in which the likelihood function is flat, e.g.
Poirier (1998). Hence, to enable a careful comparison of priors and posteriors and an

assessment of the information extracted from the sample we also report means and confidence
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intervals for the prior in Table 3. The summary statistics for the prior reflect the truncation
at the boundary of the determinacy region. For the purpose of this study we are mostly
interested in the estimation of the degree of misspecification A and of policy loss differentials.
With respect to A, lack of identification of the deep parameters is not a concern. Therefore,
we are only concerned about lack of sample information with respect to those parameters

that significantly affect the ranking of policies.

The policy parameter estimates obtained from the DSGE-VAR can be viewed as Bayesian
instrumental variable estimates. Since inflation and the output gap are endogenous vari-
ables, the estimator of ¥, and s has to be adjusted for the non-zero conditional expectation
of the monetary policy shock. Both the likelihood function associated with the state-space
representation of the DSGE model and the DSGE-VAR likelihood generate such an adjust-
ment. The former imposes all cross-coefficient restrictions of the DSGE model whereas the
latter relaxes the restrictions. The estimates of 1 are 2.19 for the DSGE-VAR and 1.90
for the DSGE model itself, implying a strong response of the Fed to inflation in the post-
Volcker era. The estimated degree of interest rate smoothing is about 0.8. A comparison of
prior and posterior means for 1 indicates that the location shift is fairly small. The 90%
posterior probability interval is however much tighter than the prior interval reflecting the
information about the central bank’s response to the output gap contained in the data. The
estimated interest-feedback rate rule is admittedly a stylized description of monetary policy
in the Volcker-Greenspan years. Yet the R? of the policy rule equation, obtained using the
parameters that maximize the DSGE model posterior, is 94% for our sample period. This
number is not too far from the 97% percent obtained by Blinder and Reis (2005) for the
1987:QQ3 to 2005:Q1 period using a more sophisticated rule. We have experimented with
a four-quarter moving average of inflation as an argument of the rule. We found that this
does not affect the estimates of the other parameters, and slightly worsens the overall fit of

the model.

To understand the remaining parameter estimates obtained from the DSGE-VAR it is

instructive to consider the likelihood function, which is given by
p(Y|¥,X,0) (41)
!
< |87 2etr {2—1 (Y - X(B:1(9) + \IJBQ(Q))> (Y - X (B1(8) + \1132(9))” .

We show in the Appendix that the mode of the posterior distribution of ¥ conditional on
Y and # is of the form

U(E,0) = MTxx +X'X)"YMT s + X'V)STIBYB, YIB!,
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where Y (§) = Y — X B;(6). Since we are unable to compute a marginal likelihood function

p(Y'|) analytically, we consider the concentrated likelihood function instead p(Y|¥(X, 6), £, 6).
Notice that as A approaches zero the non-policy parameters, which do not affect B;(8) and

Bs(8) vanish from p(Y|¥(%, ), %, 8) because ¥(X, 8) approaches (X' X) "' X'Y X1 By (B, X1 By) 1.
Hence, as the value of A decreases we would expect the posterior distribution of the non-

policy parameters to resemble more closely the prior distribution. Indeed, we found this to

be the case.

The DSGE model estimates for the non-policy parameter point toward a large degree
of habit persistence, h= 0.92, and a small elasticity of investment with respect to the value
of installed capital 1/ s =0.12 implying fairly large capital adjustment costs. The estimate
of the Calvo parameter {, is 0.59, indicating a fairly low degree of price-stickiness: Agents
re-optimize their prices on average every 2.5 quarters. We find that all shocks are fairly
persistent, but our autocorrelation estimates are not as large as in other studies, e.g. Smets
and Wouters (2003). The upper bound of the 90% posterior intervals for p, and p, are
well below 1. The likelihood function of the DSGE model provides little information on

*

g

the determination of @' is more difficult. We decided to conduct a robustness analysis by

and a’. While our values for g* can be justified by the historical government share,

comparing DSGE model-based loss differentials for various values of a’ and we found that

the losses and the ranking of policies were insensitive to this parameter.

For many parameters, the estimates obtained from the DSGE-VAR are by and large
similar to the the DSGE model estimates. One exception is the standard deviation of
demand shocks o4, which is much lower according to the DSGE-VAR. Other exceptions
are h and s”, for which the DSGE-VAR likelihood function contains little information. We
have compared the loss differentials under Scenario 1 for both the DSGE model and the
DSGE-VAR, and found that the the differences in the estimates of the deep parameters

between the two are quantitatively not important.

5.2 Policy Outcomes Under Misspecification

This section studies how policy outcomes change when misspecification is taken into account.
We proceed to analyze the loss from different policies under the four different assumptions
regarding misspecification described in Section 4.2. Specifically, we evaluate the loss (38)
under each scenario as a function of all the parameters characterizing the interest rate

rule (13): 11 and 19, the central bank’s response to inflation and output, respectively, and
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PR, the interest rate smoothing parameter. We compute this loss for each point of a three
dimensional grid, where: ¢, takes nine values ranging from 1.001 to 3 in intervals of 0.25;
1y takes six different values, computed taking the Taylor’s (1993) value 9 = 0.125 as a
reference, namely 0, 317 = 0.062, I = 0.125, 27 = 0.188, 29T = 0.250, 3y = 0.375;
and pp takes three different values, namely 0.7, 0.8, and 0.95.1° Finally, we compute the loss
differential relative to the benchmark 1, = 2, 1o = 0.188, pr = 0.8, and take expectations.
The benchmark is chosen by selecting the point in the grid that roughly corresponds to the
estimated values for those parameters, i.e., the historical Volcker-Greenspan rule. Negative
differentials therefore indicate an improvement relative to the Volcker-Greenspan rule. The
loss function has a coefficient of 1 on inflation, implying that the loss-differentials can be
easily translated into an “inflation-equivalent” number. That is, a policy with an associated
loss differential of 10 implies that under it the policymaker is as worse of as if she suffered
an increase in the variance of inflation from 2 to 12, and no change in the variance of the

other two variables.

The results are summarized in Figures 2 and 3. Figure 2 contains four charts, one for
each scenario. Each chart shows three surfaces describing the expected loss as a function of
11 and 2. The three surfaces correspond to the different values for pr (0.7, 0.8, and 0.95),
with darkness of the surface being directly proportional to pg. Figure 3 depicts a slice of

this three-dimensional plot, obtained by further fixing - to its benchmark value of ().188.

The first of these scenarios, which we refer to as “Ignore Misspecification,” amounts
to evaluating policy as if the New Keynesian model correctly described the data. This
first scenario is the natural benchmark for comparing the results obtained once we allow
for the presence of misspecification. Although the model considered here has a number
of additional rigidities relative to the stylized model considered in Woodford (2003), the
policy recommendation emerging from the analysis of the expected loss differentials are in
line with those in Woodford, at least qualitatively. First, a high response of the interest
rate to inflation (high 1) is preferred to a low one, regardless of the value taken by o
and pgr. The drop in the loss is particularly steep as 11 increases from 1.001 to 1.5, but
flattens thereafter, as can be appreciated from the two dimensional plot in Figure 3. The
mechanism underlying this result is well known: due to the forward looking nature of the
model an increase in ¢ results in a drop of inflation variability, which in turn implies — for

given pg — a lower volatility of interest rates.

10We have experimented with a finer grid, especially for 11 and pg, and we have found the loss to be a

smooth function of these parameters. Hence, for ease of exposition we focus on the coarser grid.
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The top panel of Figure 4, which shows the impulse responses for the DSGE model as
a function of vy, illustrates this mechanism. The panel displays the impulse responses with
respect to the technology shock €, ¢ and the demand shock €, ; for three different values of
1, 1.25, 2, and 2.75, keeping ¥» and pg at their historical values. Recall that these shocks
are the only ones that matter for the loss calculation since we set o = 0 and exclude the
monetary policy shocks. The figure shows that the response of inflation and the interest rate
to both shocks is less strong the higher the value of 1. Quantitatively, it is the response
to technology shocks that makes the difference, with inflation responding roughly twice as
strongly for 1 equal to 1.25 than for ¥, equal to 2.75. The response of interest rates to
both shocks is slightly stronger on impact the higher the value of ¢, but becomes weaker
soon thanks to the fact that inflation is kept under control. The output gap is more volatile
for high 4 with respect to technology shocks, but quantitatively the difference is not large.
With respect to demand shocks the response of the output gap is strong on impact, but is

not affected by the size of .

The expected loss differential as a function of pr depends on the values of 11 and s, as
shown in Figures 2. For low values of ¢, and high values of 5, a higher interest rate inertia
is preferred. As the value of 15 decreases and, especially, that of ¢¥; increases, the expected
loss differential as a function of pg becomes flatter. Figure 3 shows that for values of ¢
higher than 1.25 the optimal value of pg is 0.8. The impulse responses for the DSGE model
as a function of pg, shown in the top panel of Figure 5, shows the trade-off implied by the
choice of pg for given 1 and ¢5. A value of pr equal to 0.95 implies a drastic reduction
in the variability of interest rates relative to the baseline pg = 0.8, but a slightly increased
variability of inflation. Given the specific coeflicients of our loss function, this trade-off is
resolved by choosing a value of pg that is neither too high (here, 0.95) or too low (0.7). It

is clear however that the outcome depends on the specific choice of the loss function.

Figure 2 shows that the expected loss differential as a function of 45 is sharply decreasing
for low values of ¢¥; and pg: Targeting the output gap in presence of a weak interest rate
response to inflation results in high inflation and interest rate variability. The slope of the
loss function with respect to 12 decreases as pgr, but especially %1, increase. For high values
of i1 the expected loss differential appears from Figure 2 almost invariant with respect to
1g. In fact, it is slightly U-shaped, with a minimum for the historical value of ¥, = 0.188.
Table 4 shows that the best performing policy when the analysis is conducted ignoring
misspecification as ¥ at its highest value in the grid, 3.00, while s and pg are at their

estimated values of 0.188 and 0.8, respectively. The inference ahout the misspecification
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parameter A in Table 2 casts some doubts on the reliability of DSGE model predictions,

however. Hence we move to take potential misspecification into account.

In Scenario 2 the policymaker still uses the BSGE model to compute the mean response
of the endogenous variables to the change in the policy parameters, but recognizes that
“nature” may be injecting noise around these mean responses using the prior distribution.
Under this scenario the policymaker learns from the data about the overall amount of noise
(A) but refuses to learn about the precise nature of the misspecification. We therefore refer
to this scenario as “Acknowledge Misspecification — Discard the Past,” where “Discard the
Past” refers to the fact that under this scenario the policymaker refuses to use the posterior
information regarding ¥ and ¥ on the ground that it contains no useful information
once policy changes. Rather, she uses the prior distribution to generate draws of ¥ and
Y2 in evaluating policy outcomes. Tn both Figures 2 and 3 we focus on the expected
loss differentials computed for A = .5, which represents the “best-fitting” model. We have
computed the expected loss differentials for the entire sequence of A\ values included in
Table 2 and have found that the policy outcomes for intermediate values of A conform with
our expectations. That is, the results are pretty similar to those for the DSGE model when
A equals 5 or 10, and as A decreases they become more similar to those obtained for A = 0.5.
Moreover, we find that for A values between 0.50 and 1 — that is, for all the model that would
receive non-neglible weights in a Bayesian posterior averaging calculation — the loss function

is both qualitatively and quantitatively very similar. Therefore we focus on A = 0.5.

Under Scenario 2 the qualitative policy implications obtained under the DSGE model
remain valid. Figures 2 and 3 show that a high response of the interest rate to inflation
is preferred to a low one, and that for high enough 1, the best choice of pgr equals the
historical value of 0.8. A small difference is that under Scenario 2 the policy maker should
not respond at all to the output gap. Indeed, Table 4 shows that the best performing policy
under Scenario 2 is identical to that under Scenario 1, except that ¢ equals 0. The cost of
increasing - is fairly small, as long as 1)1 is reasonably high. Quantitatively, the expected

loss differentials also appear very similar under Scenarios 1 and 2.'' Under Scenario 2

I This is a bit misleading, however, as the underlying draw of the deep parameters 8 is different under
the two scenarios — one corresponds to the DSGE model and the other to DSGE-VAR (the values are given
in Table 3). Whenever we computed the loss under Scenario 1 using the DSGE-VAR draws for ¢, we find
that the shape of the loss functions is exactly the same, but the expected loss differentials is smaller, largely
because the estimated standard deviation of demand shocks is smaller. When we use the same set of draws
for the deep parameters under both scenarios, we see that allowing for misspecification actually enhances

the loss differentials, particularly those associated with small values of %1. Quantitatively, the difference is
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(as under the prior) the misspecification matrices ¥ and ¥* have zero mean. Because
of non-linearities in the impulse-response functions, the zero mean in the misspecification
matrices does not imply that the expected loss differentials are the same with and without
misspecification. But in our application they are roughly the same. This does not imply that
introducing misspecification under Scenario 2 bears no consequences for the policy maker.
The impact of misspecification can be felt in the uncertainty surrounding a given policy
outcome. This uncertainty averages out in Figures 2 and 3, but can play a substantial role

in a risk-sensitive analysis. We will return to this point later.

In Scenario 3 the policymaker uses sample information to learn about the precise nature
of misspecification, unlike in the previous scenario. In addition, she believes that the histor-
ically observed discrepancies ¥ and ¥* are policy invariant. We refer to this scenario as
“Learn about Misspecification (Policy Invariant).” Figure 2 shows that under this scenario
the loss surface is quite different than under Scenarios 1 and 2. First of all, there is much
more curvature with respect to 2. Second, the loss profile is no longer strictly decreasing
in 11, at least for values of pg less than 0.95, as can be seen from Figure 3. For small pgs
the loss differential is a U-shaped function of ¢, with the minimum attained at the value

of 1.5 for pr = 0.8.

The contours of the loss differentials under Scenario 3 are almost exclusively driven by
the presence of explosive roots, at least for values of pgr less than 0.95. Explosiveness is not
a concern at all for Scenarios 1 (mechanically), and 2 (as is non-uniqueness of the rational
expectation equilibrium). For Scenario 4 the fraction of explosive draws is very small. For
Scenario 3 explosiveness is ubiquitous. Hence, the policy recommendation under Scenario 3

is largely driven by the desire to avoid explosiveness.

We view this policy recommendation with suspicion, because it results from ignoring
the correlation between the policy parameters and the size of misspecification in models
that have a backward-looking component. We now elaborate on this point for the case of
DSGE-VAR. Recall that the estimated VAR parameters U can be decomposed into the sum
of the parameters implied by the DSGE restrictions ¥*(6) and of the misspecification 2.
Roughly speaking, under Scenario 3, the new set of VAR parameters is computed as the sum
of ¥*(8), which changes with policy, and ¥, which is assumed to be invariant. If the policy
parameters are close to estimated ones, the sum of ¥* (é) and U2 returns the estimated VAR
parameters, which do not have explosive roots. But as we move away from the estimated

policy parameters, or as we ignore the correlation between the policy parameters and ¥,

not very large.
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the sum of ¥*(f) and ¥ can deliver new VAR parameters whose roots are explosive.
Here, this is particularly true for low values of pr.!? Inserting a policy rule different from
the estimated one into a backward-looking model can often produce explosiveness.'® This
explosiveness is driven by the fact that the backward looking component of the system
(here, ¥2) is not allowed to change with policy. Here, for instance, we find that a number
of policies that are not too different from the historical one (say, ¥; between 1.75 and 2.5,
1o = 0.188, and pg = 0.8) delivers a non-negligible probability of explosiveness. We see this
as a warning against having the backward-looking component of the model invariant with

policy, rather than a warning against these policies.

Scenario 4 is an attempt to address this concern. Under this Scenario the policymaker
again uses sample information to learn about potential model misspecification. As in Sce-
nario 3, the misspecification is backward looking. But unlike in Scenario 3, the policymaker
takes into account the in-sample correlation between the policy parameters and the misspec-
ification matrices U2 and 2. Specifically, the policymaker now asks the question: What
would the estimates of the discrepancies ¥ and £ be if the new policy had been in place
during the sample period? Explosiveness is no longer an overriding concern in Scenario 4,
as it was in Scenario 3. The reason for this result is that now as # changes both \If*(é) and
T2 (8) change in such a way that the sum of the two is not too different from the estimated
VAR parameters. Indeed, for A close to zero the dynamics for all equations other than the

interest rate rule are approximately independent of the policy parameters.

Figure 2 shows that under Scenario 4 the loss profile becomes flatter. Tn particular, the
large drop in the expected loss differential that characterized the increase in 1, from 1.001 to
1.5 under the DSGE model nearly disappears under Scenario 4, as can be appreciated from
Figure 3. Under the DSGE model the mechanics of the rational expectations equilibrium
imply that high values of ¢; help to anchor inflationary expectations. Since in equilibrium
inflation moves less than under high values of v, interest rates need to move less as well.
The presence of substantial misspecification changes these dynamic responses, as shown in
the bottom panel of Figure 4. As 9, increases the response of inflation to both technology

and demand shocks is more subdued, as in the DSGE model. Unlike in the DSGE model,

12Whenever X is large, however, U2 is negligible and the new VAR parameters roughly coincide with

U*(§), which is non explosive.
I3 There are several examples in the literature. For instance, Levin and Williams (2003) find that many of

the rules they consider generate explosiveness in the backward-looking Rudebusch-Svenson model. Likewise,
Cogley and Sargent (2005) find that the optimal policy computed under their rational expectations “Lucas”

model leads to explosive behavior when plugged into the backward-looking “Solow-Samuelson” maodel.



31

the interest rate becomes more volatile as 1 increases, not only on impact but also in the
medium run. A decomposition of the loss into its three components indeed confirms that
interest rate variability rises as the central bank responds more strongly to inflation. If the
policymaker only cared about inflation, she would still choose a high response to inflation
even under misspecification. But the fact that according to our policy rule she cares about
interest rate variability as well leads to a trade-off between the two, and hence to a flatter
loss contour. Figure 3 shows that as ¢, rises past 1.75, the loss starts to increage, albeit

very moderately.

The presence of misspecification also affects the policy prescription with respect to the
degree of inertia pg. Figure 5 shows that under the DSGE model high interest rate inertia
leads to slightly higher inflation variability, but quantitatively the effect is small. This is
because in the DSGE model agents are aware that the eventual increase in interest rates
following a sustained increase in inflation would be large, even if today’s response is small.
Under misspecification, this mechanism does not come into play: The milder response of
interest rates to shocks under high inertia leads to a substantial increase in the volatility
of inflation. Finally, Scenario 4 shares with Scenario 2 an aversion against high responses
to the output gap. Indeed, the best performing policy under Scenario 4 has ¢y = 1.75,
1o = 0.06 and pr = 0.8 (Table 4).

The results in Figures 2 and 3 depend on the somewhat arbitrary choice of the bound.
For this reason, we have recomputed all figures using a bound that is double (100) or
ten times larger (500) than the one used so far. Although the loss differentials change
substantially with the bound, particularly in Scenario 3, we find that the overall shape of

the contours, and hence the gist of our conclusions, stay roughly the same.

Finally, Figure 6 compares the loss differentials that we just analyzed with those ob-
tained under the risk-sensitive version of our problem. We focus in particular on Scenario 2,
which is the closest in spirit to the robustness literature, but we also show the benchmark,
Scenario 1. For both scenarios the Figure shows the risk-sensitive loss (black) as well as
the risk-neutral loss (light grey).!* For Scenario 1, where the risk-sensitivity is only with
respect to the deep parameters §,, we find that the risk sensitive loss is generally not too
different from the plain-vanilla one. The only difference is quantitative: The loss stemming

from a weak response to inflation is much larger under the risk-sensitive calculations. In

14 A caveat of our analysis so far is that we do not distinguish between uncertainty in the deep parameters
# and in the misspecification parameters U2 and X2, In principle we want to be robust gains the latter,

but not necessarily the former.
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Scenario 2, risk-sensitivity would induce the policymaker to avoid not only low values of 9,
but also high values of 5 as long as 7 is not above 2. Recall that misspecification alone
had little effect on the expected loss differential in Scenario 2. However, when combined
with a concern for robustness it leads to a starker recommendation relative to the DSGE
model: Avoid the combination of moderate interest rate responses to inflation and strong

responses to the output gap.

In Table 5 we report loss differentials for alternative policy rules that have been con-
sidered in the literature. Equation (19) provides the basis for the conversion of policy rule
coefficients into our setup. Taylor considers five benchmark policy rules described in Table 1
of his 1999 volume on monetary policy rules. Taylor I and II are interest rate smoothing rules
with a coeflicient pr = 1. These rules were favored in the simulations by Levin, Wieland,
and Williams (1999) who studied the performance of interest-rate rules in four different
structural macroeconometric models of the U.S. economy: the Federal Reserve Board staff
model, the Monetary Studies Research model, the Fuhrer-Moore model, and Taylor’s multi-
country model. In our DSGE model pr = 1 rules make interest rates non-stationary and the
calculation of the model-based autocovariance matrices that is needed for the construction
of the prior distribution would have to be adjusted. We decided to replace the coefficient of
unity by pg = 0.95.1% Taylor TTT is Taylor’s (1993) rule which does not entail interest rate
smoothing, whereas under the Taylor IV rule the central bank responds more strongly to the
output gap. The fifth rule in Taylor (1999) is a super-inertia rule (pr = 1.3) which we omit
from our analysis. Instead, Rules 5 and 6 considered in Table 5 correspond to the robust
Bayesian and minimax rules reported in Levin and Williams (2003).'¢ Levin and Williams’
(2003) calculation of robust rules is based on three models, a New Keynesian DSGE model,

the Rudebusch-Svenson (1999) model, and Fuhrer’s (2000) habit persistence model.

Based on our previous discussion it is not surprising that the pr = 0 rules Taylor 111 and
Taylor IV perform poorly across all four scenarios. The rules Taylor I and Taylor II, on the
other hand, perform very well under Scenarios 1 and 2 since they imply a strong response
to inflation movements. In fact, the Taylor T rule performs better than our preferred rules
for Scenarios 1 and 2 because we restrict the value of ¥ to be less than 3 in our calculation
of the preferred rule. Quantitatively the difference is not large. Levin and Williams’ (2003)

robust rules also perform well under Scenarios 1 and 2. This may stem from the fact that

15The interest rate and output gap coefficients are converted according to 1 — g./0.05 and g —

gy /(4 - 0.05).
16 Taken from the A = 0.5 and ¢ = 0.1 entry in Tables 4 and 7 of Levin and Williams (2003) and converted

according to 91 — 1+ «/(1 — p) and 2 = /(4 - {1 — p)).
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the authors included a New Keynesian DSGE model in their analysis of monetary policy
rules. However, Rules 5 and 6 are dominated by Taylor T across all scenarios. All the
rules considered in Table 5 perform somewhat poorly in the “learn about misspecification”
scenarios compared to our preferred rules presented in Table 4. This is the case even if we
discount Scenario 3 for the reasons discussed above. One important exception is the Taylor I
rule, which performs reasonably well under Scenario 4. A strong response of interest rates
to inflation leads to policy outcomes that are not too far from that attained by the optimal

rule even under Scenarios 4.

We find that the particular values of the loss differentials, that is, the risks and the gains
associated with deviating from the historical Volcker-Greenspan policy, are sensitive to the
misspecification assumptions considered. Tn particular, when the policymaker chooses to
learn from the historical data about misspecification (Scenario 4), she finds that the loss
associated with policies that deviate from the DSGE model prescriptions are not as large
as policy analysis under the DSGE model would suggest. At the same time, we find that
following those prescriptions, even under misspecification, leads to outcomes that are not
substantially inferior to those of the best-performing rule. In summary, a fairly robust policy
recommendation emerges from our analysis: the central bank should avoid strong responses
to output gap movements and not react weakly to inflation fluctuations. Moreover, we
find that the best-performing rules are those with a substantial degree of inertia in the
policy instrument. Also, we find that the gains associated with deviating from the historical
Volcker-Greenspan policy, whenever positive, are generally not, very large. This suggests that
the historical rule, if not always optimal among those we consider, has been reasonably good
at least from the perspective of this sticky-prices DSGE model, even taking misspecification

into account.

6 Conclusion

Encouraged by the work of Smets and Wouters (2003) many central banks are in the pro-
cess of developing and estimating DSGE models usable for quantitative monetary policy
analysis. The empirical results in this paper and in Del Negro, Schorfheide, Smets, and
Wouters (2004) document that model misspecification remains a concern as less restrictive
vector autoregressive specifications attain a better time series fit than the DSGE model
itself. In this paper we developed and applied techniques to conduct quantitative mone-

tary policy analysis with DSGE models while explicitly taking account of their potential
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misspecification.
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A  Implementation of the Posterior Simulation

A.1 Draws from the Posterior

We adopt the notation that ¥ (8) = Y — X By (#) which leads to the definitions
Iyy =Tyy =TyxBi(0) — B1(#)Txy — B1(8)'TxxBi1(0), T'yy =Txv —TxxBi(h).
Let etr[A] = exp[—itr[A]]l. The likelihood function for the VAR representation is given by
p(Y[¥,3,6) (A1)
x |27 etr {2—1 (Y — X(B1(6) + \pBg(a))> I (Y — X(B1(0) + foBQ(e))ﬂ .
Using Lemma 1(i) we can rewrite the prior mean of ¥ as
WH(0) = U(8,0) = Ik (O)0 x5 ()S7" By (8)[B2(6)2 " B (9)] ™"
The prior density for ¥ conditional on X is of the form
p(T[L,0) « etr {E—QT( —2BYUT, o (6) + ngp'rxx(e)xpBgﬂ . (A.2)
The prior density for ¥ is given by
p(2]8) o |87z AT —h+nt D gty {E‘%\Tz*(@))} (A.3)

To simplify notation the (#)-argument of the functions By, Bs, V,Txy, Txx, and Tyy is
omitted.
Conditional Posterior of ¥: Combining the the prior density (A.2) with the likelihood
function (A.1) yields
p(¥[%,0,Y)
o< p(Y|¥,%,8)p(¥|3,6) (A.4)
x etr {E‘%\T (ryy —2BLU'T vy + Bg\If’FXX(e)\I/B2> + (V- XUB,) (Y — X\IJBQ)}
x etr {2—1 ( —2ByW'(MTT ¢ + X'V) + ByW (M Txx + X’X)xpBQﬂ
Define
U(%,0) = M Txx + X' X) 'O yp + X'V)STIBY (B2 BY) 7L

The previous calculations show that

U[%,0,Y ~ N(\if(z, 9), [(322—135) ® (\TTxx + X’X)} _1>. (A.5)
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Conditional Posterior of ¥: Combining the the prior densities (A.2) and (A.3) with the
likelihood function (A.1) yields

p(E[¥,6,Y) o p(Y|¥,E,0)p(¥|Z,0)p(X]6) (A.6)
o |E‘7%((,\+1)Tfk+n+1)|(3227135)71|7§

etr {2—1 (AT(FW ~ToxTxxTxs) + (Y — XUB) (Y — XqJBQ))
FAT(BoX B (¥ — U) T x (¥ — @)} )
Using the definition of ¥, the last term can be manipulated as follows
etr {)\TBQE_lBé(\If — W) Txx (¥ — @)}
= etr {ATZ* (B;xp'rxxxp& - 2B§xIJTX,~,>
+ATE—1B§(322—135)—1322—11“’)(@;(1)@“}
Hence,
p(EIW,0,Y) o S| DTk |(Byn gy (A7)
X etr| 5! (ATFW + Y'Y = 2BLW' (MT 5 + X'Y)

+BYW (\TT xx + X’X)\IlBgﬂ

X etr -)\T(Z_lBé(BQZ_lBé)_lB2E_1 =3 T Dy |-
If the DSGE model satisfies E_quation (20) and the error u;; is orthogonal to z; then
I'vy =Txx¥o(0)B:
and
(ST'BY(B X BY) T By YT — 2, oI Ty = 0. (A.8)

While the conditional posterior distribution of ¥ given our prior distribution is not of
the ZW form use an 7V distribution as proposal distribution in a Metropolis-Hastings step.

Define

S(U,0) = Moy +Y'Y = (MNTyy+ X'V)UBy — BoW (M Ty p + X'Y) (A9)
+BY6W' (MTTxx + X' X)¥B,
Our proposal distribution for ¥ is

IW(S(®,8), (A + 1)T,n).
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Conditional Posterior of §: The posterior distribution of # is irregular. Its density is
proportional to the joint density of ¥, ¥, 3, and f, which we can evaluate numerically since

the normalization constants for p(¥|X, 8) and p(X|6) are readily available.
pO|Y, %, Y) ocp(Y, ¥, %, 6) = p(Y|¥, 3, 0)p(V |2, 0)p(%]0)p(6).- (A.10)

To obtain a proposal density for p(6|¥,%,Y) we (i) maximize the posterior density of the
DSGE model with respect to # and (ii) calculate the inverse Hessian at the mode, denoted

by Vz psag- (ili) We then use a random-walk Metropolis step with proposal density

N(e(s—l)acve_,DSGE)

where 6(,_1) is the value of # drawn in iteration s — 1 of the MCMC algorithm, and c is a

scaling factor that can be used to control the rejection rate in the Metropolis step.
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Table 1: PRIOR DISTRIBUTION

Name Domain Density P(1) P(2)
U IRY Gamma  1.500 0.400
o IR™ Gamma  0.200 0.100
pr  [0,1) Beta 0.500 0.200
r* IRt  Gamma  1.000 0.400
* IR Normal  3.000 2.000
g* R* Beta 0.150 0.050
h [0,1) Beta 0.700 0.100
vy IRt  Gamma  2.000 0.750
¢, [0,1) Beta 0.750 0.100
s! IRt Gamma  4.000 1.500
a" IRt  Gamma  0.200 0.075
p-  [0,1) Beta 0.800 0.050
ps  [0,1) Beta 0.800 0.050
0. IRt InvGamma 0.400 2.000
oy Rt InvGamma 0.300 2.000
or  IRT InvGamma 0.200 2.000

Notes: P(1) and P(2) list the means and the standard deviations for Beta, Gamma, and

Normal distributions; the upper and lower bound of the support for the Uniform distribution;

s and v for the Inverse Gamma distribution, where prg(o|v,s) x o ¥ le

2,5 2
v—1,-vs*/20 . See

Section 2 for a definition of the DSGE model’s parameters. We are reporting annualized

values for #* and r* (a-subscript). The following parameters were fixed: o = 0.25, § = 0.025,

v = 1.5, Ay = 0.3. The effective prior is truncated at the boundary of the determinacy

region.



Table 2: LoG MARGINAL DATA DENSITIES AND POSTERIOR ODDS

Specification In p(Y) Post Odds
DSGE Model -305.44  HE-13
DSGE-VAR, A =10.0 -297.16  2E-09
DSGE-VAR, A =5.0 -291.28 7E-07
DSGE-VAR, A =2.0 -283.70  0.001
DSGE-VAR, A =1.5 -281.23 0.017
DSGE-VAR, A=1.0 -278.46  0.278
DSGE-VAR, A =0.75 -277.22  0.968
DSGE-VAR, A =0.50 -277.18  1.000
DSGE-VAR, A =0.25 -283.34  0.002
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Notes: The marginal data densities are obtained by integrating the likelihood function with

respect to the model parameters, weighted by the prior density conditional on A. The

difference of log marginal data densities can be interpreted as log posterior odds under the

assumption of that the two specifications have equal prior probabilities.



Table 3: PARAMETER ESTIMATION RESULTS

Prior

Posterior

DSGE (State Sp)

DSGE-VAR (A = 0.5)

Mean 90% Interval Mean 90% Interval Mean 90% Interval
G 156 [1.00,207] 219 [1.68,271] 190 [143,237]
P 020 [0.05,035] 0.15 [0.07,023] 0.18 [0.11,0.26]
pr 050 [0.18,083] 0.83 [0.79,0.88] 0.80 [0.75,0.85]
7 100 [0.37,1.61] 086 [0.36,134] 088 [047,1.27]
7% 3.00 [-0.31,6.26] 3.0 [246,371] 3.02 [244,3.59]
© 015 [0.07.023] 0.15 [0.07,0.23] 0.13 [0.06,0.20]
h 070 [054,086] 0.73 [0.59,089] 092 [0.87,0.96]
v 200 [078,312] 155 [0.72,235] 119 [0.76,1.60 ]
¢, 0.75 [0.59,092] 066 [0.54,078] 059 [046,0.71]
s 400 [1.61,6.30] 439 [1.95.6.77] 815 [5.09,11.15]
a' 020 [0.08,032] 022 [0.10,034] 023 [0.11,0.35]
p. 0.80 [0.72,088] 083 [0.76.090] 083 [0.78,0.88 ]
p, 0.80 [0.72,0.88] 0.83 [0.75,0.90] 0.89 [0.86,0.93]
o, 071 [0.16,124] 083 [047,1.18] 0.85 [0.59,1.09]
o, 053 [012,093] 037 [027,047] 066 [0.56,0.76]
or 036 [0.08,063] 0.13 [010,016] 0.16 [0.13,0.18]
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Table 4: COMPARISON OF PREFERRED PoLICY RULES

Best in Parameters Loss in Scenario

Scenario W1 Y2 pRr 1 2 3 4
1 3.00 0.19 0.80 -0.77 -0.86 18.5 0.62
2 3.00 0.00 0.80 -0.64 -1.17 4.83 -0.72
3 3.00 0.19 0.95 0.05 -0.40 -17.57 4.79
4 1.75 0.06 0.80  0.37 -0.34 -13.71 -1.46

Notes: Columns 3 to 8 contain mean policy loss differentials relative to baseline policy rule
1 = 2.0, 1o = 0.188, pr = 0.80. The baseline losses for the four scenarios are 2.46, 2.54,
20.13, and 4.77 respectively.

Table 5: Loss DIFFERENTIALS FOR ALTERNATIVE PoLIcY RULES

Rule Parameters Loss in Scenario
Y1 Y2 pr 1 2 3 4
1 — Taylor I (modified) 60.00 4.00 0.95 -1.36 -1.31 29.87 0.35
2 — Taylor TT (modified) 24.00 5.00 0.95 -0.81 -0.61 29.86 6.85
3 — Taylor 11T 1.50 0.125 0.00 5.21 4.78 29.81 2.51
4 — Taylor IV 1.50 0.25 0.00 6.00 7.50 29.86 5.10
5 — Levin - Williams (Bayes) 4.20 0.80 040 -0.02 0.93 29.87 4.64

6 — Levin - Williams (Minimax) 6.50 1.375 0.80 -0.53 -0.07 29.86 6.54

Notes: Columns 3 to 8 contain mean policy loss differentials relative to baseline policy rule
1 = 2.0, Yo = 0.188, prg = 0.80. The baseline losses for the four scenarios are 2.46, 2.54,
20.13, and 4.77 respectively.
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Figure 1: STYLIZED VIEW OF DSGE MODEL MISSPECIFICATION

®'(0 ): Cross-equation Prior for misspecification
0 restriction for given value parameters ®": Shape of contours
i of determined by Kullback-Leibler
distance.

(0 )+p*

subspace generated by the
DSGE model restrictions

01

Notes: ® = [¢1, ¢2]’ can be interpreted as the VAR parameters, and $*(0) is the restriction
function implied by the DSGE model.
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Figure 2: EXPECTED PoLICY L0SS DIFFERENTIALS

1 - Ignore Misspecification 2 - Acknowledge Misspecification, Discard the Past

4 - Learn about Misspecification (Conditional)

Notes: Mean policy loss differentials as a function of v¥; and s relative to baseline policy
rule 91 = 2.0, 1o = 0.188, pr = 0.80. The baseline losses for the four scenarios are 2.46,
2.54, 20.13, and 4.77 respectively. Negative differentials signify an improvement relative to
baseline rule. Surfaces’ color ranges from very light grey (p = 0.7) to dark grey (p = 0.95),

with the darkness of the surface being directly proportional to p.
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Figure 3: EXPECTED PoLicy Loss DIFFERENTIALS

1 - Ignore Misspecification

10

v

3 - Learn about Misspecification (Policy Invariant)
30| . g . .

20
10
0
-10
-“""‘"----__
20 ' - -
1 1.5 2 25 3

2 - Acknowledge Misspecification, Discard the Past
15 - - -

10

1.5

—y

2
v,

4 - Learn about Misspecification (Conditional)
15 . ; .

10}

1.5

St

Notes: Mean policy loss differentials for 1, = 0.188 as a function of 1, and relative to

baseline policy rule ¢; = 2.0, ¥ = 0.188, pr = 0.80. Negative differentials signify an

improvement relative to baseline rule. Lines’ color ranges from very light grey (p = 0.7) to

dark grey (p = 0.95), with the darkness of the line being directly proportional to p.
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Figure 4: IMPULSE RESPONSES AS FUNCTION OF

Scenario 1 — Ignore Misspecification
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Notes: Lines’ color ranges from very light grey (¢ = 1.25) to dark grey (i1 = 2.75), with

the darkness of the line being directly proportional to ;.
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Figure 5: IMPULSE RESPONSES AS FUNCTION OF pg
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Notes: Lines’ color ranges from very light grey (pr = .7) to dark grey (pr = .95), with the

darkness of the line being directly proportional to pg.
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Figure 6: EXPECTED Poricy LoSs DIFFERENTIALS - RISK-NEUTRAL VERSUS RISK-

SENSITIVE

1 - Ignore Misspecification 2 - Acknowledge Misspecification, Discard the Past

Notes: Policy loss differentials relative to baseline policy rule 1 = 2.0, ¥ = 1.88, pr =
0.80. All numbers are computed fixing the value of pgp = 0.8. The baseline losses for the
four scenarios are 2.46, 2.54; 20.13, and 4.77 respectively. Negative differentials signify an
improvement relative to baseline rule. For each scenario, the expected loss differential is

shown in light grey, and the risk-sensitive loss differential in black.



