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Motivation

® Growing concerns about uncertainty & resilience to shocks

— Transportation disruptions in the aftermath of COVID-19

— Uncertainty over national, regional and multilateral trade policies

National security concerns about access to critical goods

— Rising geopolitical tensions (China-U.S. and Russia-Ukraine)

® Key challenge: introducing general equilibrium uncertainty into nonlinear quantitative trade models
— Most prior research assumes that agents have perfect knowledge of the realizations of all general
equilibrium variables when making import and export decisions

— However, most public debates about resilience involve decision-making under general eqm uncertainty

® We make three main contributions
1. Develop a tractable approach to introducing general equilibrium uncertainty into the class of
quantitative trade models with a constant trade elasticity

2. Allow countries to make upfront investments in bilateral import and export capacities that determine
resilience in the face of this general equilibrium uncertainty

3. Show that a country’s risk profile becomes a key determinant of bilateral patterns of international trade,
the terms of trade and welfare
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Review: Armington Trade Model

e Each country has a representative agent with labor endowment 7,, and CES preferences

— Goods differentiated by country of origin, subject to iceberg trade costs (7,,; > 1)

w—1 -

C":<Zi1\ilcniT)mv w>1

® Consumption c¢,,; by importer n of the good produced by exporter i requires:

Cni = Zigni/'rni

® | abor market clearing:
by = ijvzlglm
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Review: Armington Trade Model

e Each country has a representative agent with labor endowment 7,, and CES preferences

— Goods differentiated by country of origin, subject to iceberg trade costs (7,,; > 1)

w

w—1 o—-1
N e w—1
C" = (Zi:l cniw ) ) w > ]-

® Consumption c¢,,; by importer n of the good produced by exporter i requires:

Cni = Zigni/'rni

® | abor market clearing:
by = ijvzlgkn

® |n a competitive equilibrium, factor prices {w, } satisfy

iy = 3 (i)
n=1 ZN

1—
j=1 (wiTng/2) "

)1—w

® Analogous results hold throughout the class of models with a constant trade elasticity )
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This Paper: Economic Environment

® Fach country has a representative agent with labor endowment ?,, and CRRA preferences
— Goods differentiated by country of origin, subject to iceberg trade costs (7,; > 1)

C, 7 N e=lyoeT
11_7'7, Cn = (Zi:lcni ) 5 w > 1

U(Cn) =
® Consumption c¢,,; by importer n of the good produced by exporter i requires:
— Ex ante investments by importer (¢,;) and by exporter (h,:)
— Ex post production labor by exporter (£,;)

a l—a 1-6 5 5
Cni = 29 Tpi Tni = hm em’ (zl/Tm)
~—~
importer's ex-ante imports exporter's ex-ante exporter's ex-post
investment investment production labor
. . . . . . a 1.8 8
— Equivalently, production function of consumption variety is c,; = t5:h; (20ni/Tni)

® Ex ante investments chosen before observing random productivities {z;} and trade costs {7,;};
cannot reallocate ex-post

(labor market clearing) 0, = Ejj\ilbnj + Zszl (Lrn, + hin)

® Without uncertainty, competitive equilibrium is isomorphic to Armington
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Characterizing the Ex Ante Equilibrium

® Ex ante investments depend on expectations over distribution of prices around the world

® FEx ante investments determine resilience in response to productivity realizations

— Focus investments on cheaper suppliers and bigger buyers in expectation
— Or diversify: option to trade with countries with poor expectations but good realizations

Proposition. The ex ante labor allocation satisfies

N

lni = aZn, Z higs = BZ“
k=1

WE

i=1
U'(Cn)
Pn

T

pnzm”mf]

Lni Xn E {

(.
hni oc; E [u (Cl)Pﬁﬂni}
Pi

N 1-o

1-@
—a/s,; —B/S
Qn = Z (Lnja/ h"jﬁ/ ‘rnjwj/z]-) s

j=1

Wy = wnln, Cn = QW30 Py = % =Qdwl-95-9,

6/44



Proposition. As a second-order approximation,

1-@
—a/8,—B/8
bni Xn E (Lma/ Em-ﬁ/ Tm-wz-/zi) ]

ov (InC;W, In (Tm-w,-/zi)l_‘b))
ov (In Wn/Pn,In (mei/zi)lfw))
—Cov (In Q}L_D, In (me7/z7)1_“))
Importer n invests more into import capacity if
i's goods are cheap

® In expectation

® When n's marginal utility is high

® When n has high purchasing power

® When other goods in n's consumption

bundle are expensive

7/44



Proposition. As a second-order approximation,

1-@
Lni Xnp E (Li‘a/(s‘g;iﬁ/é’rniwi/zi) :|

ov (InC;W, In (Tm-w,-/zi)l_‘b))
ov (In Wn/Pn,In (mei/zi)lfw))
—Cov (In Q}L_D, In (me7/z7)1_“))
Importer n invests more into import capacity if
i's goods are cheap

® In expectation

® When n's marginal utility is high

® When n has high purchasing power

® When other goods in n's consumption

bundle are expensive

1—-& . _
b o B |:(Lnia/6€mﬁ/67_m) Qn““)wnén]

X exp (Cov (In C7oIn (Tni/Qn)' wn))

X exp (—C’ov (In Pi,In (Tni/Qn)lf‘b wn))

X exp (Cov (In (1117;/,27;)1_Q ,In (T,”:/Qn)l_‘:’ w,,))
Exporter ¢ invests more into export capacity if
importer n has higher expenditure on ¢

® In expectation
® When i's marginal utility is high

® When i's CPl is low (i.e., when revenue
is valuable in real terms)

® When i's cost of production is low

® Holds regardless of the distribution for exogenous productivity

® Key challenge: characterization of the joint distribution of prices in Armington general equilibrium
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Proposition. Suppose E[Inz] = p, and V[Inz] = X,. Define F as the equilibrium function of the

Armington wage system: Inw = F (In z; §).

1. To second order,

N
1 i
Ellnw)] = F; (p,) + 3 E Hjj, [Z:] Var [Inw] ~ WX, W’
J=1 k=1

where W and H are the Jacobian and Hessian of F evaluated at Inz = p,.

2. The bilateral expenditure share matrix S is a sufficient statistic for the Jacobian and Hessian:

(Tmiwi/zi)_g

Sy (T 2) 7

wnZ n Sm

Sni =

) T’Ln =

Inz=p, Inz=p,
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Data

Balanced panel of 106 countries over 1993-2017

IMF Direction of Trade Statistics

— Bilateral value of trade

Global Macro Database (GMD)

— Country GDP, price indexes and population

World Input-Output Database (WIOD)

— Country gross output for a sample of countries and years

— Predict gross-output to GDP ratio out-of-sample using WIOD sample
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Counterfactual 1: Eliminating Correlations in Productivity (Holding Variance Constant)

A log CE welfare

A log Investment share at home

A log Own trade share
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Loading on global factor

® \Welfare 1 in countries with positive loadings and | in countries with negative loadings
® Removing correlation raises hedging opportunities through trade for countries with positive loadings
® Removing correlation reduces hedging opportunities through trade for countries with negative loadings
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Counterfactual 2: Doubling Global Uncertainty (Holding Constant Expected Productivity)
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® Welfare goes down in all countries because of risk aversion
® Countries trade off domestic goods (with zero trade costs) against foreign goods (with positive
trade costs but imperfectly correlated productivity)
® As global uncertainty T = domestic investments | and domestic trade shares |

0.0

0.1 0.2
Country baseline STD of log(z)
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Counterfactual 3: Mean Preserving Spread for USA Productivity

10U & 10y LE

100 x A expenditure share on USA

® Holding constant mean U.S. productivity and cross-country correlations of productivity
® Countries with +ve covariance with U.S.: welfare |, US investment |, domestic investment 1
® Countries with -ve covariance with U.S.: welfare 1, US investment 1, domestic investment |
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Assess the Quality of the Approximation for the Distribution of Wages

® Invert conventional Armington model to recover productivity (z;) and trade costs (7y;)
— Use data for the 50 largest countries by GDP in 2005
— Invert model to recover bilateral trade costs in 2005

— Invert model to recover productivity annually from 2001-2010

® We find: 2nd-order Taylor expansions provide close approximations to 1st and 2nd moments
— Estimate the mean and covariance (fi. and 3I.) of log productivities

— Simulate Inz ~ N (ﬂ, ﬁz), solve for wages, and estimate their empirical moments

||tn d; — & [In w,] [|[We. W’ — 5,
HI’E['I’] U}z] | ’iw ’

— Cannot detect non-normality for more than 5% of sample by Kolmogorov-Smirnov test

‘ = 0.00002%, = 0.94%
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Conclusions

® Growing concerns about uncertainty & resilience to shocks

— Transportation disruptions in the aftermath of COVID-19

— Uncertainty over national, regional and multilateral trade policies

National security concerns about access to critical goods

— Rising geopolitical tensions (China-U.S. and Russia-Ukraine)

® Key challenge: introducing general equilibrium uncertainty into nonlinear quantitative trade models
— Most prior research assumes that agents have perfect knowledge of the realizations of all general
equilibrium variables when making import and export decisions

— However, most public debates about resilience involve decision-making under general eqm uncertainty

® We make three main contributions
1. Develop a tractable approach to introducing general equilibrium uncertainty into the class of
quantitative trade models with a constant trade elasticity

2. Allow countries to make upfront investments in bilateral import and export capacities that determine
resilience in the face of this general equilibrium uncertainty

3. Show that a country’s risk profile becomes a key determinant of bilateral patterns of international trade,
the terms of trade and welfare
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Thank You



This Paper

® Analytically characterize the first and second moments of endogenous variables induced in general
equilibrium by productivity and trade cost shocks using second-order Taylor-series expansions

— Endogenous variables are high-dimensional and non-linear functions of the exogenous variables

® Allow countries to make ex ante investments in bilateral import and export capacities prior to the
resolution of uncertainty, which determine resilience in the face of this uncertainty

— Solve for investment decisions and trade shares in a competitive equilibrium
— Solution coincides with a domestic planner solving a “portfolio choice” problem over trade partners in GE

® FEx ante investments are affected by variances and covariances of income, prices, and expenditures

— Ex ante investments affect ex post trade flows
— A country's risk profile becomes a key determinant of bilateral trade, the terms of trade, and welfare
— Opening the closed economy to trade affects welfare through both first and second moments

® Quantitative counterfactuals for changes in global and country uncertainty on bilateral patterns of
trade, the terms of trade and welfare

® Second-order approximations are close to the empirical distributions of the endogenous variables
from numerical solutions of the non-linear model for simulated productivity distributions
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Competitive Equilibrium with Uncertainty: Ex Ante Stage

® The representative consumer is indifferent between allocating labor ex ante and ex post

— No cross-country risk sharing (financial autarky)
— Mainly focus in presentation on productivity uncertainty (paper incorporates trade cost uncertainty)

® Firms choose ex ante investments to maximize profits using consumer’s marginal utility as the SDF

— Profits or losses are rebated back to the domestic consumer

® |ncomplete markets: countries may differ in relative marginal utility across states
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Competitive Equilibrium with Uncertainty: Ex Post Stage

® |n the ex post stage, agents take ex ante investments {¢,,;, h,;} as given

® In general equilibrium, trade balance = wages must satisfy

& Wn

1-&
N ( Tniwi/zi)
N
=1 ( Tnjwj/zj)

— Isomorphic to Armington model with trade elasticity @ = m

7<a/6hiﬁ/6Tm'

— Ex ante investments are absorbed into bilateral iceberg trade costs: 7,; = ¢, i
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Solving for an Equilibrium Given p,, 3, and Bilateral Trade Costs T

Initialize a guess of ex ante bilateral investments {¢,,;, h,; }
1. Solve for wages and expenditure shares in the ex post equilibrium where Inz = p,
2. Derive first and second moments of endogenous variables using Jacobian and Hessian
3. Update ex ante investments and go to step 1

Iterate until convergence
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Certainty-equivalent Welfare and Gains from Trade

® Certainty-equivalent welfare:
Wa=U B (C) = E[c, )7
® To second-order,
W, ~ E[nCy]+ - 'yV[mcn]
® Gains from trade:
InWn/ Wi~ E[InC—InC*] + 1_77 (V[InC] =V [InCc*])

lnn hnn ﬁ
= mfam () o (B2 ) 1 omst ]

1= 2 (V] -V [nee))
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® Alternative interpretation: equilibrium coincides with solution of domestic planners choosing
within-country allocations, taking the distribution of ex post tradable prices as given

® FEx ante investments: the domestic planner’s “portfolio choice” over trade partners

Lemma. (Campbell and Viceira 2001, Allen and Atkin 2022) Let x denote a N x 1 lognormal
random vector, Inx ~ A (p,,X;), and a is an N x 1 deterministic vector. Then a'x is approximately
lognormally distributed

® Earlier propositions hold independently of this Lemma
® |emma — sum of lognormal random variables is approximately lognormal
® Lemma — derive mean and variance of this sum using a second-order Taylor-series expansion

Assume productivity is lognormally distributed
Iteratively apply to Armington equilibrium conditions
— Obtain approximate lognormal distribution of wages as a fixed point

iy =3 (i)
=1 Sy (wimni/z)
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Additional Theoretical Implications and Extensions

® Certainty-equivalent welfare and gains from trade
® Multi-sector

® Complete markets and risk-sharing
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Multi-sector

1—y
1—v

K
H (chy™,  Ch=

=1

® Each country needs to make ex ante investments against each trade partner in each sector
— Ex post equilibrium isomorphic to Costinot, Donaldson, and Komunjer (2012)

Proposition. As a second-order approximation,

e[ ]
e (" )1,@))
<o (con (/e (i)
X exp (—Cov (In (Qﬁ)“—w) n (mel/z )1_®>)

—a/é k)—/i/(i

ooz [ () T;;/Qf)” it
Cov (InC v |n( m/Q ))
~Cov <In'Pn, (ri/Qb)! ))
Cov (In w,,/zn)l_l:),ln (rh/at )1 @ ))

X exp

X exp

X exp

/—\AA
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Complete Markets and Risk-sharing

® Competitive equilibrium with financial autarky: generically inefficient due to incomplete markets
— Countries value states differently (i.e., % not constant across states of the world)

Under complete markets, there exists state price density ¢ (s) such that

U (Cn () /Pu(s) = Cusp (9)
® Ex post wages in state s satisfy
v [tih (1 () s () )] = v

n= N 6 @ n=
! Zj:l |: ’I’Ljhgj( g"j /T"j) ] !

Ex ante budget balance implies

E g (5) wn (8)]€n = E [ (5) Pn (5) Ca ()]
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Quantitative exercises

® Set baseline expected log-productivities (p,) and trade frictions based on inverted values in 2017
— Covariance matrix X, based on the full-sample
— Inversion is based on the deterministic Armington model

® Parameters
— =0 (no exporter ex-ante investments)

— a=0.5, and w = 9: match short-run and long-run trade elasticities of #° = % = 0.8 and
O = a4+ B+ 6w —1=4.0

— Risk aversion: v = 10 (Collin-Dufresne et al. 2016)

® Undertake principle components decomposition of the variance-variance matrix
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Examples - High and Low Covariance

High correlation: DEU-FRA Low correlation: KWT-KOR
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Global Factor

Global factor in productivity process

15F
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0.0

—-0.5 |

—~1.0}

1995 2000 2005 2010 2015

® Global factor (1st principal component) accounts for 43% of productivity variance

® First 5 factors account for 80%
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Bilateral Covariance and Bilateral Frictions
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Counterfactual 4: Mean Preserving Spread for CHN Productivity

100 x log-A CE

100 x A expenditure share on CHN

® Holding constant mean Chinese productivity and cross-country correlations of productivity
® Countries with +ve covariance with China: welfare |, US investment |, domestic investment 1
® Countries with -ve covariance with China: welfare 1, US investment 1, domestic investment |
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Armington Wage System

® The equality between a country's income and expenditure on its good in the deterministic
Armington model implies the following equilibrium function

Inw = F(Inz0)

_ Ly (Triw;/ exp (In zi))fe
21?:1 £; (Tniwi/ exp (In zk))_e

Inw; = In Z EniWn, Eni
n
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Jacobian

® Totally differentiating the income accounting condition around an initial equilibrium, holdin
constant labor endowments (£,,) and trade costs (7,,;), and allowing country productivities %zn) to
change, we obtain:

N N N
dInw; :Ztmdlnwn—&—é‘ (ZZtmsnh[dlnwh— dlnz] — [dInw; — dlnzi]> ,
n=1

h=1 n=1

® where t;, is the share of exporter i's income from market n:

—0
Sniwngn (T’nlwl/zl)

; Snit = N

S (Tngwi/2) "

® This market clearing condition has the following matrix representation:

wils

dinw=TdInw+6(TS—I)(dlnw— dInz),
® which can be re-written as:

(I-T-0(TS—1I))dinw=—0(TS—1I)dInz.
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Jacobian

® To solve for wages we use our choice of world GDP as numeraire, which implies QdInw = 0.
Using this choice of numeraire in the market clearing condition above, we have:

(I-T—-0(TS—1)+ Q) dinw=—6(TS—1)dlInz.

which can be re-written as:
dinw =WdlIngz,

W=—-(I-T-0(TS—1)+ Q) '0(TS—1I).
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Hessian

. 2
® To derive the Hessian, i.e., H} = 47 Inwi e need to take derivative of Jacobian matrix (W)
J dlInzjdIn 2

with respect to dIn z;. Define Z =1 — T — P4 (TS — I) + Q. Note that:
dZ = —dT — 0P (dTS + TdS).
Using this result, we have:
AW = (I - Q) [27'(dZ) Z7'9PA (TS — I) - 0P4Z~1d(TS - I)],
=(I-Q)[-Z'(dZ)W —6P4Z7 ' (dTS + TdS)],
—(I-Q)[Z " (dT + 6" (dTS + TdS)) W — 64 Z~ ' (dTS + TdS)]
(I-Q) [z 'dT [(I+6P*S) W —0S]+6P*Z ' TdS(W —1I)].
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Hessian

. 2
® Therefore Hessian (H, = dp W = %) of wages to productivities is:

GW =TI - Q){Z 7 (dT) ((I+6P*S) W —0PA8) + 0P Z~' T (d),8)(W - I)},

(dS) ;= 07" Sni (8 — Tit — St + (ST) 1)
(deT);, = Tin [ — T + OPA (831, — Jir, — Sr, + (S9),0)] >

where §;;. is the Kronecker delta:

s 1 ifi=k
TV 0 Ak
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Trade Costs

Proposition. Define F' as the equilibrium function in the deterministic Armington model that maps
log productivities (In z) and log trade costs (InT) into log wages (In w) given the trade elasticity (6):
Ihw=F(Inz,InT;0).

(A) To second order,

1 d?In Fy,
Ellnwy] =~ Fg(poe pr) + 3 Z dnrodinr [ET]ni,mj
ni,mj

d2In F, a2 In F,
Ez‘r i mi
Zdlnzzdlnz Zdlnzzdlnrm][ lismg

Vinw]~ WS, W + MS.M'+ WS, M' + MY, W

where the Jacobian matrices W = %} and M = [gl':;”k} and the Hessians (the second deriva-

tives) are evaluated at (Inz,In7T) = (p., 7).
(B) The bilateral expenditure share matrix S is a sufficient statistic for the Jacobian and Hessian:

(Tniwi/z) "

Sy (T 21)

Sni =

Inz=p,
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Deterministic Armington Inversion

® We observe nominal GDP (y;:), population (¢;;), expenditure shares (s,;:) and price indexes (p;:)
® We recover nominal wages (w;;) as:
Wi = —.
it Eit
® We recover country productivities (z;;) using the above solutions for nominal wages (w;;), together
with observed bilateral expenditure shares (s,;:) and price indexes (ps):

1
Wyt 1\«
— = Zig \ — .
Pit Siit

® We recover bilateral trade costs (7,,;+) using our solutions for wages (w;;) and productivities (z;),
together with observed expenditure shares (s,;;) and price indexes (p;):

1—w
_ [ TnitWst
Snit = .
ZitDit

® Normalization: 7 = 1
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Principal Components

® We have a dataset X of n observations and j variables, written as an n x j matrix
® The columns of X are mean-centered, such that each column has zero mean
® Step 1: Compute the covariance matrix:

1
n—1

> = XTx

Step 2: Solve the eigenvalue problem:
Evk = )\k’l)k
— vy is the kth eigenvector (a principal component direction)

— Mg is the eigenvalue (the amount of variance in that direction)
— Sort eigenvalues from largest to smallest: Ay > X2 > ...\

Step 3: Form Principal Components
— The k-th principal component score for observation 7 is:

_ T
Zik = T Vg

— where z; is the i-th observation (as a column vector)
— vy tells you the direction (i.e., weights on original variables)
— zi; tells you the value along that direction for each observation
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Principal Components

® Dimensionality reduction

— We can approximate the original data using only the first few components:
X~ Z,Vi§

— Zj is an n X k matrix of the first k principal component scores
— Vi is a j X k matrix of the first k eigenvectors

® We keep most of the variance while reducing the number of variables from j to £ < j
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Campbell and Viceira (2001)

Lemma. (Campbell and Viceira 2001, Allen and Atkin 2022) Let x denote a N x 1 lognormal
random vector, In@ ~ N (u;, X;), and a is an N x 1 deterministic vector.

® Define €; = Inz; — p15,. Note that E[e,,] = —102 from the properties of the lognormal distribution.
We have

Ina'z = InE a; %,
= Ing a; exp (i)

T;
exp (1)’

a; exp (fia;) Zi
| ! L
nZazexp fa;) + HZ >, ajexp (11a;) €xp (p1;)’

In Z a; exp (fg;) + In Z my, exp (In2; — pa,) ,
i i

where we have defined
_aiexp (pa,)
My =

L aep (pa)
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Campbell and Viceira (2001)

® Note that In @’z is a linear combination of lognormally distributed random variables and hence is
approximately lognormally distributed (e.g., Mehta et al. 2007)

® Taking a second-order approximation around €; = 0, we have

InamNIaneXp s, +Ian€ (1+61 ; 2>7
InZazexp j +me1 (ez > szxlmszy-

® Taking expectations, we have:

1 1
E[lna’'z] ~ In zl: a; exp (fg;) + 3 zz: Mg, 07 — im,'(EXmX,

Vina'z] ~ m.X,m,.
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Complete Markets

® QOptimization of each country’s representative consumer

1 N\ 7T
max u, = i <§; eni (W) 7 ) dF (w)

cm-(w)

st. / Pt () ni () dF () = / wy () £ dF ()

General equilibrium condition

w; (w) 4; (w) = Z Sni (W) En (w)

where Sy; (w) = Mm(w)) By (w) = Zj Pnj (W) enj ()

; Pnj(w) cnj(w
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Complete Markets

® Within a state:
Dni (W) Cni (W)

Pni (w)l_g

> Py (@) €ng (@)

Across states:

Pn ( )cn(w)

52 png (W) 7

Pn (W)l_;

1

T o (@) e (@) dF ()

= (anj(w)lg> 7 ;

where

J pn (w)l_V dF

“(Few)

(w)

42 /44



General Equilibrium

® Define the following variables
1-0o

S5 (w) = Pni (w)
U S

1 y—1

E.(w) = / wn () €y dF (w) (ij"j(w)_?

S (@) 7) 7T ar ()

Pri (W) = wi (W) s (w) /2 (w)
® We can write the general equilibrium condition as

1 y=t

S - I =

- Z-{wﬁ(“m"(“)}l_g w10\ T
J zi(w) i (Z] [JZJTT;J)} ) dF (w')

[ @) ndr @)
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Example: Risk Profile as a Source of Comparative Advantage

® Consider a world with three countries, with identical sizes and E [In z] but different risk profiles

1 0 Vi—z
EZ: 0 1 \/E N xE[O,l]
Vi—z z 1

— Log-utility, no trade costs, complete markets
welfare: varying country 3's loading

\ = Country 1
0.845 - Country 2

\ = Country 3

0.840

0.835

0.830

0.825

N
~ . S
0820 - - _ _ .-
0.00 0.25 0.50 0.75 1.00
load on country 1 <--------  eeeeees > load on country 2

® As z  from 0 to 1, country 3 becomes more dissimilar to country 1 and more similar to country 2

— Countries T ex ante investments towards importing from country 1, improving its terms of trade

® More broadly, risk profile is a source of comparative advantage & affects ToT and trade flows
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