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Abstract

This paper analyzes the dynamics of prices and wages using a limited information approach
to estimation. I estimate a two-equation model for the determination of prices and wages derived
from an optimization-based dynamic model, where both goods and labor markets are monop-
olistically competitive, prices and wages can be re-optimized only at random intervals, and,
when not re-optimized, can be partially adjusted to the previous period inflation. The estima-
tion procedure is a two-step minimum distance estimation, that exploits the restrictions that
the model imposes on a time series representation of the data. Specifically, in the first step I
estimate an unrestricted autoregressive representation of the variables of interest. In the second
step, I express the model solution in the form of a constrained autoregressive representation of
the data, and define the distance between unconstrained and constrained representations as a
function of the structural parameters that characterize the joint dynamics of inflation and labor
share. This function summarizes the cross-equation restrictions between the model and the time
series representations of the data. The parameters of interest are then estimated by minimizing
a quadratic function of that distance. I find that the estimated dynamics of prices and wages
track actual dynamics quite well, and that the estimated parameters are consistent with the
observed length of nominal contracts.
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1. Introduction

This paper is an empirical analysis of the dynamics of wages and prices implied by a model of
monopolistic competition in goods and labor markets, with sluggish adjustment of prices and wages.
The objective of the paper is to investigate the link between real and nominal variables predicted
by an optimization-based model, without specifying the whole structure of a general equilibrium
model.

Building on previous work that has shown that inflation fluctuations are fairly consistent with
the predictions of an optimizing model of staggered price-setting, if one takes as given the evolution
of marginal cost,! this paper takes the analysis one step further, endogeneizing the determination
of nominal wages, to provide an empirical analysis of the joint dynamics of wages and prices and
their interaction with aggregate real variables. Allowing sluggish adjustment of both wages and
prices, it also seeks to shed light on whether the source of the inertia that appears to characterize
nominal variables rests more on the price or on the wage adjustment mechanism.

The model T analyze is a generalized version of the discrete-time Calvo model for both price and
wage setting, of Erceg, Henderson and Levin (2000).2 Specifically, I assume that monopolistically
competitive firms set their prices to maximize the discounted expected value of their future profits,
and reset prices only at random intervals. Similarly, monopolistically suppliers of differentiated
labor services can re-optimize their wages only at random intervals. On the other hand, I assume
that both firms and workers, when not allowed to re-optimize, can adjust their prices to past
inflation.

Sluggish price and wage adjustments of this kind, following Calvo modeling, are often introduced
in general equilibrium models of business cycle to build in a channel of persistence of monetary
policy effects. Estimating the price/wage block within a completely specified general equilibrium
model requires further specifications, such as the nature of capital accumulation, the details of

fiscal and monetary policy, and the specification of the nature of the shocks. Few papers do so

'This is argued by Gali and Gertler (1999), Gali, Certler and Lopez-Salido (2003) and Sbordone (2002) for the U.S.;
Gali, Gertler and Lopez-Salido (2001), Batini, Jackson and Nickell (2002), Gagnon and Khan (2003) for European
countries and Canada. The robustness of these estimates has been variously discussed: among the criticisms, see
Rudd and Whelan (2002), Kurmann (2002), and Linde’ (2002).

2This way of modeling the wage and price sector is now widely used in empirical DSGE models; see, for example:
Amato-Laubach (2003), Christiano et al. (2001), Altig et al. (2002), Smets and Wouters (2002a,b). A comprehensive
exposition of such model can be found in Woodford (2003, ch. 3).



by adopting a full information approach to estimation which uses maximum likelihood methods,?
others rely on the identification of a single shock and estimate the model parameters by matching
theoretical and empirical paths of the impulse response functions to that shock.?

The strategy proposed here aims instead at estimating the dynamics of wages and prices implied
by this model, without having to specify a whole general equilibrium structure. I compare the
equilibrium paths of wages and prices derived from the optimizing model to the paths described by
an unrestricted vector autoregression model. Under the null hypothesis that the theoretical model
is a correct representation of the stochastic process generating the data, the restrictions that the
model solution imposes on the parameters of the time series model should hold exactly. I propose to
use these restrictions to construct a two-step distance estimator for the parameters of the structural
model.

This approach follows directly from Campbell and Shiller’s (1987) analysis, where they suggested
to test the present value model of stock prices by testing the restrictions that it imposes on a
bivariate time series representation of dividends growth and the price /dividend ratio. The model
analyzed here involves as well two present value relationships. When inflation expectations are
solved out, price inflation depends upon the present discounted value of expected future deviations
of marginal costs from the price level; similarly, when wage expectations are solved out, wage
inflation depends upon the present discounted value of expected future deviations of the marginal
rate of substitution from the real wage. The joint model then imposes testable restrictions on a
multivariate time series representation.

My estimation approach proceeds as follows. I derive the (approximate) equilibrium conditions
for price and wage setting from the optimization-based model, and write them in the form of two
expectational difference equations in inflation and labor share. I then estimate a multivariate time
series model to describe the evolution of all the variables that affect the determination of inflation
and labor share. Combining the structural equations and the estimated time series model, I solve
for the paths of inflation and labor share as functions of exogenous and predetermined variables.
This solution represents a restricted autoregressive representation for inflation and labor share,

where the parameters are combinations of the structural parameters and the parameters of the

#For small models, the pioneering work using maximum likelihood estimation is Ireland (1997). Smet and Wouters
(2002a,b) have applied that methodology to larger scale models.

*For ex., Amato-Laubach (2003), Christiano et al. (2001), and Altig et al (2002).



unrestricted time series process. I can then recover the restrictions imposed by the theoretical model
by comparing the coefficients of the restricted and the unrestricted autoregressive representations.
These implied restrictions can be interpreted as a measure of the distance between the model and
the time series representation: the structural parameters are estimated as those that minimize a
quadratic form of this distance.

The estimator I propose is therefore a two-step distance estimator: the first step involves the
estimation of the time series model, and the second, taking as given those estimated parameters,
minimizes the distance function.

Two important issues are involved in the implementation of the proposed empirical strategy.
First, the data need a preliminary transformation so that the stationary variables that define the
equilibrium conditions of the model have a measurable counterpart. To handle the presence of a
stochastic trend in the time series considered, I use a multivariate approach based on the estimated
unrestricted vector autoregression representation: the specification of the VAR is therefore central
to both steps of the estimation procedure.

The second issue is the modeling of the marginal rate of substitution, which is the real wage
that would prevail in a competitive market, absent wage rigidities; throughout the paper I refer
to the marginal rate of substitution as the flexible-wage equilibrium real wage. The expression for
this equilibrium wage depends upon the assumptions that one makes about household preferences;
without adopting specific functional forms for preferences, I discuss in turn the form that the
flexible-wage equilibrium real wage would take under different assumptions.

The rest of the paper is organized as follows. In section 2 I lay out the elements of the op-
timization model for the determination of the path of price and wage inflation. In section 3 1
characterize the two-step estimator, and relate it to similar estimation approaches used in business
cycle literature. Section 4 discusses how to model the flexible-wage equilibrium real wage, while
section 5 presents the estimation of the time series model and discusses the treatment of the trend.
Results are presented and discussed in section 6. Section 7 discusses robustness checks, and section

8 concludes.



2. Wage and price dynamics with backward indexation

As said, the model is based on Erceg et al. (2002), but allows partial indexation of both wages
and prices to lagged inflation.® Since the basic structure of this model is quite well known, the
exposition below is kept to a minimum and targeted to illustrate the meaning of the coefficients to

be estimated.

2.1. Staggered price setting with partial indexation

The forward looking model of price setting estimated here generalizes the Calvo model by allowing
the firms that can’t reset optimally their price to adjust it by the previous period increase in the
general level of prices.

Specifically, at any point in time a fraction (1—ay) of the firms choose a price X, that maximizes

the expected discounted sum of its profits
EXj05Quers (Xpt Ui Yer; (1) — C(Yig; (7)) (2.1)

where Q4 is a discount factor between time ¢ and t + j, Y;(4) is the level of output of firm ¢,
C(Y2,444(2)) is the total cost of production at t + j of the firm that optimally set prices at ¢, and

1 i=0
U, = P . 2.2
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The coefficient g, € [0, 1] indicates the degree of indexation to past prices, during the periods in
which the firm is not allowed to re-optimize.

The demand for goods of producer 1 is

. X0\ 0
Vi) = (T54) iy (23)

Py
where 6, > 1 denotes the Dixit-Stiglitz elasticity of substitution among differentiated goods, and

the aggregate price level is

1

Po= (1= ap) Xy " 4 (it Pra) 0 | T (2.4)

The first order condition of this problem can be expressed as

6
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Full backward indexation was first introduced in Christiano et al. (2001). The generalized model with partial
backward indexation is detailed in Woodford (2003), ch.3.



where Siyj+(7) is nominal marginal cost at ¢+ j of the firms that optimize at time ¢. Dividing this

expression by P;, and using (2.2), one gets

| . 0 N - -
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where x,; is the relative price of the firms that optimize at ¢, and s4y;+(7) is their real marginal
cost at time t + j. A log-linearization of this expression around a steady state with zero inflation
gives

~ ~ S i1~
Tpr = (1 — apB) X520 () By <5t+j,t + 3 Tk — sz}]]{;:oﬂ-t-‘rk) (2.5)

where hat variables are log deviation from steady state values.® Under the hypothesis that capital
is not reallocated across firms, s;y;; is in general different from the average marginal cost at time

t+ 7, St44, so that
~ ~ ~ 1 ~ —1 ~
St4jt = St45 — Opw <xpt - (Ei:ﬂtﬂc - ngiZOWHk)) (2.6)

where w is the output elasticity of real marginal cost for the individual firm.” Therefore, substituting

(2.6) in (2.5) one obtains
(14 0,0) By = (1 — apB) B2 (0pB) By (§t+j + (14 0,0) (zg;:ﬁm - gng;})mk)) (2.7)

Similarly, dividing (2.4) by P; and log-linearizing:

(07
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Finally, combining (2.7) and (2.8) one gets
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(2.9)

Tt — OpTt—1 =

which is equivalently written as®

Ty — i1 = (St + B By (Te1 — 0,71)

63 is the steady state value of the discount factor, and the index i on variables chosen by the firms that are
changing prices is suppressed, since all those firms solve the same optimizing problem.

"When the production function takes the Cobb-Douglas form, for example, w = a/(1 — a), where (1 — a) is the
output elasticity with respect to labor.

8This result is obtained by forwarding (2.9) one period, multiplying it by 8, and subtracting the resulting expression
from (2.9).



where I set ( = %. This equation describes the evolution of inflation as function of past
inflation, expected future inflation and real marginal costs; compared to the standard Calvo model,
where g, = 0, this expression contains a backward-looking component that many have argued is a

necessary component to fit the inertia of inflation data

¢
1+ 0,8

At the other extreme of complete indexation (Qp = 1) considered, for ex. in Christiano et al.

~ 2

Tt 7?;5_1 + LﬁEﬂ?H—l + /S\t (210)

149,08 1+ o,

(2001), the model predicts that the growth rate of inflation depends upon real marginal costs and
the expected future growth rate of inflation. In this case coefficients on past and future inflation
sum to 1, and, for § close to 1, they are approximately the same. For low levels of indexation,

instead, the coefficient on past inflation is significantly smaller than the one on future inflation.’
2.2. Staggered wage setting with partial indexation

As the firms, households are assumed to set their price (for leisure) in a monopolistically competitive
way, analogue to the Calvo price model. Each household (indexed by i) offers a differentiated type
of labor services to the firms, and stipulates wage contracts in nominal terms: at the stipulated
wage they supply as many hours as are demanded. Unlike Erceg et al. (2000), I allow preferences
10

to be non-separable in consumption and leisure.

Total labor employed by any firm j is an aggregation of individual differentiated hours h;

| Lo e 10u/0u)
HI = [/0 plfw=b/ “’dz’] (2.11)

where 6,, is the Dixit-Stiglitz elasticity of substitution among differentiated labor services (6,, > 1).

1
W; = [ / Wi0wg;
0

The demand function for labor services of household ¢ from firm j is!

The wage index is defined as

}1/(1—9@
1

hl, = (Wi/W3) ™" H] (2.12)

%A similar equation can be obtained with a slightly different set of assumptions, as, for example, in Gali-Gertler
1999. They assume that part of the optimizing firms behave as ‘rule of thumb’ price setters, indexing their price to
the inflation of the previous period.

10 Although I do not specify at this point the functional form of preferences, I assume here that they are time
separable, and the momentary utility is defined on current values of consumption and leisure.

"'This demand is obtained by solving firm j's problem of allocating a given wage payment among the differentiated
labor services, i.e. the problem of maximizing (2.11) for a given level of total wages to be paid.



which, aggregated across firms, gives the total demand of labor hours h;; equal to
hiy = (Wi /W)~ H, (2.13)

where Hy = | [ Hldj|.
At each point in time only a fraction (1 — a,) of the households can set a new wage, which I
denote by X, independently of the past history of wage changes.'?> The expected time between

wage changes is therefore 1_1%. I also assume, as in Erceg et al. (2000), that households have

access to a complete set of state contingent contracts; in this way, although workers that work
different amount of time also have different consumption paths, in equilibrium they have the same
marginal utility of consumption.

Finally, for wages that are not re-optimized, I allow indexation to previous period inflation :
specifically, for g, € [0, 1], the wage of a household [ that cannot re-optimize at ¢t evolves according
to

l_ o l
Wy =m > Wiy

This hypothesis implies that wages reset at time ¢ are expected to grow during the contract

period according to

th+j = th\I/tj, where \Ijtj =

! ifj=0 ] (2.14)

i—1 0y, e
H‘ijczo 7r§+k if j>1
The aggregate wage at any time t is an average of the wage set by the workers that optimize, Xy,

and by those who do not:

Wi = (1 — ) (Xut) ™% + (78, W1

1
1“9“’] =0 (2.15)

The wage setting problem is defined as the choice of the wage X,,; that maximizes the expected
stream of discounted utility from the new wage, defined as the difference between the gain (measured
in terms of the marginal utility of consumption) derived from the hours worked at the new wage
and the disutility of working the number of hours associated with the new wage. The objective

function is then

CTAS, .
E { 20 (Bow)’ [% (XwtWeihiyje — PrvjCitrs) + U(Ciry, ht—&-j,t)} } (2.16)
+

12 As for the price case, varying o, between 0 and 1, the model allows various degrees of wage inertia, from perfect
wage flexibility (a., = 0) to complete nominal wage rigidity (., — 1).



where Af, it denotes the marginal utility of consumption at ¢ + j of workers that optimize at ¢, and

hit;j+ denotes the hours worked at t + j at the wage set at time t. Given (2.14), the last evolve as

KWy \
hiyje = (—wt tJ) Hyyj (2.17)

The first order condition for this problem can be written as

XU\ 0 Xuwt Vi 0
oo 7 wt * 17 H, . . wt ¥tj - w . =0 2.18
Et { 7=0 (/Baw) < IIrt_'_j t+j —F)t—l—j ew o 1Ut+]7t ( )

where vy is the marginal rate of substitution between consumption and leisure at date ¢t + j,

when the level of hours is hsijs. A log-linear approximation of this equation is!'3

Tt — 0uTi—1 =7 (0 — @) + B (ETihy — 0u7t) (2.19)
where v = %, and the parameter x reflects the degree of non separability in prefer-
ences.

2.3. A complete model

The dynamics of wages and prices is then described by the two log-linearized equilibrium conditions
(2.10) and (2.19). Using the fact that the approximations were taken around a point with zero
wage and price inflation, 7, = m = Apy, and 7 = 7 = Aw,. Furthermore, $; = wy — py — ¢ since
real wage and labor productivity share the same stochastic trend. Similarly, vy —&; = vy — (wp — py),
since marginal rate of substitution and real wage also share the same stochastic trend.

Equations (2.10) and (2.19) can be then rewritten as

_ % B S oy
Apy = g QpBApt—l + T QpBEtApt+l + T+ 0,0 ((we — 1) — pe) + upe (2.20)
Awy = 0,Api—1 + BE; (Awep1 — 0,Apt) + v (e — (W — pr)) + Wt (2.21)

As these equations show, two gaps drive the dynamics of prices and wages: the excess of unit labor

costs over price (the real marginal cost), and the excess of the ‘equilibrium’ real wage over the actual

(1—op)(A—app)

wage. The two parameters ¢ and -, defined quite symmetrically, to recall, as { = (00

13GSee derivation in the Appendix, sect. 9.1.

My = %ZC%HnC +n, , where 5, and 7, are, respectively, the elasticity of the marginal rate of substitution with

respect to consumption and with respect to hours, evaluated at the steady state. AS and Aj, are derivatives of the
marginal utility of consumption A® with respect to consumption and with respect to hours. When preferences are
separable in consumption and leisure Aj, = 0.



(1—aw)(1—Bow)
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gaps. These parameters in turn depend upon the parameters that determine the frequency of price

and v = , measure the degree of gradual adjustment of prices and wages to these
and wage adjustments, respectively «;, and a,; the degree of substitutability between differentiated
goods 0, and that between differentiated labor services 0,,; the elasticity of firms’ marginal costs
with respect to their own output w, and the degree of non separability in households’ preferences,
X-

I have included an error term in each equation: these terms may pick up unobservable mark-
ups variations, or allow for possible misspecifications induced by the log-linear approximation. I
assume that the error terms are mutually uncorrelated, serially uncorrelated: E (uitu;tf x) = 0 for
i,j = p,w, and k # 0, and unforecastable, given information set.

These equations show the interdependence of wages and prices, and their dependence upon
the evolution of productivity and the other real variables that determine the evolution of the
flexible-wage equilibrium real wage. In a fully specified model, this evolution would be described
by similar structural relations. Here instead I focus on the restrictions that these equilibrium
conditions impose on any general model that includes sluggish price and wage adjustment of the
form described, independently of the specific form that the other structural relationships may take.

Specifically, I proceed as follows. I assume that the evolution of the variables that determine
the path of wages and prices can be summarized by a covariance stationary, m-dimensional process
Xy

X =21 Xp 1+ ..+ 0, X+ (2.22)

(for some lag p to be determined empirically), where E(g;) = 0, and E(gel) = Q for 7 = ¢, and 0
otherwise. This vector includes, in addition to wages and prices, at least labor productivity ¢ and the
determinants of the ‘flexible-wage equilibrium’ real wage v. Letting Z; = [X; Xp—1  ...Xp—py1),

this process can be represented as a first order autoregressive process:
Zt = AZt,1 + Qé‘t (223)

where

(e @y .. B, R
A=171 o .. Q]’Q_[Q}

The system of equations (2.20) and (2.21) place a set of restriction on the parameters of the

process (2.23). The nature of these restrictions can be recovered as follows: if one considers the



joint process of (2.20), (2.21), and (2.23), one can solve for equilibrium processes {wy,p;}, given
stochastic processes for {vt,¢:}, and initial conditions {w_1,p_1}. This solution can be expressed

as a particular restricted reduced form representation for the vector Z;
Zi=ARZ, 1+ %

with A% = G (1, A). 9 is the vector of the structural parameters of interest (defined below), and
the function G incorporates the restrictions that the theoretical model imposes on the parameters
of the time series representation. The estimation procedure that I present in the next section is
based on minimizing the distance between the restricted and the unrestricted representations of
the relevant components of vector Z; (i.e. the relevant elements of matrices A and A%.)

Before discussing the implementation of the estimation procedure, I will present the model in
the form that I solve, which involves the transformation of eqs. (2.20) and (2.21) in equations for
price inflation and labor share. I will also derive the specific form of the restrictions that define the
distance function used for the estimation of the structural parameters.

In what follows, I'll make use of the following identities

@ = q-1+Agq (2.24)

wy—pr = W1 —p-1+ Awy — Apy (2.25)
and of an expression that defines the theoretical model for the flexible-wage equilibrium real wage
v =q +Z2Z (2.26)

where the elements of = depend upon assumptions about the long run trend driving the time series,
and the specification of the unrestricted representation (2.23). The crucial assumption that delivers
(2.26) is that productivity, real wage, output and consumption are all driven by a single stochastic
trend, while hours are trend stationary. The specification of the vector X, the choice of the lag

length p, and the form of the vector of coefficients = will be discussed below.
3. Approach to estimation

Substituting (2.26) in (2.21), and rearranging, we get

Qu

1 _ -
EiAwipq = EAwt + 0,Ap: — 3 Api_1 + % (we — Pt — qr) — SEZ; + Ut (3.1)

™=
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Similarly, we can rearrange eq. (2.20) as

1
+6QpﬁApt - %Aptfl - % (wg — Pt — q¢) + Upt (3.2)

where Uy = B Uy, and Upe = (1 + Qpﬂ)b’_lupt.

EiApi1 =

It is convenient to rewrite (3.1) as an equation in the labor share variable s; = w; —p; — g; (which
measures the real wage adjusted for productivity, or real unit labor cost), to obtain a two-equation
system in inflation and labor share.!® Subtracting (3.2) and E;Aq. 1 from (3.1), we can derive

EiAsi 1 = Fy (Ath — Apgy1 — Agiq1) as

1 1 o — 0
Eisip1— s = BAwt + <Qw —0p— E) Apt + <%> Apgq
+ -
+ <%> St — %:Zt - EtAqt+1 + Vi (33)

where v, is a composite error term.
As it will be explained below, productivity growth Ag; is an element of the vector X;, so that,
by (2.23):
EtAqt+1 == €;AZt (34)

where the selecting vector ei] has a 1 in correspondence of productivity growth, and zero elsewhere.

Combining the terms in s¢, and using (3.4), eq. (3.3) becomes

1+8+v+ 9 — 0 1
Eisiyr = (0w — 0,) Apt + <M> st + <u> Api1 — 751

g g
— <%E - %e; + e;A> Zy+ vy (3.5)
Defining a vector y; as
Yyt = [ se w1 501 ] (3.6)

and letting Y;11 = [y1+1 Zi+1]’, we can write the system of equations composed of (3.2), (3.5), and
(2.23) as
EtY;g+1 =M Y;f + N Ut (37)

where u; = [upt Uy, and the square matrix M (of dim. (4 + mp)) is partitioned as

_ | Myy Myz | M
i I RS

15 As will become clear later, this transformation is suggested by the properties of the time series of wage and
productivity. The transformed structural equations have therefore the same form of their corresponding unrestricted
representation in the process Z;.

11



The (4 x 4) block M, describes the interaction of the structural variables, the (4 x mp) block M,
describes the dependence of structural variables upon the exogenous block.'® If the matrix M has
exactly two unstable eigenvalues, the system of equations (3.7) has a unique solution, which can

be expressed as an autoregressive form
Y, =GYi—1 + Fuy (3.8)

where the matrices G and F' depend upon the vector of structural parameters, ¢, and the parameters
of the unrestricted VAR process, A, and vy = (uj, ;). The solution for the endogenous variables

7 and s; is the upper block of (3.8), and can be expressed as

T = yu=9g" (Y, A1+ ffoe=ggy1+ 9721+ [T (3.9)

st = yu=g" (Y, A)Yio1 + [Pur = gy + 9721 + fu (3.10)

where g and f* (for i = 7,s) denote the row of the matrices G and F' corresponding to variable
i. Since both inflation and labor share are elements of the unrestricted process (2.22), they can be

expressed as elements of Z;, with appropriate definitions of selection vectors e/, and €/, :
T =erZy and s; = el Z; (3.11)

Similarly, the vector y;—1, which includes lagged inflation and labor share, can be expressed as
elements of the vector Z;_1, by way of an appropriate selection matrix Y : 4,1 = YZ; 1. Using

this definition, and substituting (3.11) in (3.9) and (3.10), we get

G;Zt — gz,TTZt—l - gth_l == fW’Ut (312)

€;Zt - g;TZt,1 - gSZZt,1 = fSUt (313)

Finally, projecting both sides of (3.12) and (3.13) onto the information set Z;_1, and observing
that, by assumption, E(v¢|Z;—1) =0, and also F(Z;|Z;—1) = AZ;_1, one obtains

e;—AZt—l - g;’TZt_l —97211 = 0
EISAthl - QZTthl - QSZthl = 0

1
16The matrix N; is ( _66_1(;1‘:_5?6)) 591 > .
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Since these equalities must hold for every t, we have that

1©

GA—g T —g7 = (3.14)

e A—g X —g; = 0 (3.15)

Expressions (3.14) and (3.15) form a set of 2 x mp restrictions on the parameters of the unrestricted
process (2.23), that must hold if the model is true. The structural parameters can then be estimated
as those values that make most likely these restrictions to hold.

The estimation strategy proceeds in two steps. First, I estimate an unrestricted VAR in all
the variables of interest, to obtain a consistent estimate A of the autoregressive matrix A. In the
second step, taking as given the estimated parameters /Al, and stacking the restrictions (?7) in a
vector function f (¢, A) = 0, I choose the structural parameters ¢ to make the empirical value of

the function F as close as possible to its theoretical value of zero, namely I choose
v =argmin F (s, AW (v, A) (3.16)

for an appropriate choice of the weighting matrix W.17

The proposed estimator can be interpreted as a minimum distance estimators, in application
of the approach that Campbell and Shiller (1987) proposed for the empirical evaluation of present-
value models. I have in fact interpreted the restrictions that define the function F as measuring the
‘distance’ between the restricted and the unrestricted representations of the data.'® This estimator
is close in spirit to another distance estimator used in the business cycle literature, based on
matching empirical and theoretical impulse response functions to specific structural shocks.'® That
estimator, as the one proposed here, uses an auxiliary VAR model in the first stage to characterize
the dynamics of the data; then it minimizes the distance between the dynamic response to identified

exogenous shocks estimated in the data and the response predicted by the theoretical model. Unlike

17 As weighting matrix I use a diagonal matrix with the variance of the estimated parameters A along the diagonal.
This choice downweights the parameters estimated with greater uncertainty.

18Tn my previous applications of a similar two-step minimum distance estimation, the objective function had the
form of an (unweighted) distance between ‘model” and data (Sbordone 2002, 2003).

Rotemberg and Woodford (1997) were the first to propose to estimate the structural parameters of a small
monetary model by matching the model’s predicted responses to monetary policy shocks to the responses estimated
in an identified VAR model. This type of estimator has since then been applied in several monetary models of business
cycle, by, among others, Amato and Laubach (2002), Boivin and Giannoni (2003), and Christiano, Eichenbaum and
Evans (2001). More recently, it has been applied to match the responses to both technology and monetary shocks by
Altig et al. (2002) and Edge et al. (2003).
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the estimator based on matching impulse response functions, the one proposed here doesn’t rely
on further identification restrictions to recover the structural shocks from the VAR innovations.
Instead, it exploits the specific restrictions that the VAR specification imposes on the solution of
the structural model, and tries to match the dynamic evolution of the endogenous variables implied
by the theoretical model with their evolution as described by the data.

Finally, although the distance restrictions are not moments conditions, this estimator is similar
to a GM M estimator whose instruments are the variables of the time series representation. How-
ever, such an estimator is usually applied to orthogonality conditions that proxy the future values

of the endogenous variables, as opposed to solving the expectational equations.?’

4. Modeling the flexible-wage equilibrium real wage

A crucial step for the implementation of the empirical strategy discussed for this problem is the
specification of the flexible-wage equilibrium real wage. Relationship (2.26) expresses the theoretical
link between the flexible-wage equilibrium real wage (denoted by v;) and real variables which are
not determined by structural equations (in vector Z;). The expression for the parameter vector
= incorporates therefore the hypotheses about the determinants of the cyclical components of
the marginal rate of substitution, together with the hypotheses about the evolution of its trend
component.

The real wage v; is the equilibrium wage that solves the household optimization problem under
flexible wages, and is therefore equal to the ratio of the marginal disutility of working A7, and
the marginal utility of consumption A{. If there is no time dependence in the momentary utility
function, these marginal utilities depend only upon current values of consumption and hours; with
time dependence, for example if one allows habit persistence in consumption, the marginal rate of
substitution depends also on past and future expected values of consumption and hours. In the
case considered here

U = 1.Ct +nphe (4.1)

where the coefficients n; are elasticities. Since ‘hat’ variables are deviations from steady state of

variables transformed by removing a stochastic trend, their natural empirical counterpart are the

20 An estimator of this kind is used by H. Li (2003) to estimate the NKPC. In single equation models like the NKPC,
it can be easily seen that this approach implies focusing on a non-linear transformation of the distance restrictions
derived, as here, through the model solution.
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cyclical components of the relative series, defined as well as deviations from a stochastic trend.

Their derivation is explained in the next section.
5. The time series model

The second crucial step of the empirical methodology that I described is the specification of the
unrestricted joint dynamics of the variables that appear as endogenous and forcing variables in the
structural equations (2.20) and (2.21). These variables are inflation, labor share, labor productiv-
ity and, following the discussion of the previous section, consumption and hours of work, which
determine the evolution of the flexible-wage equilibrium real wage.

The first order of problems is to choose the appropriate transformation of the data which
is consistent with the hypotheses built in the model. The time series of productivity, real wage,
consumption and output all contain a unit root, but it appears that the consumption - output ratio,
and the ratio of real wage to labor productivity are stationary. Hours, in turn, appear stationary
around a deterministic trend. One can then assume that there is only one common stochastic trend
to drive the long-run behavior of the series considered.

The hypothesis of a single stochastic trend in the data is consistent with the assumption built
into the model that the economy is driven by a single source of non-stationarity.?! As in the model,
I wish to define stationary variables in the sample as deviation from this single stochastic trend.
While many stationarity inducing transformations could be applied to the data, my approach is
to handle the non stationarity in the same multivariate context that I use for the time series
representation, and therefore I use the Beveridge-Nelson (1981) detrending method.

I first specify the vector X; of (2.22) as follows

Xt:[AQt hy cyr m St],

where Ag; is labor productivity growth, h; is an index of hours, cy; is the consumption output
ratio, s; is the ratio of real wage to productivity, which is a measure of the share of labor in total
output, and inflation is the implicit GDP deflator. Following Beveridge-Nelson, any difference
stationary series can be decomposed in a random walk component (the stochastic trend) and a

stationary component. In the vector X; we can identify the stochastic trend with the random walk

21 This is a stochastic process ©;, which I model as a logarithmic random walk. In the model, non-stationary
variables such as consumption and real wage, are transformed by dividing through this process.
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component of labor productivity. This trend is then defined as the current value of productivity plus
all expected future productivity growth. The rationale is that, if productivity growth is expected
to be higher than average in the future, then labor productivity today is below trend; viceversa,
if productivity growth is expected to be below average, than productivity today is above trend.

Formally, letting ¢; denote labor productivity, its trend is defined as

q = kliﬂgo By (qeer — kpy) = @ + Z Ey (Aqiry — py) (5.1)
=1

where p, = F (Aq). The stationary, or cyclical component, of productivity is then defined as the
deviation of the series from its stochastic trend. The assumption of stationary labor share in the
VAR in turn implies that the trend in real wage is the same as the trend in productivity, and
the stationarity of the consumption-output ratio, together with the stationarity of hours (which
correspond to the ratio of output to productivity), imply that consumption shares the same trend
as productivity.

Hence the cyclical variables that appear in the theoretical model can be constructed as deviation
from their respective trends.?? From the joint representation of the series in (2.23) the s-step ahead

forecast that define the trend are easily computed, for each variable ¢ in vector X, as
EtXi,tJrs = e;EtZtJrS = egASZt (52)

These forecasts are used to derive the vector of parameters = that expresses the real wage v; as
a function of the exogenous variables in vector Z, as detailed in the Appendix (sect. 9.2). The
specification of = completes the specification of the system (3.7) used for the estimation of the
structural parameters .

Using (5.2), the trend in productivity defined in (5.1) is
T _ / -1
G = q+e [l — AT AZ, (5.3)

For consumption, since the output-productivity ratio and the consumption-output ratio are station-

ary, and therefore output, productivity, and consumption share the same stochastic trend, we can

22The importance of the transformation to induce stationarity lies in the fact that the theoretical model has
implications only for the comovement of the stationary components of real wage, consumption and hours. The
specific detrending procedure followed here intends to reflect closely the assumption about the nature of trend which
is made in the theoretical model.
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write ¢; = (¢t — y¢) + (y+ — @) + ¢+, and obtain the following expression for the cyclical component
of consumption:

V= — c,? = e/Cth + e Zt — e;[] - A]_lAZt (5-4)

where I have also used the fact that hours are stationary, so that cyclical hours k¥ are simply the

appropriate component of vector Z;.

6. Results

6.1. VAR specification

I use quarterly data for the period 1952:1-2002:1, with periods 1951:2-51:4 used as initial values.?3
Productivity, output, wages and hours are for the non farm business sector of the economy. Nominal
wage is hourly compensation, and real wage is nominal wage divided by the implicit GDP deflator
for the non farm business sector. Consumption is the aggregate of nondurables and services. All
variables are in deviation from the mean, and hours are linearly detrended.?* I fit a VAR to the

vector X; which includes three lags, so ®(L) in (2.22) is:?
O(L)=1—®1L — BL* — D33 (6.1)

Fig. 1 plots the cyclical components of productivity, real wage, and consumption obtained after the
removal of the Beveridge-Nelson trend. It also plots the cyclical component of hours, and the series
of inflation and labor share. The theoretical model is assumed to describe the dynamic behavior of
inflation and labor share and, given the behavior of productivity, the estimated labor share path

allows to recover the path of real wages.
6.2. Estimation of structural parameters
The parameter vector, to recall, is

1/} = (/87 va Qwvncanh7<77)/

where 3 is a discount factor, g, and g,, are indexation parameters, respectively in the price and wage

setting, 1, and 7, are elasticities of the marginal rate of substitution with respect to consumption

23The time series are from the FRED database at the Federal Reserve Bank of St. Louis.

24T also remove, prior to estimation, a moderate deterministic trend that appears in the consumption-output ratio
and the labor share.

25The optimal lag length is chosen with the Akaike criterion.
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and hours of work, and ¢ and « are measures of the inertia in the price and wage settings. The
last two parameters are non linear combinations of other structural parameters which are not
separately identified: the frequency of price and wage adjustments, and the structure of technology
and preferences. However, calibrating some of these parameters, we can draw some inference on
which values of the frequency of price and wage adjustments are consistent with the estimated
values of ¢ and ~.

Table 1 reports parameter estimates, with standard errors in parentheses?®, and the correlation
of the model implied paths of inflation, labor share, and real wage (denoted with superscript m)

with their observed counterparts.

TABLE 1
Parameter Estimates - Baseline VAR (52:1-02:1)

/8 Op Oy Ne Mh C Y
967 226 058 241 -891 .0255 .040
(.007) (041)  (.039) (.537) (.312) (.007) (.014)

Related Statistics

corr(m,m™)  .905
corr(s,s™)  .798 Q = 38.42
corr(w,w™) .908 [p-value: .139]

Most of the estimated parameters are statistically significant. Those of the inflation model are
consistent with several of the empirical results in the literature on New Keynesian Phillips curve: in
particular, there is role for a backward-looking component in inflation dynamics. However, while the
indexation parameter g, is significantly different from zero, the implied weight on the backward-
looking component (g,/ (1 + ng) ~ .18) is quantitatively much smaller than the weight on the
forward-looking component (3/ (1 + ﬂgp) ~ .79). The size of the coefficient on the labor share, as
it will be explained below, is consistent with other estimates of price inertia in the literature. In

the labor share equation, the parameter of wage indexation is much smaller than one, the value

20T compute standard errors, I use the empirical distribution of the parameter matrix A to generate N samples
A; (1 =1,..N), and for each I estimate a vector of structural parameters v,. I then compute the sample variance of
@:ZJ,.and report the square roots of the elements on the main diagonal as standard errors. For each estimated vector
1, I also compute the value of the distance function f; and its covariance matrix ¥, , to compute a Wald statistic

~ ~ ~

Q= F (¥)'Sr F (), where [ (2)) is the value of the distance evaluated at the optimal value of 1.
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imposed in Christiano et al. (2001), and more in the range of that estimated by Smets and Wouters
(2002a) for the euro area. Finally, according to the Wald statistic @, the restrictions that the model
imposes on the parameters of A cannot be rejected.

Fig. 2 shows the paths of inflation, labor share, and real wage constructed recursively from
the model solution evaluated at the estimated parameters. These paths seem to capture well the
underlying dynamics of the actual series. On these accounts, the model of wage and price inflation
described seems to fit the data quite well.

Furthermore, the model is able to match the dynamic correlation between inflation and output.
As noted in the literature, output leads inflation in the data: the cyclical component of output,
variously measured, is positively correlated with future inflation, with the highest value at about
three quarters ahead. Purely forward looking NKPC driven by output gap measured as deviation
from a deterministic trend are unable to reproduce such result: output gap typically lags inflation
in such a model.?”

Fig. 3 shows the dynamic correlation of cyclical output and inflation implied by the model
studied here. Consistently with the estimated time series model, cyclical output is measured as
deviation of output from the estimated stochastic trend; the line labeled ‘actual’ shows the corre-
lation of actual inflation with this measure of output, while the one labeled ‘predicted’ shows the
correlation of the inflation predicted by the model with the same measure of output. As the figure
shows, output leads inflation both in the model and in the data, and actual and predicted dynamic

correlations peak at about the same time.

6.3. Implied degree of nominal rigidities

Although the parameters that measure the degree of price and wage inertia are significantly different
from zero, they do not give a direct estimate of the frequency of price and wage adjustments. In the
Calvo model, the frequency of price and wage adjustment is driven by the probability of changing
prices or wages at any point in time, measured respectively by «,;, and «,,. In order to infer those
parameters from the estimated values of ¢ and ~, some further hypotheses are needed. From the
definition of { = % to draw inference on o, one has to make some assumption about
the degree of substitution among differentiated goods 6, and the elasticity of real marginal cost

to output for the individual firm, w. On the upper half of table 2 I report the implied degree of

?"See evidence presented in Sbordone (2001), or Gali-Gertler (1999).
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inertia (measured as the average time between price changes, measured in months), under two
different assumptions about these two parameters. For the parameter w I consider two benchmark
values, .33 and .54;?% for 0,,, which is related to the steady state mark-up u* by p* = 60,/ (6, — 1),
I consider values that imply a low (20%) and a high steady state mark up (60%), two benchmark
values often used in the literature.?? As the table shows, the average duration of prices ranges from
a little more than three quarters to about five quarters, depending on these assumptions.

The bottom part of the table shows the implied degree of wage inertia computed in similar

(1—avy)(1—Baw)
aw (14+0wX)

some assumption must be made about the value of the parameters 6,,, and therefore about the value

manner. Here the inertia is summarized by v = ; in order to make inference on
of the steady state wage mark-up, and about the degree of non separability between consumption
and leisure in preferences, which determines the size of the parameter x. In the table I consider
different values for the steady state mark up, and different degrees of non separability®’ For low
degrees of non separability, the average duration of wage contracts is similar to those of prices,
while it is shorter for highly non separable preferences.

That preferences should be non separable in consumption and leisure is an implication of the
negative sign of the elasticity of the marginal rate of substitution with respect to hours.?! While
most of the business cycle literature adopts separable preference specification, empirical evidence
on significant non separability in preferences has been found, most recently, by Basu and Kimball
(2000). Moreover, within the class of preferences that are consistent with balanced growth, a
negative elasticity of the marginal rate of substitution with respect to hours can be obtained in a
generalized indivisible labor model, as shown in King and Rebelo (1999). The interpretation of the
large elasticity 7, is more problematic, and requires further investigation. As we will see below,
however, a modification in the specification of the time series model reduces its size. Another

possibility to be explored, which is left to future research, is that this parameter is overestimated

28 As mentioned before, in the case of a Cobb-Douglas technology, w = a/ (1 — a) , where a is the output elasticity
with respect to capital. The two values assumed for w correspond therefore to an output elasticity with respect to
capital of, respectively, .25 and .35.

2Values of u* above 1.5 are, for example, estimated by Hall (1988) on a large number of U.S. manufaturing
industries.

30T show in the Appendix (sect. 9.3) that the degree on non separability can be parametrized by calibrating the
value of the intertemporal elasticity of substitution in consumption, and the share of labor income in consumption.

31This can be shown by expressing the two elasticities of the marginal rate of substitution 7, and n, in terms of
the Frish elasticities of consumption and labor supply (see Sbordone 2001).
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for an omitted variable problem in the wage equation, as it would be the case if preferences were

time dependent.

TABLE 2
Implied degrees of nominal rigidity

Average time between price changes (months)

low mark up high mark up
(Wr=12) (pP=1.6)
w=.33 12.4 15.1
w=.54 10.7 13.6

Average time between wage changes (months)

low wage mark-up mid wage mark-up high wage mark-up
(™ =11) (" =1.3) (™ =1.5)
low non-sep. 13.4 12.3 16.1
mid non-sep. 8.6 114 12.5
high non-sep. 5.8 7.6 8.4

7. Some robustness analysis

The inference presented on the structural parameters relies on the inference in the first step of the
procedure: the estimation of the time series model. I made a number of assumptions to model the
VAR: the choice of variables has been kept to a minimum, but other variables may be relevant to
obtain an optimal forecast of the driving forces of the structural equations. Only one stochastic
trend has been modeled in the data, to mimic the trend assumption of the theoretical model;
but the data may be consistent with other assumptions about the number of common stochastic
trends. Finally, the VAR structure has been modeled as time invariant, while many recent analyses
have suggested that changes in policy regime have determined drifts over time in the reduced form
representation of the relation between nominal and real variables.3?

While some of these issues are pursued in separate research??, here I present alternative estimates

328ee, for example, Boivin and Giannoni (2003), Cogley and Sargent (2001, 2003).

33 Cogley-Sbordone (in progress) extend the two-step estimation procedure to the case of a small scale first stage
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that address only the first of these issues, namely how sensitive the results presented are to the
inclusion of additional variables in the time series model. Specifically, I augment the baseline VAR
considered so far with the federal funds rate: although the corresponding equation in the VAR is
not meant to represent a policy rule, the introduction of the federal funds rate can be thought of
as allowing more directly for the effect of the state of monetary policy on inflation and on the real
variables of the system. The drawback of including additional variables in the VAR, though, is an
increase in uncertainty when its parameters are not tightly estimated.

A summary of second stage parameter estimates, and implied nominal rigidity is in table 3.
The results are qualitatively similar to the previous ones, but the lower estimates of the inertia

parameters imply a higher degree of nominal rigidity, especially for prices.
8. Conclusion

In this paper I estimate the joint dynamics of U.S. prices and wages using a partial information
approach. I derived the implied price and wage inflations from an optimization-based model of stag-
gered price and wage contracts with random duration, and then implemented a two-step minimum
distance estimator of the structural parameters. In the first step, I estimated an unrestricted time
series representation for the variables of interest, and derived the restrictions that the model solu-
tion imposes on this representation. In the second step, I used these restrictions to define a distance
function to be minimized for the estimation of the structural parameters. This methodology al-
lowed me to investigate the dynamics of prices and wages without having to make all the additional
assumptions required to close the model and to characterize its entire stochastic structure.

I find that a generalized version of the Calvo mechanism of random intervals between price
and wage adjustments fits the data quite well, that there is some backward-looking component in
inflation, and that the average duration of both contracts is around a year. The robustness of these
results to the specification of the first stage of the proposed estimation procedure is to be further

explored.

VAR with drifting parameters.
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TABLE 3
Parameter Estimates - Augmented VAR (54:3-02:1)3*

B Op Ow Me h C Y
967 154 001 2.74 -.71 018 .033
.(0027) (.027) (071)  (.581) (.319) (.009)  (.034)

Related Statistics

corr(m, ™) .897
corr(s,s™) 782 Q = 36.44
corr(w,w™) .903 [p-value: .194]

Average time between price changes (months)

low mark up high mark up
w=>54 13.0 16.3

Average time between wage changes (months)

low mark up high mark up
low non-sep. 6.63 9.81
high non-sep. 5.70 8.26

9. Appendix

9.1. Derivation of (2.19)3°

Under the hypothesis that there is a single stochastic trend driving long run growth, say ©;, with

o .. . . . ¢ w — _W,
Yo, = ©¢/O¢_1 an ii.d. process, one can define stationary variables z,; = T, T = s
~ _ W N~ vt : Xt _ Xyt Wi Xt Xuwt Wit
W = g, F> and v; = o Then, using the fact that W = W W and P = Wit od:

(2.18) can be written as

Et{ 20 (Baw)’ <$wt‘1’tjﬂfc:1 () ) Hyyj [«’Bwt‘l’ta‘wtﬂﬂi:l (") — 53 1vt+j,t]} =0
w

so that a log-linearization around steady state values x},, m , w*, v* gives

~ i1~ S R . N
20 (Bow) <wwt + 00X 0Ttk — Dh ik + wt+j) =220 (Baw) Et (Vi)

or

Tut = (1 = Bow) 20(Baw)’ By (@ﬂ‘,t — By — WS Terk + Ei:ﬁ;ﬂk) (9.1)

31The shorter sample is due to the federal funds rate data being available only from 54:3.

35 This derivation follows Shordone (2001).
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To express Uyy;; in terms of the average marginal rate of substitution, write

Vgt = 2z (Corgn hetjie) =
A 7 A= (cryjs heys)

h AN : , h
A F(Ct—m,t, ht+3,t) (%(Ctﬂ’» ht+j)> (9.2)
where ¢; = Cy/Oy, and A" denotes the marginal disutility of work. A log-linearization of (9.2) gives
therefore

Ottt = Ne(Citjt — Citj) + M (ﬁt—&-j,t - /ﬁt+j> + Vit j (9:3)
where 7, (xr = ¢, h) indicates the elasticity of the marginal rate of substitution between leisure and
consumption with respect to x, evaluated at the steady state. By the assumption that changes
in consumption occur in a way that maintains the marginal utility of consumption equal across
households, ¢;;; and ¢;y; are respectively function of ﬁtﬂ‘,t and Etﬂ-. Moreover, from (2.17) we
have that

/h\,t+j,t — Et+j = —0y (fwt =+ szi;%)%t-&-k - Zi:l%\;ﬁﬂ—&-k)

Substituting this result in (9.3), we get

~ o~ 1 —1 ~ ] ~ o~
Vtrjr = —X Ow (xwt + 0 Do Ttk — Sgy T %”Hg) + Uty j (9.4)

c

where I defined x = _A—Achnc +mny,, and A indicates the derivative of the marginal utility of consump-
tion with respect to argument 1.

In (2.15), dividing both sides by W, and log-linearizing, one obtains

Ay
1— oy

Tt = (T = QwTt-1) (9-5)

Substituting (9.5) and (9.4) into (9.1) one obtains that

(7 = oufe1) =7 So(Baw) Br (Bij —Bers + (14X 0) (SLy7ihs — 0 TFrc) ) (9.6)

17 w 7 w
where v = (—ay)(1—Baw) az(l)srlewio)‘ ).

Finally, forwarding (9.6) one period, premultiplying it by Sa,, and subtracting the resulting

expression from (9.6), one obtains the wage equation (2.19) in the text.

9.2. Empirical implementation

To compute the solution, I cast the model in the following canonical form

24



where 1, ;1 = y1+1 — Eryry1 are expectational errors.

The definitions of the vector Y; and of the matrix M are as in the text, and the matrices ¥ and

II are :
Ny O 10
UV=| 0 0 |,and II=|0 1
0 @ 00
Furthermore,
140,08 ¢ o
Tp 1+B_+E+§ 9_75 01 1= 1Q / /
My, = | Qw™ & 5 T TE |, Myz=| (5:_36‘1+qu)
1 0 0 0 0
0 1 0 0 0

As indicated in the text, the vector = depends on the chosen specification of preferences and on
the assumptions about the trend removal.

Since v; = vf + v = a + v;¥¢, from the definition of the trend in productivity (5.3), we have
that

cyc

ve = i+ eg[l — A7 A4 0,6 + by
the vector = is therefore defined as
E = e[l - A A+, (e, + e, — eyl — A]TTA) + e,
= (1 - 77(:) 6;[[ - A]ilA + [nc (e/cy + e;l,) + nhe;z] :

The parameters of interest in this expression are the elasticities 7, and 7, which are estimated

together with the adjustment parameters of the wage and price equations, .
9.3. Inference on wage rigidity

To translate the estimate of the ‘inertia’ parameter v into an estimate of the degree of wage rigidity,

I need to parametrize x, which is

—-ASH
I first consider a slight transformation of this expression3® (9.8)
—ASAC (A'H
= — 9.9

36 A more detailed discussion of this parametrization is in Shordone (2001)
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and then write the expression for 7, as

U (9.10)

Te= " pe TAR TOT AR TO T Re \ e Jan T °

e A C AC Aj, <A§C> A€ (1 Aj, AC>
where, with conventional notation, I indicate with ¢ the inverse of the intertemporal elasticity of
substitution in consumption. Expression (9.10) implies that

AA°_ o—me
ASAM o

Substituting this result in (9.9), I obtain

_ g — 1T,
X_< o *7-)770—’_77}1

Therefore, given the estimated 7, and 7, one can determine the value of x for any value that one
wishes to assign to o, and to the ratio wH/C, which I have denoted by 7. The computations in
table 2 are based on three different assumptions about the value of the intertemporal elasticity of
substitution in consumption (corresponding to o = 4, 5, or 10), and the value of 7 = 1. Every

value of ¢ implies in turn a different degree of non-separability in preferences.
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