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Abstract

Beta-sorted portfolios—portfolios comprised of assets with similar covariation to selected risk factors—
are a popular tool in empirical finance to analyze models of (conditional) expected returns. Despite their
widespread use, little is known of their econometric properties in contrast to comparable procedures such
as two-pass regressions. We formally investigate the properties of beta-sorted portfolio returns by casting
the procedure as a two-step nonparametric estimator with a nonparametric first step and a beta-adaptive
portfolios construction. Our framework rationalizes the well-known estimation algorithm with precise
economic and statistical assumptions on the general data generating process. We provide conditions
which ensure valid estimation and inference allowing for a range of hypotheses of interest in financial
applications. We show that the rate of convergence of the estimator changes depending on the value of
beta. We demonstrate that valid inference depends critically on the object of interest and discuss
shortcomings of the widely-used Fama-MacBeth variance estimator. To address these limitations, we
propose a new variance estimator. In an empirical application, we introduce a novel risk factor—a
measure of the business credit cycle—and show that it is strongly predictive of both the cross-section and
time-series behavior of U.S. stock returns.
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1 Introduction

Deconstructing expected returns into idiosyncratic factor loadings and corresponding prices of risk
for interpretable factors is an evergreen pursuit in the empirical finance literature. When factors
are observable, there are two workhorse approaches that continue to enjoy widespread use. The
first approach, Fama-MacBeth two-pass regressions, have been extensively studied in the financial

econometrics literature.!

The second approach, which we refer to as beta-sorted portfolios, has
received scant attention in the econometrics literature despite its empirical popularity.?

The implementation of beta-sorted portfolios entails the following two-step procedure, which
incorporates a beta-adaptive portfolios construction (see, e.g., Bali et al. 2016). In a first step, time-
varying risk factor exposures are estimated through (backward-looking) rolling window time-series
regressions of asset returns on the observed factors. The most popular implementation uses rolling
window regressions, often with a choice of a five-year window. In a second step, the estimated
factor exposures, based on data up to the previous period, are ordered and used to group assets
into portfolios. These portfolios then represent assets with a similar degree of exposure to the risk
factors, and the degree of return differential for differently exposed assets is used to assess the
compensation for bearing this common risk. Most frequently this is achieved by differencing the
portfolio returns from the two most extreme portfolios. Finally, an average over time of these return
differentials is taken to infer whether the risk is priced unconditionally—whether the portfolio earns
systematic (and significant) excess returns. Notwithstanding the simple and intuitive nature of the
methodology, little is known of the formal properties of this estimator and its associated inference
procedures.

We provide a comprehensive framework to study the economic and statistical properties of
beta-sorted portfolios. We first translate the two-step estimation algorithm with beta-adaptive
portfolio construction into a corresponding econometric model. We show that the model has key

features which are important to consider for valid interpretation of the empirical results. Notably,

!See, for example, Jagannathan and Wang (1998), Chen and Kan (2004), Shanken and Zhou (2007), Kleibergen
(2009), Ang et al. (2020), Gospodinov et al. (2014), Adrian et al. (2015), Bai and Zhou (2015), Bryzgalova (2015),
Gagliardini et al. (2016), Chordia et al. (2017), Kleibergen et al. (2019), Raponi et al. (2020), Giglio and Xiu (2021)
and many others. For a recent survey, see Gagliardini et al. (2020).

2The empirical literature using beta-sorted portfolios is extensive. For a textbook treatment, see Bali et al. (2016),
and for a few recent papers see, for example, Boons et al. (2020), Chen et al. (2021b), Eisdorfer et al. (2022), Goldberg
and Nozawa (2021), Fan et al. (2022b), Chen et al. (2023), and Chen et al. (2024).



no-arbitrage conditions are not imposed and instead imply testable hypotheses. Furthermore, our
framework precisely clarifies how the dynamics of the risk factors relate to the functional form of
conditional expected returns. Within this framework, we introduce general sampling assumptions
allowing for smoothly-varying factor loadings, persistent (possibly nonstationary) factors, and con-
ditional heteroskedasticity across time and assets. We then study the asymptotic properties of the
beta-sorted portfolio estimator and associated test statistics in settings with large cross-sectional,
n, and time-series, T, sample sizes (i.e., n,T — o0).

This paper provides a host of new methodological and theoretical results. First, we introduce
conditions that ensure validity and asymptotic normality of the beta-sorted portfolios estimator.
We characterize precise conditions on the size of the window, H, of the first-stage rolling regression
estimator, and the number of portfolios, J, of the second-stage estimator, relative to the sample
sizes n and T. We show that the rate of convergence of the estimator depends on the value of
beta. For beta values closer to zero the rate of convergence is faster and is slower otherwise; in
fact, for values of beta away from zero we show that the rate of convergence of the estimator
is only /T, despite an effective sample size of the order nT, reflecting specific properties of the
setting of interest. However, we also show that certain features of expected returns such as the
discrete second derivative—which represents a butterfly spread trade—can be estimated with higher
precision through faster rates of convergence for all values of beta, namely, \/m for a single risk
factor. This result also accommodates more powerful tests of the null hypothesis of no-arbitrage.

In addition, we uncover some limitations along with layers of nuance in the current empirical
practice employing the beta-sorted portfolios methodology. First, as with all nonparametric es-
timators, the choice of tuning parameters, H and J, are key to successful performance and are
dependent on the sample sizes n and T. In contrast, empirical practice often chooses window
length in the first step and total portfolios in the second step irrespective of the sample size at
hand. Second, we show how valid inference depends critically on the object of interest. Using
our framework, we distinguish between the population and sample average of conditional expected
returns and argue that the latter object should be the estimand of interest. Moreover, when the
focus is on the sample average of conditional expected returns, we show that the widely-used Fama
and MacBeth (1973) variance estimator is not consistent, in general, but instead is upward biased.

However, we show that the Fama-MacBeth variance estimator still leads to valid, albeit possibly



conservative, inference.

To address this limitation, we propose a new variance estimator and provide an empirical
implementation which also produces valid, albeit possibly conservative, inference. That said, in our
empirical application we show that our new variance estimator provides much sharper inference
than the Fama-MacBeth variance estimator. Finally, we also provide results on the limitations of
the beta-sorted portfolio estimator for a fixed time period. We show that differential returns for
each period, often used as inputs for assessing the time-series properties of conditional expected
returns, are contaminated by an additional term when risk factors are serially correlated. However,
we demonstrate that some features of conditional expected returns for a single time period can be
illuminated by utilizing butterfly spread trades.

From a theoretical perspective, beta-sorted portfolios present a number of technical challenges
originating from the two-step estimation algorithm with beta-adaptive portfolio construction, since
it relies on two nested nonparametric estimation steps together with a portfolio construction based
on a first-step nonparametric generated regressor. More precisely, the first-stage nonparametrically
estimated factor loadings enter directly into the non-smooth partitioning scheme further compli-
cating the analysis.? To our knowledge, we are the first to prove validity of such an approach.

This paper is most related to the large literature studying asset pricing models with observable
factors.* Given our focus on conditional asset pricing models with large panels in both the cross-
section and time-series dimension, this paper is most closely related to Gagliardini et al. (2016)
(see also Gagliardini et al., 2020). The authors introduce a general framework and econometric
methodology for inference in large-dimensional conditional factors under no-arbitrage restrictions.
They allow for risk exposures, which are parametric functions of observable variables and provide
conditions to consistently estimate, and conduct inference on the prices of risk. Although the
statistical model under study shares important similarities with the setup of Gagliardini et al.

(2016), there are substantial differences, and the models explored previously in the literature do not

3For analysis of partitioning-based nonparametric estimators see Cattaneo et al. (2020b) and references therein.
Partitioning-based estimators with random basis functions have been recently studied in Cattaneo et al. (2020a)
and Cattaneo et al. (2024), but in those papers the conditioning variables are observed, while here the conditioning
variable is generated using a preliminary time-series smoothly-varying coefficients nonparametric regression, and
therefore prior results are not applicable to the settings considered herein.

4See, for example, Goyal (2012), Nagel (2013), Gospodinov and Robotti (2013), or CGagliardini et al. (2020) for
surveys. A related literature endeavors to jointly estimate factor loadings and latent risk factors. See, for example,
Connor and Linton (2007), Connor et al. (2012), Fan et al. (2016), Kelly et al. (2019), Connor et al. (2021), Fan et al.
(2022a), and Borri et al. (2024).



nest our setup. For example, the classical beta-sorted portfolio estimator implies a data-generating
process that does not (necessarily) exclude arbitrage opportunities and supposes risk exposures
which are smoothly-varying. Furthermore, we show that valid estimation and inference can be
achieved without requiring an assumption of the functional form of the conditional expectation of
the risk factors. This is in contrast to the existing literature (e.g., Adrian et al. 2015, Gagliardini
et al. 2016) where such an assumption is utilized.

Our paper is also related to the financial econometrics literature on nonparametric estimation
and inference. In particular, the two steps of the beta-sorted portfolio algorithm align individually
with Ang and Kristensen (2012), who study kernel regression estimators of time-varying alphas
and betas, and Cattaneo et al. (2020a) who study portfolio sorting estimators given observed
individual characteristic variables. However, the individual results from each of these papers cannot
be applied in our multi-step setting. Furthermore, the linkage between the two steps, through the
role of the generated (nonparametrically estimated) regressor in the second-stage nonparametric
partitioning estimator, represents a substantial technical challenge and has not been studied before.
Furthermore, we offer a host of new results characterizing the properties of beta-sorted portfolios.

We demonstrate the practical usefulness of our estimation and inference results for beta-sorted
portfolios in a substantive empirical application with a novel methodological contribution. More
precisely, we introduce a new risk factor—a measure of the business credit cycle—and show that it
is strongly predictive of both the cross-section and time-series behavior of U.S. stock returns. We
also show the effectiveness of our new variance estimator as inference is much more informative
relative to inference employing the widely used Fama-MacBeth variance estimator.

In summary, this paper makes a number of contributions to understanding the underlying
foundational properties and practical use of beta-sorted portfolios: we introduce an econometric
framework to study the beta-sorted portfolio estimator and clarify its properties (Section 2); we pro-
vide asymptotic theory for the estimator accommodating the nonparametric first and second steps
(Sections 3 and 4); we characterize the properties of the commonly-used Fama-MacBeth variance
estimator along with a new plug-in variance estimator (Section 4.3); we provide results for joint
inference across multiple values of beta, including a new test of no-arbitrage restrictions in Section
5; and we introduce a novel risk factor and demonstrate its desirable properties in an empirical

application (Section 6). Proofs of our theoretical results are relegated to a Supplemental Appendix



(hereafter, SA) to streamline the exposition, and may be of independent technical interest.

1.1 Notation and conventions

For a constant k € N and a vector v = (vy,...,vq)" € R%, we denote |v|, = (Z?Zl |lvg|¥)1/%, and
[v]oo = Maxi<j<q|vi|. For a random variable V, let |V, = (E[[V]9])"/?. We set (a, : n > 1)
and (b, : m > 1) to be positive number sequences. We write a, = O(b,) or an, < by (resp.
a, < by) if there exists a positive constant C' such that a,/b, < C (resp. 1/C < a,/b, < C)
for all large n, and we denote a,, = o(b,) (resp. a, ~ by), if a,/b, — 0 (resp. an/b, — C).
plim,,_, o X, = X means that X,, —p X. —, denotes convergence in law. Define X,, = Op(a,) :
dN. > 0,0, >0 such that P(|X,,| > 0.) <e Vn > N.. Define X,, = op(an) : Ve,0 >0 3IN.5 >
0 such that P(|X,| > 0) < e Vn > N.5. We also let X,, <p a, to mean X,, = Op(ay,);
furthermore, if X,, <p a,, and a,, <p X,, then we write X,, <p a,. Limits are taken asn,T,J, H —
oo unless otherwise stated explicitly. Set a V b = max(a,b) and a A b = min(a, b).

Following Wu (2005), Chen et al. (2021a), and Han and Wu (2023), we consider the following

measure of time-series dependence throughout.

Definition 1.1. The (n,T)-varying time series Yo p 7 := (Yinr it € Z,n > 1) is said to be a
nonlinear time series system (NTSS) if Yin1 = gt (- -+ &—2,6—1,&), where the (§ :t € Z) are

independent and identically distributed (i.i.d.) random vectors.

Let Y, 7(€) be a NTSS with thn’T(ﬁ) a random variable with &_, replaced by & ,, where &/

is an 7.7.d. copy of & for each t € Z. Then, the dependence adjusted norm of Y, ,, 7 is

o0

On (Yo, 1;q,0) := sup(m+1)" > max (B[|Vy 1 — Y5, ()7,
m>0 p— 1<t<T

with v > 0 and ¢ > 1. When the Y, ;, 7 does not depend on n and T', we simplify the notation to
O7(Ye; g, v) for the possibly nonstationary NTSS Y, := (Y; : t € Z), where Y; = g¢(- -+ , &—2,&-1,&)
with the function g¢(-) no longer a function of n and T'. Furthermore, if g;(-) is not a function of ¢,

then Y, is a stationary NTSS and we write ©(Ys; q,v).



2 Model setup

We introduce a general econometric model of asset returns, and show how it aligns with the two
steps that comprise the beta-sorted portfolio algorithm. We discuss the relevant properties of the

model with respect to the potential presence of arbitrage opportunities.

2.1 Modeling returns

Let R;; denote the return of asset ¢ at time ¢, and f; a vector of observable risk factors with f; € RA.

We assume that asset returns are generated by the linear stochastic coefficient model,

Ry =a¢t+ﬂlft+€it, E [eit| Fi—1, ft] = 0,

i=1,-,n, t=1,---,T, (2.1)

where a;; and (;; are smoothly-varying, random coefficients with cuy, Bi¢ € Fi—1, €;¢ is an idiosyn-
cratic error term, and F; is the information set up to time t. To be more precise, we define the

sigma field,

Fi=o0 ({fs}gzp {Eit}?ilt,s:p {Nii by, {N2,5}2=1a {N3,i8}?ilt,s:1> ) (2.2)

where Ry ;, No ¢, and N3 ;; are vectors of auxiliary random variables, which are possibly observed, and
will be discussed further in later sections. Since «;; and ;¢ are both F;_1-measurable we have that
E[ Rit| Fi—1, fi] = cie+B;} fi- The sigma field F; will, in general, depend on n and T but we suppress
this dependence for notational convenience. Finally, notice that equation (2.1) accommodates an
unbalanced panel. Although each n; may be different, we assume that they all grow at the same
rate which ensures that each cross-section contributes to the asymptotic properties of the estimator
(i.e., ng <mn fort =1,---,T). For an alternative example of a random coefficient model tailored
to a financial application, see Barras et al. (2022).

To obtain the structural form of our model, we assume that there exists a non-random function

to(+) such that

E(Rit| Fi-1) = po(Bit; Ge—1) =t me(Bu),  Ge = o({fs}smrs {R2ss}om)- (2.3)



Equation (2.3) restricts conditional expected returns to be a function of §;; only, but it allows the
functional form to be random and to vary with past realizations of i-invariant random variables.
This restriction captures the notion that nonzero expected returns must reflect the compensation
investors require for exposure (as measured by f;;) to the risk factors, f;. We will make precise
assumptions on g (+) in later sections but, loosely, one can think of p(-) as being a sufficiently
smooth random function of B;.

Using equations (2.1) and (2.3) we obtain,

i = 1 (Bir) — By B(fil Fiz1), (2.4)

which clarifies the restriction on «;; implied by equation (2.3). Equation (2.3) is a nonparametric
analog to a reduced-rank restriction in parametric models as it imposes cross-equation restrictions
between the linear coefficients in equation (2.1).

Finally, combining equations (2.1) and (2.4), we arrive at the structural form

Riv = w(Bit) + By (fr — E[fel Fiza]) + €. (2.5)

We assume throughout that R;; represents excess returns, but p:(0) may be interpreted as the zero-
beta rate at time ¢ in the case when Rj; represents raw returns. Equation (2.5) may be compared
to the standard beta pricing model (e.g., Cochrane, 2005, Chapter 12) and generalizations thereof
(e.g., Cochrane, 1996; Adrian et al., 2015; Gagliardini et al., 2016). The most noteworthy difference
is the presence of the (possibly) nonlinear, time-varying function p (8;) in equation (2.5). When
R;; represents excess returns then the no-arbitrage restriction implies that u; (8i) = 61-1 ¢ for some

At (Gagliardini et al., 2016). Our model nests, but does not require, the imposition of the absence

of arbitrage opportunities so that

Ry = 1(Bit) + Byy (fr — E[fe| Fea]) + e,

= (u(Bi) — Bar)  + Bad+ B (fi — Blfel Fioa]) + eir-

-~

deviation from no-arbitrage

The presence of this additional term representing the deviation from no-arbitrage restrictions can be



motivated by appealing to structural models which feature violations of the law of one price. Such
a setup as in equation (2.5) could arise, for example, in the margin-constraints model of Garleanu
and Pedersen (2011) under the assumption that the security’s margin is a nonlinear function of its

(past) beta.

2.2 Relation to the two-step estimator

Throughout the paper we set d = 1 to simplify the notation and the exposition. All results can
be generalized to the d > 1 case. To see why equation (2.5) rationalizes the beta-sorted portfolio

algorithm, let us revisit the standard two steps:

Step 1: Estimation of «;; and ;. For each individual asset, we calculate the rolling window

(local constant) regression estimator for o and f;; as,

(dit0-Bir) = (f;xto_sxios) I i Xig—sRitty—s) ) (2.6)

where X; = (1, ;)" and H is the window length. This construction purposely does not have
“look-ahead bias”, as neither the estimators of @, or Bito use data from time to (or after) in their
construction (a “leave-one-out” estimator). For each cross-sectional unit, this estimation of the
time-varying random coefficients can be interpreted as a leave-one-out kernel regression of equation
(2.1) using a uniform kernel and a choice of bandwidth A which satisfies H = |Th|, where |.]
denotes the floor function. In the SA we provide all proofs for an arbitrary one-sided kernel which

generalizes the results we present in the following sections. W

Step 2: Sorting portfolios using estimated ;. To see that this step comprises a cross-
sectional nonparametric estimation, observe that, for fixed ¢, equation (2.3) is the conditional mean
of interest. Now, to cement intuition, assume (temporarily) that (5; is observed and takes on a
finite number of values, one of which is b. Then, to estimate E[R;|3; = b] we need only calculate

the sample mean of returns for assets i for which 8 = b:

1
Fina—n 2 27



When f;; can take on a continuum of values, we can estimate E[R;|3; = b] by averaging returns
for those assets ¢ such that B;; is “near” b. Forming portfolios is one way to operationalize this
local averaging approach. Then, the portfolio return representing assets with values of 3;; closest
to b is our estimate for this conditional expectation.

We define B = [, 8.], with §; and 3, fixed constants, as the support of the possible realizations

of B;; across i and t. Since, in practice, §;; is unobserved, we may obtain estimates B\it from Step 1

and, for each t = 1,...,T, we can define the beta-adaptive partition of B as
Pjt = [B(lne(i-1) /5 ))t> B(lnej [ Je))t) s j=0,...J;—1
Jgjt = L/B\(an(J—l)/JJ)tyB\(m)t]v J=Jy

where B(g)t denotes the ¢th order statistic of the estimated betas in the first step, across ¢ for fixed
t, i.e., the order statistics of {th :i=1,...,n}, and where we set B o) = B and Ent . = By for
simplicity. The intervals, ]t, allow us to partition assets into portfolios based on their estimated
beta, Bl-t. The number of portfolios Jy, and their random structure (i.e., breakpoint positions based
on estimated (;;), vary for each time period but we assume that J; < J. Finally, we can construct

portfolio returns by averaging the returns of the assets in each portfolio. B

Given the two-step construction outlined above, suppose we would like to estimate E[R;|5;; =
B1]. The estimator is simply the portfolio return for the first portfolio, ﬁlt, which we write as fi¢(3;).
Similarly, we can estimate E[R;|8;: = (8,] with the portfolio return for the last portfolio, ﬁJtt, as
1e(By). We can then average the differential portfolio returns for these two extreme portfolios

across all available time periods as,

T

Z (1 (Bu) — 1t (B1)] - (2.8)

t=H+

ﬁ(6u> - (Bl

This is exactly the estimator that is used in practice.

A few comments are in order. First, the above two steps are completely in line with the empirical
finance literature. Importantly, at no point in the two-step algorithm is there a requirement to
estimate the conditional expectation of the risk factors, E[f;|F;—1], and so the researcher remains

agnostic about the dynamics of these risk factors. We will revisit this issue in later sections. Second,



the practice of using moving-window regressions to accommodate time variation in §;; suggests a
slowly-varying coefficient model as previously used in finance applications such as in Ang and
Kristensen (2012) and Adrian et al. (2015). However, in contrast to these previous formulations,
we do not condition on the realizations of the random processes a;; and ;. Instead, we retain the
randomness in these objects so that the second-stage beta-sorted portfolio estimator can have a well-
defined limit as n,T — oo. Third, an alternative to the smoothly-varying coefficients approach is
to specify B as a function of individual characteristics and possibly also of economy-wide variables
(see, for example, Gagliardini et al., 2020, and references therein). Our approach can accommodate
such settings by modifying the rolling window regressions (kernel regressions) appropriately.
Although we are motivated by empirical practice, which has been replicated exactly in equation

(2.8), we introduce and work with the more general estimation approach,

i) = > f(B). (2.9)

Let ﬁjt*t be the portfolio that contains the value 8 at time ¢t. Then, ji(3) is simply the return of ﬁj;t.
Importantly, the value of j; will generally change over time. For example, it may be that assets
with values of 5 near 1/2 fall in the sixth portfolio at times and the fifth portfolio at other times
and so on. Thus, this more general estimation approach does not constitute spurious generality.
The conventional implementation of beta-sorted portfolios relies on a constant choice of J; = J Vt
and so averages J portfolios across all time periods. However, if the cross-sectional distribution of
the B;; are changing over time then there is no guarantee that a chosen portfolio represents assets
with sufficiently similar betas. Therefore, the conventional estimator will be, in general, both more
biased and more variable than the estimator given in equation (2.9), all else equal. This is of special
importance when we are interested in expected returns for intermediate values of betas and also in
situations where tests of monotonicity or shape restrictions are of interest. We discuss these issues

further in later sections.
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3 First step: rolling regressions

The first step in the estimation procedure involves a sequence of rolling window time-series regres-
sions. To establish consistency (and, in the SA, asymptotic normality) of Bit we require technical,
but relatively standard, assumptions on the underlying data generating process. We first restrict

the behavior of the idiosyncratic error terms, €;, in equation (2.1).

Assumption 1 (Idiosyncratic errors). For each i, ;o is a NTSS satisfying equation (2.1) with
Elei|Fi—1, fr] = 0, maxy <t<7 maxi<i<p, Elleq|?| Fi—1, fi] S 1 for ¢ > 8, and

ming<¢<7 miny <;<p, Ele4|Fio1, fi] 2 1. In addition, Or(cie; q,v) S 1 for some 2v > 1/2 —2/q.

Assumption 1 imposes moment conditions on the idiosyncratic error term, €;; along with regular-
ity conditions controlling the rate of decay of the time-series dependence. We define E[e%|F;_1, fi] =
o? which Assumption 1 ensures is bounded and bounded away from zero. It is important to em-
phasize that for the first step we need only impose that equation (2.1) holds (without imposing

equation (2.3)). We now characterize the behavior of the risk factors, f;.

Assumption 2 (Factors). fi = 7(t/T) + 2z, where 7(-) is twice differentiable on [0,1], and z,
is a stationary NTSS, where E[z] = 0, E[|z|7] < 1 with ¢ > 8, maxj<;<7 Var[z|Fi—1] S 1, and

min;<;<7 Var(z|Fi—1] 2 1. In addition, ©(ze;q,v) S1 for some v > 1/2 —2/q.

Assumption 2 imposes some structure on the time series properties of the factor f; but is quite
general and allows for certain forms of nonstationary behavior. We could relax some of these
assumptions to allow for even more complex time-series properties at the expense of more detailed

notations and proofs. We next restrict the behavior of a;; and (;;.

Assumption 3 (Varying coefficients). Let oy = oi(t/T; Fi—1) and By = Bi(t)T; Fi—1) where a;(-)
and B;(+) are nonrandom functions which are bounded for all i and satisfy, for any t,t' € [H+1,T],
|t — | < Colt —t'|/T and |Bir — Biv| < Cglt —t'|/T, where Cy,Cg are two nonrandom, positive,

and bounded constants uniformly in i, t, and t'. Further, Let h = (H +1)/T, where H = H(n,T).

Assumption 3 ensures that the alphas and betas, although random, are sufficiently smooth over
time (i.e., satisfying a Lipschitz-type condition). This is the formal assumption which justifies the

common empirical approach of using rolling window regressions.

11



To provide intuition for our proof approach recall that X; = (1, f;) " so that for a fixed time

period tg € [H + 1,T] we can rewrite equation (2.1) as
Rity = X} (cuity, Bity) + Eite-

Then, by Assumption (1) and since «y;; and §;; are measurable with respect to F;_1, iy, and By,
can be identified as

E(XtoXt—g|ft0*1)_1]E(XtoRito |~Ft0*1)'

We can use the estimator from equation (2.6) to obtain (@i, B\ito)' In order to accommodate the
random coefficients we exploit the fact that Zle XtO_SXtE,s and Zle Xito—sRit,—s) are close, in
the appropriate sense, to Zstl E[X¢,—s X, _|Fto—1) and Zil E[Xy—sRito—s)|Fto—1]. This follows
because their difference are summands of martingale difference sequences.

We first provide a (uniform) consistency result of our estimator Bito over ¢ and tg. This result
generalizes the time varying coefficient analyses in Zhang and Wu (2012). We require this result
to precisely control the effect of estimating S;; in the first step when entering the second-step

estimator. We establish this consistency on a compact interval of a trimmed support [H + 1,T].

Theorem 3.1 (First-step estimator). Suppose Assumptions 1-3 hold, and maxj<i<rne S n. If

log(nT)/(Th) — 0 and T* 9 'n?/9/h — 0, then

- log(nT'
wp  max (B — | o ) BT

+h=R T-
|Th|<to<T 15i<nt, T "

Theorem 3.1 provides uniform (over ¢ and i) rates of convergence for the first-stage rolling-
window (kernel) estimators of the betas. Naturally, these rates depend on n, T, and H but are
also directly dependent on ¢ which represents the number of bounded moments of the idiosyncratic
error term and the observed factors. For sufficiently large ¢, consistency of the rolling regression
estimator can attain the usual nonparametric (optimal) convergence rate. In the SA we also provide

conditions that ensure asymptotic normality of Bit, which may be of independent interest.
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4 Second step: beta sorts

The second step of the estimation procedure is to sort assets into portfolios based on their value of
B\iu which is obtained from the procedure described in the previous section. Then, returns for each
portfolio are constructed and used to assess the relation between exposure to the risk factors and
subsequent asset returns. In this section, we formalize the properties of this estimator and provide
conditions for its validity. We also discuss the importance of the cross-sectional restrictions implied
by equation (2.4) for our main results. Before proceeding, however, we will first introduce two
different objects of interest which will be useful for clarifying our results, and discussing empirical
practice more broadly.

Let us first define the sample average conditional expected returns (SACER) as:

1 T

T—-H

pr(8; H) = pe(B)- (4.1)
+

t=H+1

We can compare the SACER directly to equation (2.9) to observe that this would, at first glance, be
the natural candidate for our “estimand”. However, it is important to point out that the SACER
is a sample average of random quantities and, hence, is random itself. The randomness arises from
the presence of p(-) which depends on the i-invariant sigma field G;_;. We can contrast SACER

to its population counterpart. To do so we need the following assumption:

Assumption P (PACER). There exists a non-random function p(-) such that supgep |T! ST e (B)—
u(B)| = op(1).

Assumption P imposes an ergodicity condition on the sample average of conditional expected
returns. When H/T = o(1) (as we impose) then Assumption P also implies that supgep |iir(8; H) —
w(B)| = op(1) so that the PACER can be thought of as the probability limit of the SACER. In the
special case where pi;(-) = u(-) Vt, then the SACER and PACER are equal.

The SACER and the PACER represent two distinct objects of interest. To make things concrete,
suppose that p(+) is random only through a finite collection of strictly stationary state variables
for the economy, say, S;_1 € G;_1. Then, when we study the SACER we are learning about average
conditional expected returns for the realizations of these state variables over a specific time period

only. Equation (2.3) allows for more generality; however, we form our discussion around a finite
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set of state variables governing the economy for simplicity of exposition and to cement intuition.
Consequently, for any particular sample, it may be that the SACER and PACER are “far away”
from each other.

We recommend that empirical researchers focus on the SACER rather than the PACER for a
few reasons. First, even if Assumption P fails to hold, the SACER is well-defined under our remain-
ing assumptions. The PACER may not exist if, for example, some state variables driving u; are not
stationary. Second, and more importantly, the SACER is a more intuitive and interpretable object
of interest as we have a wealth of data summarizing what occurred over our sample. For example,
we observe the behavior of macroeconomic aggregates, changes in the legal and regulatory land-
scape, and the presence of unusual events (e.g., financial crises or natural disasters). Conversely,
interpretation of the PACER will generally hinge on the ergodic distribution for p(-) which itself
depends on how the (subset of) economy-wide state variables drive conditional expected returns.
Characterizing the properties of this distribution would be challenging (e.g., assessing the proba-
bility of recessions or financial crises) and the appeal of the approach herein is that we can avoid
making specific assumptions about the functional form of i (-). Third, inference on the PACER is
necessarily at least as challenging as inference on the SACER since, in practice, we only observe a
finite sample. We formalize this intuition in Theorem 4.3. Despite our preference for the SACER,

in Section 4.4 we provide a further discussion of issues related to inference on the PACER.

4.1 Cross-sectional restrictions

We impose the following assumption to justify the second step of the standard empirical approach.

Assumption 4 (Cross-sectional restrictions). Equation (2.3) holds, and E[f|Fi—1] = E[ft|Gi—1]

fort=1,2,...,T.

Assumption 4 formally imposes the economic restrictions on conditional expected returns dis-
cussed in Section 2. We restrict the conditional expectation of the factors to be a function of random
variables in the smaller sigma field G;. Taken together, Assumption 4 provides the foundation for

the validity of the beta-sorted portfolio estimator. Let us first define systematic realized returns as

M (Bit) = cur + B fr = 11e(Bat) + B (fe — E[fe|Gi-1]), (4.2)
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where the second equality follows by Assumption 4. Next, to provide intuition, temporarily assume

that the (3;; are observed. Then, using equation (4.2), our model can be written as

Rit = p(Bit) + Bit(fr — E[ft|Ge—1]) + €it = Mi(Bir) + €4t (4.3)

and, under Assumption 1, we have that E(e;y|F;—1, ft) = 0 (recall that B;; € Fy—1). The second
equality in equation (4.3) makes clear that, for a fixed time period, we can only nonparametrically

estimate the unknown function M;(-) rather than the direct object of interest p(-). However,

1 T 1 T 1 T
g 2 M) =5 Y mB) + g Y B —ElflGa]).  (44)
t=H+1 t=H+1 t=H+1

The second term has summands, 5(f; — E[f¢|Gi—1]), which are a martingale difference sequence
with respect to G; and so we would expect this sample average to converge to zero in probability;
consequently, this would ensure that (7 — H)™! ZtT:H_H M;(B) and (T — H)™* ZtT:HH wi(B) are
close in probability for large T. A further complication, of course, is introduced by using an
estimated [ in the second-stage nonparametric regression. Nevertheless, later in this section, we
will make these arguments rigorous and provide appropriate conditions for valid estimation and
inference methods based on the beta-sorted portfolio estimator.

Assumption 4 allows us to highlight another important issue. As discussed in Section 3, the
first-stage estimator requires smoothly-varying random coefficients a;; and 3;;. However, the cross-
sectional restrictions in Assumption 4 impose additional structure on these random coefficients.
The combination then implies restrictions on the functional form of conditional expected returns.
For example, if E[f;|G;—1] is constant for all ¢, then, for a; to be smooth over time, we could
have p(+) be constant over time or, alternatively, a smooth random function over time. However,
consider a more realistic example. Let S; € G, again be a vector of strictly stationary state variables,
but further assume E[f;|G;—1] = ¢ + AS;—1, A # 0 (as in, e.g., Adrian et al. 2015 or Gagliardini
et al. 2016). Then, since equation (2.4) holds by Assumption 4, we must have that p(-) varies
over time or else we violate Assumption 3 and the first-stage estimator of §;; will not be consistent
in general. Moreover, when p(-) varies over time, the SACER and PACER will not be equal,

and this directly affects the interpretation of the estimation and inference results in any particular
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empirical application; see Theorem 4.3 and associated discussion. Results such as these underscore

the importance of providing a formal framework for interpreting the beta-sorted portfolio estimator.

4.2 Estimation and inference

The remainder of this section presents our main results, culminating in the asymptotic normality
of the beta-sorted portfolio estimator under appropriate conditions. We first restrict the cross-

sectional behavior of the idiosyncratic error term, e;.

Assumption 5 (Idiosyncratic errors). For each t = 1,...,T, conditional on (Fi_1, ft), {€it : 1 =

1,...,n:} are independent and identically distributed, where n < minj<i<7ny < maxj<i<r ng S n.

This type of sampling assumption was introduced in Andrews (2005) and has been utilized in
the financial econometrics literature by Gagliardini et al. (2016) and Cattaneo et al. (2020a). The
assumption is quite general and allows for higher-order dependence in the distribution of e;; for
example, it accommodates conditional heteroskedasticity in the innovations over time as a function
of the factors f; and the variables in Ng .

We next impose restrictions on the 3;;, which serve as the covariates in the second-stage non-

parametric regression.

Assumption 6 (Cross-sectional betas). For each t = 1,...,T, conditional on Gi_1, {Bi : i =
1,...,n} are independent and identically distributed. Fg.(b) = P[B;s < b|Gy—1] is twice continuously
differentiable on its support B = [}, Bu], where fg(b) = %Fm(b) is bounded away from zero

< J, where

~

uniformly on b € B and t = 1,2,...,T. Further, J < minj<;<7 J; < maxj<i<r J

Jt = Jt(nt, T)

Assumption 6 imposes regularity conditions on the conditional distribution of the S;; ensur-
ing that it is sufficiently well behaved. Specifically, the assumption ensures that the partitioning
estimator is well defined with the probability of empty portfolios vanishing asymptotically. Fur-
gt—l] is

of the order J~!. The conditional i.i.d. assumption in Assumption 6 is similar to that of As-

thermore, if we define ®;;; = ]l(F/;l((j —1)/J) < Bir < Fﬁ_tl(j/Jt)) then ¢j; = E[®;

sumption 5 and is quite general allowing, for example, a nonlinear factor structure in S5;;. As

a concrete example, let &172- and &3’1-@,1) be selected i.i.d. variables from Wj; and N3 ;;_1), re-
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spectively. Then, Bi = gg,0(%: 9.1 (N1, N3 50-1)) | 98.2(R2—1, - -, Nk, i, - -, fioi,)) for suf-
ficiently smooth gg (), measurable (non-constant) gz 1(-) and gs2(-), and fixed lag lengths kyx and
kg, satisfies Assumption 6.

Finally, the last assumption we require is that our object of interest, p(3), is sufficiently smooth

in 8 to accommodate nonparametric estimation.

Assumption 7 (Smoothness). ui(5) is differentiable with bounded derivative uniformly in § € B
andt=1,2,...,T.

This assumption is standard in the nonparametric literature and rules out discontinuities and
other pathologies that would invalidate standard nonparametric estimation approaches. As dis-
cussed in Section 2, portfolio sorting can be interpreted as a nonparametric estimator of a condi-
tional mean. In order to operationalize the estimator let us define Fg,n,t(') = n% ?;1 ]I(B\Z-t <)

and F>! , a8 the empirical CDF and empirical quantile function for the estimates of the f3;; (recall

U

that E(S)t = Fﬁ_i t(s/nt) for s =1,...,n;), respectively. Then we can define

Bige =1(F5) (G = 10/0) < B < B3 G/9). (45)

~

In words, ®;;; is a binary variable which takes on the value of one when asset 7 is in portfolio j
at time ¢, and zero otherwise. We can stack these binary variables into the J; x n; matrix </I\>t and

obtain

Jt
5(8) = 5i(8) T = 3 ()i (4.6)
j=1

where §i(8) = (B12(8), - -, Pre(8)) T with §e(8) = 1(8 € Pjr), @ = (Be®f ) ' ®eRy = (@ve, -+~ e
and Ry = (Ruy, ..., Rp,) . Equation (4.6) shows that fi;(3) requires two inputs. The first input is
which (unique) portfolio the evaluation point, (3, resides in. In equation (4.6) this translates to the
choice of j* which gives pj++(8) = 1. The second input is the return on the j*th portfolio. This is
simply given by the j*th element of a;.

In small samples there is always the possibility that some portfolios are empty so that the
inverse of (&’tcﬁj / nt) may not exist. However, under our assumptions, the results in the SA show
that (&Dt&)tT / nt) exists and is finite with probability approaching one. Throughout, we assume we

are on the event that this inverse exists but we suppress this from the notation and main results for
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simplicity of exposition. The following theorem characterizes the leading terms of the beta-sorted

estimator.

Lemma 4.1 (Leading term linearization). Suppose Assumptions 1-7 and the conditions in Theorem

3.1 hold. In addition, assume that R log(nT) — 0 and J?log(nT)/n — 0. Then,

T ne
t=H+1 t
1 T R I
+ T_H t:;lpt(/ﬁ>7_@t lnit ; q)i,tﬁit(ft — E[ft|gt—1]) (48)

+B(6) + Z(P),

where @ = (P14, ... ,(bi7Jt,t)T, Q: is a diagonal matriz with elements {qj: = E[®; ;+|Gi—1] : j =

1,...,Ji}, the bias satisfies

1 T

T—-H
t=H

B(B) = Z(B), BB =n(B) (&) Z i1 (pu(Bir) — e(B)) Sp I,
+1

i=1

where @y = (Pi14,.. ., ‘1>i7Jt7t)T, and the remainder satisfies

OP(,/,%TJF#) ifB=0

with Z(B) defined explicitly in the SA.

Lemma 4.1 introduces some key properties of the grand mean estimator, f(3). First, under
our assumptions, we may ignore the generated errors of the first-stage estimation of the S; when
analyzing the second stage portfolio sorting estimator. Second, the theorem shows that when
estimating the SACER the leading term is comprised of two elements: the first term, equation
(4.7), would appear in any generic nonparametric problem whereas the second term, equation
(4.8), is specific to the asset pricing setup. Importantly, the second term is of the order O[[D(T_l/2)
representing the summation of the product of the conditional beta and the deviation of the factor
from its conditional mean, (f; — E[f;|G¢—1]). Thus, despite an approximate sample size of nT" in

concert with a nonparametric procedure with tuning parameter J, the grand mean estimator, for
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all values of § except zero, achieves only a /T rate of convergence. That said, for 3 evaluated at
zero, there is a discontinuity and the second term becomes degenerate and the first term dominates
leading to a faster rate of convergence, namely, O]p(\ / % + T%]Q) .5 This is reflected in the remainder
term, Z(f), in Lemma 4.1. Finally, we see that the bias of the estimator at time ¢, %;(f), and
also for the grand mean, %(3), are of the order Op(J~1). In words, the sample average across time
does not alter the order of the bias since fi(/3) is a sample average of nonparametric estimates taken

one cross-section at a time.

Remark 4.2. As discussed above, for fixed ¢ we can only consistently estimate M;(3) not p(5).
However, we can affect the asymptotic properties by focusing on specific features of the unknown
function, u(83). By taking a discrete second derivative we can simplify the asymptotic properties

since

BFLY (81, B2, B3; My) = My (B1) — 2M; (B2) + My (B3) = pe (B1) — 2pe (B2) + e (B3) (4.9)

whenever 81 — B3 = B2 — B3 with three distinct points 51, B2, 83 € B. This object can be interpreted
as a “butterfly” trade where one goes long one unit of each of two assets (one with 8; and one with

B3) and short two units of an asset (with S2). By results provided in the SA, we can show that

BrLY (81, B2, B3; it) — BFLY(B1, B2, B3; pe) = op(1), (4.10)
and .
e S0 (Bruvi(B, B, B ) — Brivi(Br, B, s ) = 02(1). (4.11)
t—H+1

Moreover, both of these estimators achieve the faster rate of convergence, OP(\/W ). This
imposes the additional rate restriction nT / J3 — 0 which ensures sufficient undersmoothing for
the “butterfly” estimator. Under the assumption of the absence of arbitrage opportunities, the
expression in equation (4.9) is equal to zero for all 1, B2, and (3 satisfying 51 — B2 = f2 — [3.
Thus, this statistic can serve as the foundation to conduct inference on whether the no-arbitrage

restriction holds (see Section 5.3 below).

5To see that this rate of convergence is faster, note that J/m — 0 is required to ensure that the probability of an
empty portfolio is vanishing asymptotically.
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Next we provide a central limit theorem for 1i(/) which allows us to conduct inference on the
estimator of the SACER. Our result employs a martingale central limit theorem (Hall and Heyde,

2014) combined with the dependence structure introduced earlier.

Theorem 4.3 (Central limit theorem). Suppose Assumptions 1-7 hold along with the rate restric-

tions on h and T given in Theorem 3.1. In addition, assume that

min{J "L, J2/n}T7Y% max max ©,7((Be(8)T Q7 ®iecie)?; q,v) — 0

1<t<T 1<i<ny

min{n/J, 23T~ Y20,, 17((Be(8) " Q3 'E[®; o Bie|Gi—1]fo) % ¢, v) — 0

for2v>1/2—1/q. Then,

i(B) — fir(8; H) — A(8)
VEIo2(8) + o3 (8)

—¢ N(0, 1), (4.12)

J
a2(B) = (T - Hg Z Znt Zpyt qjt (®ijeei|Ge1) =p T

t=H+1 j=1 i=1
+ ifB#0
a?<ﬁ>=(T_1H)2 Z ijt )05 (s 08t Gr—1)2(fi — ELfilGim1])? e ¢ .
t=H+1 j=1 %ﬁ if =0

Theorem 4.3 characterizes the limiting distribution of the beta-sorted portfolio estimator when
centered at the SACER (plus the smoothing bias, #(3)). A few remarks are in order. First, despite
the differential rates of convergence in the numerator depending on the value of 5 shown in Lemma
4.1, once properly scaled, the limiting distribution is unaffected. This comes about because the
denominator adapts to the appropriate rate of convergence. Second, Theorem 4.3 provides the basis
of a feasible inference procedure based on a new plug-in variance estimator, discussed in Section
4.3. Third, we require restrictions on the dependence properties of the data, using our concept of
time-series dependence introduced in Section 1.1, to ensure the convergence in distribution holds.

Finally, to provide some intuition for the rate conditions given in Theorem 4.3 we give the

following example for 8 # 0. Let n = T7", h = T772 and J = T, for v1,7v,7v3 > 0, 72 < 1 and
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v3 < 1. If we ignore log terms, the rate conditions in the above theorem require that 2v; + gy2 <
q—2and 1 < 293 < 7. Thus, even for large 71 (e.g., 71 = 2), our rate requirements conform with
a choice of bandwidth that produces meaningful undersmoothing in the first step relative to, for
example, the MSE optimal rate of T-1/3. Intuitively, this comes about because variation in the
first-stage estimates is beneficial for estimating p () since §;; are the regressors in the second-stage
nonparametric estimation problem. As a consequence the trade-off between bias and variance that
would arise if the first stage was considered in isolation is no longer the case in the combined

procedure: the cost of bias relative to variance rises.

Remark 4.4 (De-biasing the Small Exposure Portfolio). The results presented in Lemma 4.1
and Theorem 4.3 make clear that the portfolio which includes the value 8 = 0 is special relative
to all other portfolios. The rate of convergence accelerates to 4/ % + TLJQ which amplifies the
smoothing bias in relative terms. By Theorem 4.3, the rate condition v/7J~! — 0 enables sufficient
undersmoothing when § # 0. However, when § = 0, this rate condition is insufficient and the bias
of the estimator must be further reduced to employ the asymptotic normality results in Theorem
4.3. In our empirical application in Section 6 we de-bias this portolio by fitting a linear regression

of returns on betas within the bin rather than a constant fit.

4.3 Feasible inference on the SACER

We have established conditions which ensure asymptotic normality of the beta-sorted portfolio
estimator when centered at the SACER. In this section, we investigate the properties of two feasible
inference procedures. The first is the so-called Fama-MacBeth (FM) variance estimator which is
ubiquitous in existing applications of beta-sorted portfolios. The FM variance estimator can be

motivated by the classical sample variance estimator, and is constructed as

T

) = =g L (B -709) (4.13)

t=H+1

Thus, fi.(B) for t = H+1,...,T serves as the sample “observations” and ji(3) serves as the sample
“mean.”
The second feasible inference procedure is based on a new plug-in (PI) variance estimator

which can be constructed using the results in Lemma 4.1 and Theorem 4.3. To see the logic of our
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approach, first consider the (unrealistic) case where we observe €;; and E[f;|G;—1]. We can exploit
the fact that the two leading terms shown in Theorem 4.1 are uncorrelated and so the natural

plug-in variance estimator is
~2 ~2 ~2
op1(B) = Uf,PI(ﬁ) + UE,PI(/B)7

where

2
5?,1&(5) Z Z tqt (ijt )Djt B@t)ﬁzt) (ft_E[ft|gtfl])2,

tH—l—l*l =1

T
53,?1(5) Z Z AQ ijt p]t @t) Eits

tH-‘rljl Jtzl

and @j; = ny ' Y0, :Igim. Of course, 52;(f) is infeasible. As a feasible alternative, consider
oo (B) = U}% p1(B) + 83,191(5): (4.14)

where

2
3120,191(5) Z Z (ZPJ, )Djt th)ﬁzt) (fe = E[f/t‘a—l])z (4.15)

t H+1] 1

6-\62,1’1(6) Z Z 59 Zp]t p]t th) (416)

2 Ht1 j—1 tqﬂtz 1

Here &;; = Ry — j(Bi) and E[f/ﬂa,l] is a feasible estimator of E[f;|G;—1] using only information
contained in G;_;. For example a parametric approach would lead to E[f/ﬂa_l] = ht—l(';,\) for some
hi—1(9) with ht_l(z?}\) a corresponding feasible estimate. As a simple example, in the case of an
AR(1) we would obtain h;—1(9) = ¥ + Y1 fi—1, and we would estimate the parameters, (¥, 1),
recursively. The estimator, E[fT]C;l], may not be correctly specified but we will demonstrate in
Theorem 4.3 below that we can still conduct valid, albeit possibly conservative, inference.

Finally, it is important to emphasize that, just as for the beta-sorted portfolio estimator itself

(see Section 2), both the FM and PI variance estimators require an accounting, at each time ¢, of
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which portfolio § resides in.
Before stating the pertinent properties of the two variance estimators, it will be useful to define
the following object .
T = gy o (m(8) = fr(B: ). (117)
t=H+1

which is the sample variance of the SACER. In addition, define the following (infeasible) version of

the FM variance estimator where the individual elements have had their smoothing bias removed,
~9 ~ 2
) = 5 (7(8) - 2:(8) — ((®) - #(8))) . (4.18)
t=H+1
We then have the following result.

Theorem 4.5 (Variance estimation). Suppose Assumptions 1-7 hold along with the rate restrictions

on h and T given in Theorem 4.5. Then,

(i) if 40
53(8) ~ 02(5) ~ 73(8) = o2(8)] = o ().

and, if Elo7(8)] = o(:L + TJQ) then for B =0
~ J
528~ 2(8) ~ 73(8) ~ 2B = o (7 + )

(ii) Assume maXHHStSTIE[(JE[ft\Qt,l] —E[f/ﬂgj,l])ﬂ iso(T) if B # 0 and o(‘]n2 %) if B =0.
Then, for B € B,

152p1(8) — 02(8)| + 1% p1(B) — 0F(B) — sur(B)]

where s, (5) > 0 is defined in Section SA-2.5 of the SA.

Theorem 4.5 characterizes the (differential) asymptotic properties of the PI and the FM vari-
ance estimators. The intuition behind these results is specific to each of the variance estimators.

For the PI variance estimator, consistency can be achieved when the specification of E[f;|G;—1] is

correct. However, even if this estimator is misspecified opr(3) will be biased upward only. This
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conservativeness arises by the standard minimum mean-square error property of the conditional
expectation with syp representing the contribution arising from the misspecification. For the FM
variance estimator, we can understand the result from the following decomposition of the summands

of the estimator:

1 1

T T T
> i(B) = (7(B) — me(B)) + [ (B) — % D m(B)] = D (7(B) — m(B)).
t=1 t=1

t=1

1 (B) —

N

It is the first term that plays the role of capturing the contribution of the variance from 0]20(-) +02(-),
while the second term captures the contribution of ai(~). The third term, instead, is asymptotically
negligible. When 8 = 0, in order to use the FM variance estimator, the bias from each ji;(f) must
be removed. This is why we replace o2y(3) by d2y(). As discussed in Remark 4.4, in practice for
524(B) we de-bias the portfolio which contains 3 = 0, so the associated FM variance estimator will
inherit this adjustment.

We can use the results of Theorem 4.5 as the basis for our feasible inference procedures.

Corollary 4.5.1. Let the Assumptions of Theorem 4.5 hold. Define ET(ﬁ, o) = u(B)—a(B)q\_,/VT,

and ﬁT(B, 7) = (B +3(B)al_,/VT where q\_, is the 1 —a quantile of a standard Gaussian vari-

able. Then, for fized 5 € B and a pre-specified nominal level 2a,

limind B(fir (8: H) € [Lr(8,5e1). Ur(8,5m)]) 2 1 - 20, (4.19)
limind P(fir (8: H) € [Lr(8,5m). Ur (8.5m)]) > 1 - 20, (4.20)

Since the SACER is a random object, we can use the results in Corollary 4.5.1 to form prediction
intervals for fip(8; H). With either choice of variance estimator, inference is asymptotically valid
but may be conservative. When using the PI variance estimator we obtain asymptotic coverage of
exactly 1 —2a when the conditional expectation is specified correctly, whereas for the FM variance

estimator this occurs when () does not vary over time.

Remark 4.6. Theorem 4.5 also implies that we can construct an asymptotic lower bound for the

sample variance of conditional expected returns, o2(3), by taking the difference between 7Z,(3)

m
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and o3;(f). Under the assumptions in Theorem 4.5, we have that for 8 € B,

52(5) — 331(5) = o2(8) — sur(8) + on (). (4.21)

Thus, through the medium of the two alternative variance estimators we can learn about other
features of conditional expected returns. Although this only provides an estimate of a lower bound
2

on a“(ﬁ), in our empirical application, we find that this difference is relatively large and so this

bound can be informative.

Remark 4.7. Theorem 4.5 also implies that valid inference on the SACER can be achieved without
the need to stipulate the form of the conditional expectation of the risk factors, E[f;|G;—1]. This
stands in contrast to existing approaches, for example, Adrian et al. (2015) and Gagliardini et al.
(2016), where a (first-order) Markovian structure is imposed. In practice, specifying the correct
functional form including the appropriate conditioning variables for the risk factor dynamics is a

challenge. This is an advantage of the estimation approach we study.

4.4 Feasible inference on the PACER

Although we have argued that the SACER should be the preferred estimand for the beta-sorted
portfolio estimator, it is illuminating to compare the conditions required to obtain results for

this alternative estimand. First note that the beta-sorted portfolio estimator is consistent for the

PACER so long as Assumption P holds (i.e., the PACER exists):

f(B) — u(B) = (A(B) — pr(B; H)) + (fr(8; H) — u(B)). (4.22)

The first term is op(1) under the assumptions given in Section 4 and the second term is op(1) if
Assumption P also holds.

Although consistency is ensured with only a mild strengthening of the assumptions necessary
for our results for the SACER, asymptotic normality requires substantially more structure on the
properties of the data. This is because, for the PACER, the martingale difference property no long
holds and so our previous approach to obtaining asymptotic results cannot be used. By equation

(4.22) it follows that the variance when estimating the SACER is smaller (by the magnitude o7 (63);
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see Theorem 4.3) than when estimating the PACER with equality only when () is constant
over time. Furthermore, by Theorem 4.5 the FM variance estimator will consistently estimate this
larger variance under appropriate regularity conditions.

Establishing asymptotic theory and feasible inference procedures for the PACER is challenging
because of the highly nonlinear time series dependence and complicated nonparametric structure

of the beta-sorted portfolio estimator, and therefore we leave this task for future work.

5 Joint Inference

In our main results we have laid a foundational framework and associated assumptions which ensure
consistency, asymptotic normality, and feasible inference for the beta-sorted portfolios estimator
of the SACER. These results immediately imply valid procedures for joint inference over finitely
many values of 5. In this section we discuss how to conduct joint inference for the SACER over
multiple beta values along with how to formally test for the presence of profitable high-low and
“butterfly” trading strategies.

In order to construct joint intervals for multiple values of § we require estimators of the covari-
ance of u(f1) and u(B2) for p1, B2 € B. For the FM variance estimator we have,

1 T

= Fomp 2 (A~ (A8 ~ (B2,

t=H+1

oru(f1, B2)

whereas for the PI variance estimator we can use,

op1(P1, B2)

T Jv Jt —
Z Z Z ne qj1tqj2t <Zp11, (B1)Pja,t (B2)Pji ¢ (th)pyz, (5zt)ﬁzt> (fe —E(fiGi-1))”
t=H+1j1=1jo=1

T

Jt
] ~—
T DI Jltqupﬁ, (B1)Brat (B2)Bis 1 (Bit)Bja,t (Bit )%
t H+1j1=1j2=1 i=1

The results we present are valid for either the FM or PI approaches and so for simplicity we

present the results with the generic notation o(f31,32) as a stand-in for either estimator with

3(8,8) =3*(B).
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Finally, the following notation will be used throughout this section. Let Bg = {b1,bg,...,bg} C
B be a finite collection of GG evaluation points of 5. Our theoretical results imply the existence of a G-
variate Gaussian limiting distribution with the covariance matrix, ¢, following from Theorem 4.3.
More precisely, let fig: = (fi(b), -, i(b)) T and pig; = (u(br), .., (b)), 50 that (i — picr) ~a
Zé/zZ where Z ~ N (0, I).

5.1 Joint inference for the SACER

A valid joint prediction interval for SACER can be constructed via [L7(3), Ur(83)] where Lp(8) =
7i(8) —5(8)a1-a/VT, and Up(8) = 1i(8) +5(8)d1-a/VT, and qi_ is obtained as the 1 — o quan-
tile of the distribution of ‘ZaiorrZ’OO where Y¢ corr = diag(Zg) ™ V/?Eediag(Ee) ™2 and diag(A)
denotes a diagonal matrix with diagonal entries the same as the diagonal entries of A. In practice,
we replace Y with EA]G using either the FM or PI covariance estimator introduced above. Then,
with a pre-specified coverage level 1 > 2a > 0,

liminf B(jr(3: H) € [Lr(8). Ur(8)]. for all 8 € Bg) > 120,

Intuitively, if 0 is not contained in this joint prediction interval then we can reject the null that
there exists values of § € G which do not earn (expected) returns for the exposure to the factor.

We provide an algorithm to implement the joint inference procedure below.

Algorithm 1 Joint inference for the SACER.
Require: ny, T > 0

1: Obtain (i, k) elements of Yo as o (b;, br) using the G grid points in Bg.
2: Simulate standard normal random variables Z(*) of G x 1 dimension for s = 1,---, S times,

where S is the number of draws.

3: Construct Z(5) = 51/2 Z) | where EA]G@OH = diag(ig)_l/gig diag(f]c;)_l/2 and £Y2 s the

= HGcorr? G corr
symmetric square root of X corr-
4: Obtain the 1 — o quantile of | Z|s from the S simulated draws and denote as G1_q.
5: Create the joint prediction interval by [Lr(b;), Ur(b;)], where Ly (b;) = 7i(bi) — 6(b:)q1—a/VT
and Up(b;) = 1i(bi) — 0(b:)q1—o/VT fori =1,...,G.
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5.2 The generalized high-minus-low strategy

The most popular object of interest in the empirical finance literature is to compare the time-
average of returns from the two extreme portfolios (i.e., the portfolios which encompass the eval-
uation points §; and f,) as discussed in Section 2. The goal is to assess whether a long-short
portfolio trading strategy earns statistically significant returns, i.e., has a nonzero unconditional
risk premium. However, we can use our general framework and new theoretical results to formulate
a more effective inference procedure to assess the properties of expected returns. Rather than focus
on |p(By) — p(Br)| we instead consider maxgep,, () — mingep, p1(3). In words, we study the most
profitable long-short strategy available. We refer to this as the generalized high-minus low strategy.
In the special case when p(8) is monotonic (and the grid Bg includes 8; and f3,), then the two
expressions are equivalent. Thus, we nest the popular high minus low portfolio inference approach
as we test for the presence of any profitable long-short strategy in Bg.

This class of high-minus-low statistics can be re-expressed in the following form,

max i(8) — min fi(8) = max fi(8) + max (- fi(B))

BeBag BeBa BeBa BeBa
T Jt T Jt
:max( ZZW aﬁ) (—*ZZPJ, “Jt)
peBa =1 j=1 t=1 j=1

where we denote Smax as the point attaining maX/geBG(% Zthl Z;«]tzl Djt(B)aje) and Bmin as the
point attaining max5ega(—% Zthl thzl Djt(B)aje)). Algorithm 2 below shows how to construct
a joint prediction interval [ET, ﬁT] Intuitively, if 0 is outside of this interval then there exists at

least one profitable long-short strategy across a pair of values in Bg.

5.3 The “butterfly” strategy

We introduce one final joint inference procedure which is motivated by a “butterfly” trading strategy
corresponding to a discrete second derivative (see Remark 4.2; the long-short trading strategy of
the previous subsection can be thought of as a discrete first derivative). Furthermore, under the
assumption of the absence of arbitrage opportunities, then the “butterfly” trading strategy we
formulate should have zero (conditional) expected returns. Thus, we can also directly conduct

inference on whether the data are consistent with a no-arbitrage assumption. In words, under
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Algorithm 2 Inference for the generalized high-minus-low strategy.

Require: n;, T >0

1:

2:

Obtain (i, k) elements of $¢ as 5(b;, by) using the G grid points in Bg.

Simulate standard normal random variables Z(8) of G x 1 dimension for s = 1,---,S times,

where S is the number of draws.

Obtain fi(Bmax) = maxges, T~ [y fit(B) and fi(Bumin) = minges, T~ 3/ fie(B). Let
//lGHL = ﬁ(ﬁmax) - /j(ﬁmin)-
Construct Z() = ngZ (5) where ng is the symmetric square root of ig, and obtain Eéi?ax —

7 éi?m using the evaluation points corresponding to Smax and Bumin.

Obtain the 1 — a quantile of ’Zé:ax — Zé’i?m

(note: Zéizin, 7 é‘:ax are the Gaussian limits corresponding to Smax and Biin, respectively.)

Create the prediction interval [ET,ﬁT}, where ET = [GHL — Ji-a/ VT and UT = [gHL +

alfa/\/T-

no-arbitrage, there does not exist an ex-ante profitable trade where one goes long one unit of each

of two assets (one with $; and one with f3) and short two units of an asset (with £3). Naturally,

we will focus on the estimator:

max BFLY (B4, B2, O3; 14 BrLy (1, B2, B3;
Bl+ﬁ3:252 (61 52 ﬁ3 ) 1314,63 252 Z t Bl /82 63 Mt)

To construct asymptotically valid prediction intervals we can utilize the results of Lemma 4.1

which yields the following leading term expansion,

BFLY(B1, B2, B3; 1) — BFLY (1, B2, B3; 1)

Nt
=7 Z D S5 Brva(hs s s B i + O

=1 j1=1

As we discussed in Remark 4.2, the “butterfly” estimator enjoys a better rate of convergence

for all values of 8, namely, vVnT/ V/J and so we require an alternative variance estimator to form

prediction intervals. The asymptotic variance of 7~} 23:1 /Tny/Jy - BELY (51, B2, B3; 1) may be
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estimated by

T

i (81,82, B3) = Z pip,¢ (81,62, B3),

=1
where

ng Ji

Ghin +(B1, B2, B3) = — Z > " BELY(B1, B, B3; Djit) Ty, Pij iy

’L].j].

Let 8123 be an abbreviation for 81, B2, 83 and 3] 5 3(# B1,2,;3) as an abbreviation for 37, 85, B3. We

define the corresponding covariance estimator as

opip(B1,23, F123) = ZaDlDt (81,23, B1,2,3)5

where

ne
O-DlDt(B12376123 ny J ZZBFLYt 617B?)B?»apjt)BFLYt(ﬁl?ﬁQvB37pjt)qjt D, ,],t€z2t
i=1 j=1

For an equal-spaced choice of gridpoints, Bg, we can then collect all ordered triplets (by,bg, b3)
which satisfy 2bs = by + b3 (b1 # b3). Then, we can construct the G* x G* estimated variance-
covariance matrix iDiD by using 8]231D (b1, b2, b3) for the diagonal elements and opip(b1,2,3, b’1’273) for
the off-diagonal elements.”

Using Algorithm 3 below we can construct the appropriate prediction interval. Intuitively, if
zero is outside the prediction interval, then there exists at least one “butterfly” strategy based on
B which earns nonzero expected returns. Furthermore, if zero is outside of the interval then we

cannot reject the hypothesis that the no-arbitrage condition holds in the data.

Remark 5.1. The grand mean allows for inference on wunconditional risk premia but we would
also like to accommodate inference on conditional risk premia. For example, a risk factor may be
associated with a significant risk premium only in certain time periods. Conversely, the conditional

risk premium may be zero under some conditions but not unconditionally. Drawing inferences about

®When G is even, then G* = G(G — 2)/4 and when G is odd, then G* = (G — 1) /4.
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Algorithm 3 Inference for the “butterfly” strategy.

Require: n;, T >0
1: Choose an equally spaced grid, Bg. Obtain leiD using ﬁ%iD(bl, bz, b3) and opip(b1,2.3, b’17273).

2. Simulate standard normal random variables Z() of G* x 1 dimension for s = 1,---, S times,
where S is the number of draws.

3: Obtain fi(b;) for all G gridpoints b; € Bg. Find B7%% which satisfies B9% =
maXb1,b2,b36BG,2b2:b1+b3 BFLY(blv b2a b3a :a)
4: Construct Z(S) = 2113/1]23 corrZ(S)7 where iDiD,corr = diag(iDiD)’l/QiDiD diag(iDiD)il/Z and

a1/2 . . a
ZDiD’ corr 18 the symmetric square root of Xpip corr-

5: Obtain the 1 — a quantile of ]2 |0 from the S simulated draws and denote as q1_q.

6: Create the prediction interval [ET,ﬁT], where §T = BFLY(B™, B9, 55" 1) —
6'\DiD( {nax’ énax’ :Ianax)aliaT—B/Z Z?Zl /Jt/nt and UT — BFLY( {nax7 énax’ gnax;ﬁ) +

Gpip (B, gyax gmaxyg,  T=3/2 5T /T Ty

conditional risk premia can provide additional information to understand the economic mechanisms
underpinning the risk-return trade-off. Without assuming a functional form for the conditional
mean of the risk factors, there are limitations about what we can infer about u:(3). But we can
characterize some features of conditional expected returns at time t.

For a given time period ¢, consider maxg, +g,=28, BFLY¢(81, B2, 83; [ir). We can interpret the
prediction interval for this object in two ways. First, if zero is outside of the interval then we find
evidence in favor of arbitrage opportunities at time ¢. Second, if zero is outside of the interval,
then we find evidence that the risk factor has nonzero conditional expected returns at time ¢, even
though we cannot consistently estimate fi;(3). We can follow similar steps as in Algorithm 3 to

construct the associated time ¢ prediction interval (see Algorithm 4 below).

6 Empirical Application

In this section, we introduce a novel risk factor and show that it is strongly predictive of both

the cross-section and time-series behavior of U.S. stock returns. We also utilize this application to

illustrate the practical advantages of the novel theoretical results presented earlier in the paper.
Our risk factor is a new measure of the business credit cycle. The business credit cycle is

commonly evaluated by means of ratios of credit aggregates to measures of output. Although
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Algorithm 4 Inference for the fixed-t “butterfly” strategy.

Require: n;, T >0
1: Choose an equally spaced grid, Bg. Obtain iDiD,t using 31231D7t(b1, by, b3) and opip ¢ (b1,2,3, b’17273)
using the G gridpoints in Bg.

2: Simulate standard normal random variables Z() of G* x 1 dimension for s = 1,---, S times,
where S is the number of draws.

3: Obtain fi;(b;) for all G gridpoints b; € Bg. Find ﬂin;}ét which satisfies B?lg}ét =
MAXp, by bseBe,2ba=by +bs BFLY¢ (D1, b2, bs; fit).

4: Construct Z(*) = i]lg/i%,t,corrz(s)v where Spipscorr = diag(Epins) /2 pin ¢ diag(Spip,¢) /2
and illi)/i%),t,corr is the symmetric square root of iDiD,t,corr'

5: Obtain the 1 — a quantile of ]2 |o from the S simulated draws and denote as qj_q.

o . . > 5 > t t t o~
6: Create the prediction interval [L;, U], where L, = BFLY{(8]"", By, B3 ) —
~ max,t pmax,t pmax,ty - - max,t pmax,t pmax,t,B ~
O-DiD,t( 1 ) s M3 )QIfa \V Jt/nt and Ut - BFLYt( 1 s P9 s M3 ) /‘L) +

DD, ( inax’tv ;nax’ta ;,nax’t)al—a N LYY

theoretically appealing, a drawback to these approaches is that it is difficult to parse out movements
in credit ratios that are arising from composition changes in the aggregates as compared to all
other movements. Here we take a different approach. We rely on the Federal Reserve’s Senior
Loan Officer Opinion Survey’ (SLOOS) as our proxy for the “credit” portion of the ratio and
the ISM Manufacturing Index as our measure of the “output” portion. This has three distinct
advantages. First, as the SLOOS and ISM are both diffusion indices, they have uniform behavior
across their history even in the face of changes in the structure of the economy. Second, they are
much more timely than credit aggregates and national accounts data which tend to be released
with a substantial lag. Third, they are not subject to revision. Thus we have a timely factor which
we can evaluate in real time with no look-ahead bias.

Our factor is simply constructed as
1
CCW; = (2 -SLOOS; + 50) + ISMy, (6.1)

where SLOOS; is the net percentage of large domestic banks tightening standards for commercial

and industrial loans to all firms and ISM; is the ISM index.® Although both the SLOOS and the

"The properties of the SLOOS were first studied in Schreft and Owens (1991), Lown et al. (2000), and Lown and
Morgan (2002, 2006). See also Crump and Luck (2023).
8The Senior Loan Officer Opinion Survey is currently conducted on a quarterly basis. To construct a monthly
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ISM are diffusion indices, they are scaled differently and so the affine transformation of the SLOOS
is implemented so that they are both on the same scale (between 0 and 100). To understand why
this is (the inverse of) a credit-to-output type measure note that a fall in the SLOOS corresponds to
easier lending standards (higher credit growth) and a fall in the ISM to less output. Thus, when the
CCW variable is low, credit-to-output is high. A similar logic applies for when the CCW variable
is high. Our factor is available starting in January 1965 when the first SLOOS was implemented.
As a preliminary check for the validity of our factor we assess its ability to predict future
market returns. Specifically, an implication of our setup (see equation (2.1)) is that if the factor is
serially correlated then lagged values should be predictive of future equity returns. To show this,

we consider the standard predictive regression setup and run predictive regressions of the form,

Tt+h = Q + b -2t + Vt. (62)

We utilize the standard predictors obtained from Welch and Goyal (2008) as a benchmark compar-
ison along with our risk factor. In Table 1 we present in-sample R? from predictive regressions for
forecast horizons of 1, 3, 6, and 12 months ahead. The first fourteen rows present the results for
the benchmark predictors investigated in Welch and Goyal (2008). The next row, labeled “CGP”
reports results using only the SLOOS portion of our risk factor as in Chava et al. (2015). Finally,
The last row, labeled “CCW?” provides the results for our new risk factor. The results are stark.
The in-sample R? from our new risk factor far outstrips that of the other predictors considered.
To ensure our results are not a consequence of overfitting, in Table 2 we present out-of-sample R?
results using a training sample up to the end of 1989. Again, the results are stark with our risk
factor outperforming each of the other predictors by a wide margin.

We can now investigate how our risk factor performs in explaining the cross-section of equity
returns. We implement our estimators as described in Sections 3 and 4. We use monthly data
from the Center for Research in Security Prices (CRSP) over the sample period January 1926 to
December 2019. We restrict these data to those firms listed on the New York Stock Exchange

(NYSE), American Stock Exchange (AMEX), or Nasdaq and use only returns on common shares

series we keep the SLOOS value constant until a new value is available. For the period from 1984m1 through 1990m1,
the credit standards question was not included in the SLOOS. For this period we use as a replacement the net
willingness to make consumer installment loans by large domestic banks.
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Table 1: In-sample Predictive Regressions This table reports R? (in percent) from predictive
regressions of excess stock returns on an individual predictor variables from Welch and Goyal (2008)
for horizons of 1, 3, 6, and 12 months ahead. The row labeled “CGP” reports results for the SLOOS
only portion of our risk factor as studied in Chava et al. (2015). The row labeled “CCW” reports
results for our proposed risk factor. The sample period is 1965m1-2019m12.

| |h=1 h=3 h=6 h=12]
(log) Dividend Price Ratio 0.09 030 0.72 1.41
(log) Dividend Yield 0.11 032 0.75 1.44
(log) Earnings Price Ratio 0.03 0.04 0.06 0.26
(log) Dividend Payout Ratio | 0.02  0.20  0.57 0.69

Stock Variance 1.06 0.13 0.13 0.66
Book-to-Market Ratio 0.00 0.01 0.06 0.12
Net Equity Expansion 0.14 0.21 0.44 1.24
Treasury Bill Yield 0.40 0.81 1.13 1.58

Long Term Treasury Yield 0.13 0.18 0.17 0.00
Long Term Treasury Return | 1.08  0.66 1.82 1.31

Term Spread 0.51 1.39 2.44 7.30
Default Yield Spread 0.25 0.78 2.13 3.06
Default Return Spread 0.30 0.25  0.30 0.03
(lagged) Inflation 0.01 048 1.88 2.21
CGP 1.28  3.06  3.65 4.30
CCW 2.87 7.81 10.55 13.21

(i.e., CRSP share code 10 or 11). To deal with delisting returns we follow the procedure described in
Bali et al. (2016). When forming market equity we use quotes when closing prices are not available
and set to missing all observations with 0 shares outstanding. For our risk factor we use a measure
of the business credit cycle described in equation (6.1). We utilize five-year rolling regressions to
estimate betas and we choose the number of portfolios as J; = Ji - (W)% where J; = 10.
The latter choice can be motivated by appealing to Cattaneo et al. (2020a) as the optimal choice
of portfolios under the simplifying assumption that all 8;; were known.

Figure 1 presents our estimate of the grand mean, () in the black line. There is a clear
downward slope in the relationship between S and expected returns — although it does not appear
to be linear. To address the differential behavior of the beta-sorted portfolio estimator for the
portfolio containing 5 = 0, we fit a linear regression in this portfolio only and use constant fits
for all other portfolios. The grey vertical lines in Figure 1 depict confidence intervals at each

selected point in the support of 8. The top chart in Figure 1 uses the PI variance estimator

we introduced in equation (4.16) whereas the bottom chart uses the FM variance estimator. To
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Table 2: Out-of-Sample Predictive Regressions This table reports out-of-sample R? from
expanding window predictive regressions of excess stock returns on an individual predictor from
Welch and Goyal (2008) for horizons of 1, 3, 6, and 12 months ahead. The row labeled “CGP”
reports results for the SLOOS only portion of our risk factor as studied in Chava et al. (2015). The
row labeled “CCW?” reports results for our proposed risk factor. Positive values have been bolded.
The training period is 1965m1-1989m12 and the evaluation sample is 1990m1-2019m12.

| [h=1 h=3 h=6 h=12
(log) Dividend Price Ratio -1.75  -3.78  -6.75  -12.77
(log) Dividend Yield -1.83 -3.73 -6.83 -12.27
(log)

log) Earnings Price Ratio -0.96 -1.98 -3.27 -6.91
(log) Dividend Payout Ratio | -1.33 -1.23  -0.07  0.82

Stock Variance -0.91  -0.50 -0.52 0.67
Book-to-Market Ratio -0.58 -1.15 -2.07 -5.30
Net Equity Expansion -2.34 -6.43 -13.70 -20.44
Treasury Bill Yield -0.00 077 1.72 2.36

Long Term Treasury Yield -0.02 -0.22 -0.65  -4.85
Long Term Treasury Return | -1.18 -0.59 -1.08 -1.66

Term Spread -0.88 -1.15 0.49 6.94
Default Yield Spread -2.28 -3.85 -4.12 -3.04
Default Return Spread -1.10  0.70 0.45 0.22
(lagged) Inflation -0.17 1.44 3.88 3.50
CGP 1.77 4.51 5.22 4.75
CCW 3.76 9.62 11.66 8.74

implement our plug-in variance estimator we use an (expanding window) AR(1) specification in
our risk factor. We can clearly see the difference in the precision for drawing inferences from the
data. The confidence intervals based on our new PI variance estimator are substantially shorter
than those of the FM variance estimator. Although we showed in Section 4.3 that both of these
estimators are conservative, in general, for inference on the SACER, the FM is much larger in this

application. By Remark 4.6 we can use the difference between the FM variance estimate and the

2

PI variance estimate as an estimate of the lower bound on oL

(8). Inspecting Figure 1 we see that
this lower bound can be informative as the length of the 95% confidence interval based on the FM
variance estimator are at least three times as long as that based on the PI variance estimator.
We can see the difference between the two variance estimators even more clearly in Table 3
where we present the point estimate for selected values of 5 along with lower and upper bounds

for confidence intervals constructed with the two different variance estimators. The results are

striking. Across all values of § and for both nominal coverage rates, the confidence intervals
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Figure 1: Inference on Expected Returns. This figure shows the grand mean estimate, fi(3) =
T-! Zthl 1(B) (black line) with associated confidence intervals (grey vertical lines). The top chart
constructs confidence intervals using the plug-in variance estimator introduced in equation (4.16)
while the bottom chart uses the Fama-MacBeth variance estimator. The nominal coverage is 95%.
The sample period is 1965m1-2019m12.

(a) Plug-In Variance Estimator

2.4

06 I I I I I I I

(b) Fama-MacBeth Variance Estimator

2.4

N
N
!

I

formed using our plug-in variance estimator are approximately 30% of the length of those using the
FM variance estimator. We can also illustrate the difference by considering confidence intervals on

the high-minus-low estimator, ji(5,) — i(5;), which has a point estimate of 0.5. When using the PI
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Table 3: Inference on Expected Returns: This table presents the grand mean estimate,
aB) = 1t Zthl w:(8) along with upper and lower bounds for nominal coverage of 95% and
99%. Confidence intervals constructed using the plug-in variance estimator introduced in equa-
tion (4.16) are denoted by “PI-LB” and “PI-UB” whereas those using the Fama-MacBeth variance
estimator are denoted by “FM-LB” and “FM-UB”.The sample period is 1965m1-2019m12.

90% Coverage 95% Coverage

Ié] u(g) PILB PI-UB FM-LB FM-UB | PI.LB PI-UB FM-LB FM-UB

-1.00 1.65 1.50 1.81 1.11 2.20 1.47 1.84 1.01 2.30
-0.50 1.69 1.55 1.83 1.16 2.22 1.52 1.86 1.05 2.33
-0.25  1.52 1.41 1.62 1.09 1.94 1.39 1.64 1.01 2.03
0.00 1.26 1.19 1.32 0.89 1.63 1.17 1.34 0.77 1.74
0.25 1.22 1.11 1.32 0.83 1.60 1.09 1.34 0.76 1.68
0.50 1.19 1.06 1.33 0.76 1.62 1.03 1.35 0.68 1.70
1.00 1.15 1.01 1.30 0.70 1.61 0.98 1.33 0.62 1.69

variance estimator the 95% confidence interval is [0.14, 0.86] whereas for the FM variance estimator

it lengthens to [—0.69, 1.69].

7 Conclusion

Beta-sorted portfolios are a commonly used empirical tool in asset pricing. In a first step, time-
varying factor exposures are estimated by weighted regressions of asset returns on an observable risk
factor to ascertain how returns co-move with the variable of interest. In a second step, individual
assets are grouped into portfolios by similar factor exposures and differential returns are assessed
as a function of differential exposures. Yet the simple and intuitively appealing algorithm belies
a more complicated statistical setting involving a two-step estimation procedure where each stage
involves nonparametric estimation.

We provide a comprehensive statistical framework which rationalizes this commonly-used esti-
mator. Armed with this foundation we study the theoretical properties of beta-sorted portfolios
linking directly to the choice of estimation window in the first step and the number of portfolios
in the second step which serves as the tuning parameters for each nonparametric estimator. We
introduce conditions that ensure consistency and asymptotic normality for a single cross-section
and for the grand mean estimator. We also introduce a new variance estimator and characterize

the properties of the ubiquitous FM variance estimator. We provide joint inference procedures for
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Figure 2: Joint Inference on Expected Returns. This figure shows the grand mean estimate,
ap) =11 ZL u:(8) (black line) with associated joint prediction intervals (shaded area). The
top chart constructs prediction intervals using the plug-in variance estimator introduced in equation
(4.16) while the bottom chart uses the Fama-MacBeth variance estimator. The nominal coverage
is 95%. The sample period is 1965m1-2019m12.

(a) Plug-In Variance Estimator

(b) Fama-MacBeth Variance Estimator

different hypotheses of interest in financial applications including tests of the no-arbitrage assump-
tion. Finally, we also discover some limitations of current practices and provide new guidance on

appropriate implementation and interpretation of empirical results.
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SA-1 First Step Estimator

Define by, = (uito, Bite) T = E(X¢, XtE | Fio—1) YE(Xyy Rity| Fio—1)- We consider a slightly generalized

first step estimator that allows for (one-sided) kernel weighting:

By = (@B = (8 (2 )Xo ) (R () X Fu ),
s=1 s=1

where H = |Th|, X; = (1, f,')T, and K(.) is a kernel function satisfying the following assumption.

Assumption SA-1 (Kernel function). K(.): [-1,1] — Ry is Lipschitz continuous.

SA-1.1 Preliminary Technical Lemma

For a (m x n)-dimensional matrix A = (aij)1<i<m,1<j<n, We define the induced matrix norms
|Al1 = maxi<j<n [ 270 aijl, [Al2 = max), =1 [Av, and [A|oc = maxi<i<m | D27 aijl-

To save notation, we define the following quantities:

H H
Alt) = % 3 K(%)Xto_sxjo_s, Alt) = % 3 K(%)E[Xto_sxg_syfto_s_l],
s=1
and
1 & s 1 & s
Bi(to) = Th ZK<E)XtO—sRi(tgfs)a Bi(to) = h ZK(ﬁ)]E[Xto—sRito—s|ft0—s—1]-
s=1 s=1

Lemma SA-1.1. Suppose Assumptions 1-3 and SA-1 hold, max;<;<7 ny S n, andlog(nT)/(Th) —
0. Then,

Ve  [logT
_ <
LThJTﬁg}iogT‘A(to) E[A(tO)HOO ~E T + Th '’

h
]A(t ) fl(t )’ < T1/4 N [log T
max —
|Th|+1<to<T 0 0/lo0 ~P Th Th

(nT)/a log(nT)
B;(tg) — E|B;(t < )
LThJIffngtogT 15‘123;0 ‘ (to) [Bil O)HOO ~F T + Th

~ (nT)/a log(nT)
Bi(to) — Bi(t < :
[ThjrflaéogT 1%?27);0 |Bi(to) i(to)]o e Th Th

SA-1.2 Uniform Convergence Rate

The following theorem is a generalization of Theorem 3.1 in the paper.



Theorem SA-1.2. Suppose the conditions of Lemma SA-1.1 hold, and Tz/q_lnz/q/h — 0. Then,

log(nT)

=: R,T.
T +h T

sup max {blto bit0|oo <p
| Th|+1<to<T 1SSt

The rate condition T2/ 1—1p2/q /h — 0 implies that TTli/lq < 1°ng , and it favors higher moments.

For example, it implies % — 0 when ¢ = 8.

T3/4h

SA-1.3 Asymptotic Normality

We provide an asymptotic normality result for /l;ito, assuming conditional homoskedasticity (but
possibly time-varying) for simplicity. This result is not used in the main paper, but is reported

here for completeness.

Theorem SA-1.3. Suppose the conditions of Theorem SA-1.2 hold, Var([e;,|Fiy—s—1] = 02, is a

g,to
non-random constant, and Th® — 0. Then,

VThSy(to) /% (bity — bity) —2 N(0, 1), Sy(to) = Salto) ' Sp(te)Salto) ),

where ¥ 4(to) = E[Xy, X1] [°, K (s)ds and Sp(to) = 02, E[Xy, X1] [, K2(s)ds.

A plug-in consistent estimator of the asymptotic variance can be constructed using estimated

residuals:
St
(A3t0,§O)T:argm1nZZK( ) co—cl(t—to)/T)
0L 4=1 =1

where u;; denote the estimated residuals.

SA-1.4 Proof of Lemma SA-1.1

We assume that d = 1 without loss of generality. For the first result, we have

max |A(t0) — E[A(to)] ‘OO S R1 + Ra + Rs,
|Th]+1<to<T

where

H
= i i 2 o 2
o= s cr |7 22 K () Goms —EL2 )|

H
1 s to— s
2 LThJT&)iOgT ThZ Th) ="\ "

H
1 s
= — ST k()
Ry LThJI—IO—llagxtogT Thz (Th)zt0



In addition, Assumption 2 implies that (i) {27, — E[27_,]}s, {2t—s7(%52)}s, and 2; are mean zero
and square-integrable, and (ii) ©(z2;¢,v) < 1 with v > 1/2 —2/q. Therefore, Lemma A.3 in Zhang

and Wu (2012) implies that R, + Ra + Rs Sp TTliLq + 4/ loﬁhT.

For the second result, we have
max |A(to) — A(to)| . < Ra+ Rs + R,

|Th|+1<to<T

where

H
- . S ) (22, — B[22 |
M o P Ser | Th > K () (s~ Bl -]

)

H
1 S to— s
= =——y K| — —-s E —S —s5—
R LThJI-iI-llag}iogT Th Z (Th) (#1o (203 Fo 1})7( T )

H
1 s
= K e s — E s e ‘
SRG LThJI‘lI‘l?;foﬁT Th Z (Th) (Zto [zto |ft0 1})

These terms form a martingale difference sequence. Thus, we let us be equal to either ZtQ()—S -

E[ZEO,S], (2tg—s — E[zto_sl]ﬁo_s_l])T(tofs), or zty—s — Elzty—s|Fty—s—1], to save notation. Then,
using summation by part

&l s
max E K< )ut _
H+1§to§T’ <" \Th 0s
s=

— t() — S t() —s—1
< g (om0 W) X [E(g Th
s=to—H s=to—H+1
to—1 1
+ H+r1n£t)§§T‘ Z US‘K(Th)
s=to—H

¢
< max max ‘ E Us
HA+1<to<T to—H<t<to—1

)

s=to—H
because
to—1
to— 1t to— s+ 1
K ) -5 ()l =
> |x (g e
s=tg—H+1

by the Lipschitz continuity of the kernel function. Let A\ be a sufficient large positive constant.
Then, Hall and Heyde (2014, Theorem 2.4) implies that

y4 to—1

>9)) < v (‘ > )

o] 3 w2 zevem, g e S oz
=to— s=tg—




Thus, it suffices to look at H blocks of observations. We have

to

)

< ‘ ”
to €2H, 3H - T—H

max max ‘ E Utg—s
T—H4+1<to<T to— H</<tp—1
s=to—H

and applying Freedman’s inequality (Freedman, 1975) and the union bound, we can verify that

1/q logT
9{44‘%5"‘%65?7;;1 + (;Igh'

The last two conclusions follow analogously, using martingale methods and a union bound over

i. For example, consider the fourth conclusion. We have

o e 22| Bilto) = Bilto)
1 & s
Th§:1K<Th>Xt0 s€itg—s

H
1 $ T T
on S o B2 T Zsl K (i) oo Xips = BlXigs Xl Fio oDt

< max max
|Th]+1<to<T 1<i<ng,

o

The term Eil K (ﬁ)Xto,ssito,s a martingale difference sequence, and therefore proceeding as
above we verify the desired result. The second term of the upper bound in the preceding display is
bounded similarly. O
SA-1.5 Proof of Theorem SA-1.2

We have /l;ito _bito = A(to)_lBi(to) —A(to)_lBZ’ (to)—l—fi(to)_lBi(to) —A(to)_lx&(to)bito, and therefore

su max |b; b, <p Ry + R
LThJ+1£)t0<T 1<i<ng, ‘ o ”O‘oo ~P 2
where
M= A(to) ' Bi(to) — A(to) ' Bi(t
! LThJngfogT 15‘135; |A(to) " Bi(to) (to) ™" Bi(to)| .

Bi(to) — A(to)b;
T Th 1St <T 12150, | Bi(to) = Alto)biro .

because max|pp,|41<to<T |z‘~1(to)_1|oo Se 1.

For the first term, we have

TS s 2, A0 ol ) = Al AT0) ]| Bt

Th] 1 St <T 1202 m, [ Ato) ™| | Bito) — Bi(to)]

(nT)/a log(nT)
<p :
~  Th Th




For the second term, we have

Ry = max max

H
1 S T
|Th|+1<to<T 1<i<ng, | Th Z K(Th)E(XtosttO_t’]:tofsfl)(bi(to_s) = biro)
- - s=1

< max b,y — bito |

H
1 s
> K (77 JE(X ‘
LThJ+1<t0<T1<z<n Th; Th (Xto—s to ~i|Fro—s—1)

% Z (bi(to—s) = bi(tg—s—1)) Z K(%)E(Xto—th—gfj’Eo—j—l)’
=1

s=1

+ max max
|Th|+1<to<T 1<i<ng,

J
K(Fh)E(Xto —J to j“FtO —Jj— 1)‘ S]P’ h.

<ph+h max max max ‘
P
~ | Th]+1<to<T 1<i<ns, 1<s<(H—1) Th

This completes the proof.

SA-1.6 Proof of Theorem SA-1.3

From previous results, the bias is

sup max |A B( to) — A(tO)bito)‘oo <p h,
|Th|+1<to<T 1<i<nt,

and therefore we have the decomposition:

ity — bity = Alto) "' Bj(to) — Alto) ' Bi(to) + Op(h)

)~
= A(to) " (A(to) — A(to))A(to) ' Bi(to) + A(to) " (Bi(to) — Bi(to)) + Op(h),
= R1it, — Ro,ity + Op(h),

with

Rty = —A(to) " (Al(to) — Alto)) A(to) ™" (Bilto) — A(to)bity),
Ro.ity = —A(to) " {(A(to) — A(to))bir, — (Bi(to) — Bi(to))}.

Similar to the proof of Theorem SA-1.2, we have

(nT)/a log(nT) 1
su max |Ri ity SP I + =0 ( )7
LThj+1£t0<T1<l<mo Pritoloo Sp ( Th Th P VTh

under the rate conditions imposed.
Next, observe that

H
sup max |Ro i, + A(to)_1 Z K(
s=1

s
)Xtofs‘sitofs
|Th|+1<to<T 1Si<ne, o

Th




because

sup
|Th|+1<to<T 1<Z<”to

A 1
Sp sup max |A(tg) — At othO]p( )
|Th|+1<to<T 1S5t |A(to) (to)] T

Therefore, putting the results above together and proceeding as before, we have

H

V Th(l;ito — bztg) + A t() Z ( )Xto tEito— t’oo = O]}D(l).

sup max
|Th|+1<to<T 1Si<nt,

Furthermore, using prior results, it follows that

VThEy(to) ™2 (bity — bity) = —Su(to) /?Sa(to)” ( )Xto t€itg—t + op(1),

e

uniformly over #3 and 7. The stochastic linear approximation on the right-hand-side of the equal
sign is a martingale difference sequence, and thus the proof can now be easily completed by applying
Corollary 3.1 in Hall and Heyde (2014). O

SA-2 Second Step Estimators

This section presents the proofs of the main results reported in the paper. It also provides additional
results that are either discussed heuristically in the paper or are not given there to streamline the

presentation.

Remark SA-2.1. For the results for the second step estimators we will condition on two events,
namely, that maxpii<i<T Maxi<i<p, ‘th‘ 18 bounded and that (@t&\):/nt)_l exists and 1is finite
uniformly in t: (1) When R, — 0 then ‘th‘ is bounded with probability approaching one; (2) by
Lemma SA-2.3 (below), if J*log(nT)/n + R,y — 0, then ming1<¢<7 )\min(EI;t;I\);r/nt) 18 bounded

away from zero with probability approaching one.

SA-2.1 Preliminary Technical Lemmas

Let kjt = {nt]/th and Rjt = j/Jt Recall

-~ _ 1
ﬁ(kjt)ﬂf = F@;t(’%jvt)’ F@n t(u) = Z 1(Bi < w),
and

Bt = Fone(kia)  Fona(w)=—> 1(Bie <u).

Z ( ) Xio-sXp—s = B[Xtg—s Xy | Fro—s—1])bitg—s — (A(to) — A(t0))biy .



The following lemma presents some basic properties of the estimated quantiles and the resulting

partitioning scheme.

Lemma SA-2.2. Suppose the conditions of Theorem SA-1.2 hold, and J*log(nT)/n — 0 and
R, — 0. Then,

max max ‘ )t — Bk t‘ e log(nT) Rnr,
| Th)+1<t<T 1<5<J; it); n
o5 Butsent = Byl < Byt = By vl S 5
= P min min — . max max — . ~SP 7
J M irnfseer 1<, Rk T PGt = g BN cr 1 <<, (kG-1ye)st J’

log(nT) = Rpry /1og (nT)

LTth+?§t<T1I<r§i’§J = Bl = Biegy0.t = Bu_poall e[ =5 = b
1 Nt R N 1 nt
- 1(8B: P — — 1(8; P: ‘< L
ThI I 2t<T 15550, nt; (Bix € Fie) nt; (Bix € Pio)]| Se Lo
and
log(nT)
1 e P; 1(B;: € P; ‘< —_— .
Th] S t<T 12520, ntz (Bie € Pye) ~E{L (B € Pl| <o nJ

The next lemma controls the convergence of the Gram matrix, score vector, and other related
quantities underlying our estimator. Recall that @ is a diagonal matrix with elements {g;; : j =

Y

Lemma SA-2.3. Suppose the conditions of Theorem SA-1.2 hold, and J*log(nT)/n — 0 and
R, — 0. Then,

log(nT)

max |@B] /n) " - Q7| Se SPLlar + ,
00 nJ

|Th|+1<t<T

log(nT
s

g D; et
[ThJ+1<t<T ng 4

1 o« ~ log(nT)L,7
max _ |— Z((Di,t —®ig)en| Se log(nT)Lur )
|Th|+1<t<T I Ny P oo n




ma quﬁn fo—ElfG)| e tostn?)

|Th|+1<t<T | ny 4 nJ '

AN log(nT)L, 7
;i — D, )Biu(fr — E _ <p ) ——— L log(nT)L, 7,
S g 2B = BBl BURIG D] Se [T+ Vlog(nT )Ly

ng Nt

m 1

ax P,,0 ‘ <p —,

\_Th]+1<t<T‘nt Z;; it ktﬁztﬂkt SP 7
neg Nt

Z T 2
|Th| +1<t<T ‘ n? q)kt 1) &tﬁkt‘oo e bar
i=1 k= 1

Finally, the following lemma gives the cross-sectional convergence rate of it (8) to M(B).

Lemma SA-2.4. Suppose the conditions of Theorem SA-1.2 hold, and J*log(nT)/n — 0 and
R2 . log(nT) — 0. Then,

Jlog(nT) 1

Hffif@zgg ‘,ut Mt(ﬁ)‘ < + i + JLyr = op(1).
SA-2.2 Proof of Lemma 4.1
We begin with the elementary decomposition
1 T
) — (B H) = = > (1(B) = u(8))
t=H+1
1 & SO
=5 > (BB @) B~ n(8))
t=H+1
1 T 1 ne
= o= 2 BB Q7 3 @i+ Bulfi — ElfilGe1]))
t=H+1 gt
+B(B) + % (B),
where
1 T
BB) = == > [5) (@) 12% (1(Be) = B7,07) + (Bu(B) a5 — ().
t=H+1



and

Z(B) = R1(B) + Ra(B) + R3(8) + Ra(B),

with
1 & P 13
W)= g > KO (@B] /) Q) - B,
t=H+1 i=1
1 T R ne R
Ro(B) = 75— t;Hp (8)' Q! t; (®iy = Dig)eir,
T nt
R3(B) = T _1 1% Z ﬁt(ﬂ)T<(§)ta’tT/”t)_l - Qtl>;z(/ﬁi,tﬁit(ft — E[ft|Gt-1]),
t=H+1 i=1
T ¢
W3 = 7 D B QD (B — @)l — ElSilG)),
t=H+1 1=1
where af—( [ th) ’gt 1]) [ ztth\gt 1]

By previous results the term (<I>t<I>t /n¢) ! exists and is finite with probability approaching one,

and on that event, E[?R;(3)] = 0. Thus, on that event, using the martingale structure,

Z Var 9%1 |f"t 1]

t H+1
1 T((&.a&T 1 1 1 CAPN
S Var[5u(8) T (@8] /) - Q7Y - S Biseal Fii
ST g, Var pe(B) (D@4 /) Qq nt; i1€it| Fi1
1 1 ne
<p = 5 T(@&;T -1 —1)7 3. @T(@,&,T -1 _ _1)A
~P LThJIﬂ?)g(thpt(ﬁ) (D@, /nt) Qy n% ; i,tLit (P D, /1) Q; pt(B)

[log(nT)\2 _ J3L2 J?log(nT) J
<p 2| 2 g < nT _ J
nTJ (J r+J nJ ) ~ nT + n2T OP(nT>'

Proceeding analogously, for the second term, we verify

1 R IR R
— max Var [pt(B)TQt 1; Z (‘I)z',t - q’z’,t)&‘t
t

T |Th|+1<t<T prt

—Ft—l}

J? 1 & J?L,r J 1
<n I - — D) (D — i) | < " — op(—— 4+ ——
T mn N Eer n? Z; ie)(@ix = Pi) oo S =g =gt T2

because JL,,7 — 0.

For the third term, first consider the case when 5 # 0. Proceeding as above, we have

1 max  Var [ﬁt(ﬂ)T ((‘/Ist‘i)j/nt)fl — Qt_1> T}t Z (/Isi,tﬂit(ft - E[ft|gt—ﬂ)‘-7‘_t—1}
i—1

T |Th|+1<t<T



ng Nt

SJP L nax ﬁt(ﬁ)T<(‘/§t(§tT/nt)_l - ) ZZ‘I’ 4@ BitBrt

Th|+1<t<T
T |Thj+1st< tzlkl

(@@ /)™ = Q" )5u(8)

1 log(nT) e
<p = (S + J? 7) ‘7 B3] 5 ‘
~Pr ( T+ nJ LThj+1<t<T z; l; 1@k 1BitPt

1 log(nT)\2, 1 1
< 2 2 Ty — -
P T(J Lnr + 7 nJ ) (73) = or(75)-

When 5 = 0, we obtain the faster upper bound

1 ~ T
LThHElﬁéKTVM[Pt(ﬁ) <((I)tq)t /ne)” — ) Z‘Pztﬁn (ft — E[ft|Gt-1] ‘ft 1}
log(nT)\2, 1 J 1
2 2 S — oo )
<o o (P + BTV () = o+ ),

because JL,7 — 0.

For the fourth term, first consider the case when 5 # 0. Using the same logic as before,

ng

max  Var [@(@TQ;I% Z (D — Big) Bt (fs — E[ft’gt—l])’ft—l}

T |Th|+1<t<T t

J2 ne ne

<p ‘ = ®it) (Pry — Py ﬁ‘tﬁkt‘
T |Th) +1<t<T n; z;’; " ) ’ )
J2

SP 7LnT - O]P(T 1)7

since JL,7 — 0. Likewise, when 8 = 0,

T (235, Vs [P0 Q- ; (i = i) By — ElfelGer]) | Fir
J2 ng Nt

< — .
T (Th) +1<t<T ‘ Z; kz (I)k = Pk t) @tﬂkt‘m

1, 1
Sp TLnT = OP(W)’

because JL,7 — 0.
Finally, for the bias term, we verify that %(3) <p J~!. Define

= (PP ) E(RRy| Fimr) = (@] ) Prpu(By),
where i (Bt) = (ut(Bit)s - - - s t(Bnyt))’- Then,

max |aj — ag|
|Th|+1<t<T o0

10



= max |(EB[®,®][Gi—1]) " (®®] — E[®,®] |Gi—1])ag|

|Th|+1<t<T
< E[®,®] |Gi_1]) " 0 — E[®,®, |G, i
- LTthﬂ?}g{th‘( [®:®; |Gt 1]) ‘OOLTthﬁ?}g{th‘ £ (2P |Ge 1]‘OOLThJI£EI%}§<t§T‘a ’0"
e J

where the last line follows by Lemma SA-2.2, Bernstein’s inequality and since |d§}oo is bounded
on the event that (®;®, /n;)~! exists and is finite which occurs with probability approaching one.
Therefore, B(8) S %1(8) + $a(5) where

1 T .
11(8)] < \T_Ht:;lp J(8)T (8] ) 1;@% s :;
1 T
- ’T —5 t_;_lﬁt(ﬂ)—r (@ —a?) |.

The third term is Op(J ) by above calculations and because |p;(3)]oo = 1. Next note that the first
term is an average of p(8;) in each ﬁjt which contains 8 whereas the second term is an average
of p(Bit) in each Pj; which contains 8 where Pj; are the portfolios constructed using the sample

quantiles of §;;. Thus, the first two terms are bounded by

T

T
‘ 1H > B (@@]) 1Z(I)ztut (Bit) — > B a

t=H+1 t=H+1

T
Sp o max - max ’(5(16' 1tV Blksot) — (ﬁ(k A Bl i—1)| Sp
~F |Th|+1<t<T 1<j<J; it)s it ) J(t-1)); j(t—1)); ~

by our smoothness assumptions on p(-) and by Lemma SA-2.2. The second term %(3) follows

by similar steps. O

SA-2.3 Proof of Theorem 4.3

By Lemma 4.1, we have

a(B) — i (8; H) = B(B) _ ST n(B) + R + op(1),
\/E[ag(ﬁ) +a3(B)] t=H+1

11



where

1

)@ S (@i + EiBulGe )~ ELIG-1)

() = (E[2(8) + o}B)) 22—
=1

forms a martingale difference sequence adapted to the filtration F;_1, and because

T nt
Ro = (E[02(8) + 0120(5)])_1/211 _1 I7i Z ﬁt(ﬁ)TQtlnlt Z(Cbi,tﬂit — E[®i48it|Gi—1]) (fr — E[fi|Gi-1])
t=H+1 i=1
Sp % ;M + % = op(1),
and
Z(6) = op(1)
VEIo2(8) + o3 ()

Thus, the proof is completed by employing the martingale central limit theorem of Hall and Heyde

(2014, Corollary 3.1), whose conditions are implied by the following two conditions:

T
> Em(B)*|Fia] = 0 (SA-2.1)
t=H+1
and
T 2
E’ 3 Em(B)*|Fic] — 1| —o0. (SA-2.2)
t=H-+1

For the first condition (SA-2.1), we have

T
Z E[m(8)"Fi-1] S R + Ra,
t=H+1
where
1 & 1 & 4
% = Elo2(8) + o7 (B) " D E[(BB) @Y i) | Fi].
t=H+1 i=1
T
% = (EBlo2(5) + o3O) g O E[(6) Qi E®wBulGia] (o — ELfilGe 1)) o]
t=H+1

12



For the first term we have

p2 4
M1 < min( 2 T2 T ﬁ Z 4ZE[<pt (I)i,tgit> ’ft—l}

_ n*T? 2 4
—i—mln(T,TJ Z Z Z

t H+1 tz 1 k=1,k#i

E[(ﬁt(ﬁ) Q! i,tsit) ‘ftfl}E[(ﬁt(ﬁ)—l—@;l@k,tigkt)2‘]:1%1}

and, similarly, Ry <p % for both cases of interest (8 # 0 and 5 = 0).
For the second condition (SA-2.1), first define

T

Z(8) = En(B)%1Fioa] —Em(8),  Me(B)= > [EIZu(B)|Fid] — EIZi(B)|Fierl],
t=H+1
and because Z;(3) is mean-zero and adapted to the filtration F; and therefore
= 5" [EZuB)Fid] — EIZuB)Fier]].
=0

Then, we have

T 2
E[ Y Em(8)1F] - 1

t= H+1
= Z Z {E 77t1 |-7:t1 ] E[% (ﬁﬂ}{E[Tltg (ﬂ)2|ft2—1] - E[Utz (5)2]}]
=H+1t1=H+1
2 0 2
:< E[( 5 ztw))Z]) - <JE[( > Z[E[zt(ﬂm_d—E[ztw)m_e_ﬂ])z})
\ t=H+1 t=H+1 (=0
[e’e] 2 oo 0
_ ( E[(ZMM)QD =[|=mo)|| < (Zimas)”
\ /=0 =0 £=0

oo T )
(Z Z E[(E[Zt(5)|ft—z] - E[Zt(ﬁ)|ft_€_l])2]>

(=0 \t=H+1

o) 2

>

00 2
s( mg,gw)) +<Z 9%4,e(ﬁ)),
/=0

13



because, for k > 0, we have

Ene(8)%| Fi—o—k]

= (BIo2(8) + B ez SB[ (i(8) @ Burei)’ | Feici]
t =1

(T 1H>2E[(ﬁt(/B)TQ;lE[q)i,t/Bit‘gt—l](ft - E[ft|gt_1b)>2’ft_e_k],

and therefore

T
> E[(E[Z(8)|Fi—e] — E[Z4(8)| Fi-e-1])’]

t=H+1

= Z E[(E[E[n:(8)*| Fe—1]|Fi—e] — E[En(8)*|Fe—1]| Fi—e-1])?]
t=H 41
T

= > E[Em(B)*|Fi-d — Ele(8)* 1 Fie-1))?] S Roe(8) + Rae(B),
where
Bo(8) = BIo2(8) + 03O0 g 2o a2
’ K(E ()T Q7 gz’ Fooe| B[ () T I‘I’i,tf%tf\ft—f-l]))

- <(E[@t(ﬁ%l@kxsmf\ft—f} —E[(@(ﬁf@f%w)z!ft—f—l]>>]

1
max max
T3n2 H+1<t<T 1<i<n;

< (E[o2(8) + oF(B)])
E [(E[(ﬁt(B)TQt_lq)i,tgit)Z‘ft—f} — E[(ﬁt(ﬁ)TQt_l@i,t&'it)Z‘ft—f—l})2]a

and

51

Rue(B) S (EB[o2(B) + o7 (AN 5

max [E
H4+1<t<T

((E (34(8) T Q7 EL® 18l Ge1] (i — BLFIG-1))*| Fie]

—E|(5u(8) Qi "El@iBul G (fi - E[ftygt_m)?)ft“])) ] .

14



To complete the proof, observe that under our imposed assumptions,

— (E[0%(8) + 02(B))) ‘- max__ max

T3/2n H+1<t<T 1<i<ny
o0
PONE
=0

(E[(ﬁt(ﬁ)TQ;l@,tSit)2)ft—e] — E[(ﬁt(ﬁ)TQt1<I)i,t€it)2‘}}—£—1]>2]

< min(%,TJQ)ﬁ@n,T((ﬁ.(B)TQ.’lCI)i,.Ei.)Z; 0. 0) = o1),
and
Z Ry
=0
1

= (Eo2(8) + o}(B)) " gy, mmae

( (( [(B(8)T QI EI®14841G-1](fi — BLIGi-1]))*| Fii]
=0 27\ 1/2

—E[(5:(8)T Q7 "El®s08:lGi1)(f: — BLfi1Gi-1]))” \ft_e_l])) ] )

S min(" 1) O (Pu(8)T Q2 EI®: BialG 1 fe)5 ) = of1).

Then the conclusion follows. O]

SA-2.4 Proof of Theorem 4.5(1)

It will be convenient to define the rate r, r(8) = T—Jn + TJ2 for 8 =0 and r, 7(8) = % for 8 # 0.
We start with the result when g # 0,

Geu(B) — 02 (B) = oF (8) — 0 (B) | S P + Rz + Rs,

where

%= | S (s pi (8)° =02 (8) =03 (8) |.

t=H+1

%, = (T_lﬂ) (7 (8) - ir (55 H))? .

% = | S (30 5) s 50 e 9) - o (55 1) |

t=H+1

15



For R, we can follow similar steps as for the proof of Lemma 4.1 to obtain that

=00 (713) ot =on (1),

Next, note that Ry = op(7; %) by Lemma 4.1 and Theorem 4.3 so that Ry = 0[p>< ) Finally,
for PR3 we have that

T
M 2 \ﬁ 2 (8) = () e (8)| + \(T_lH)nT (8; H) (71 () — fir (8; H)) |

By similar steps as in the proof of Lemma 4.1, and using the fact that |u:(3)| is bounded, the first

term is Op (75 + M) and by Lemma 4.1 and Theorem 4.3 the second term is O]p(ir";(ﬁ)).
Thus, Rz = o]p(%), and the result for 8 # 0 follows.

Now consider the 8 = 0 case. We have that,

|52 (5) )—a?(ﬁ)—oi(ﬁ)‘ S R+ R + R,
where
Ry = 7= HQt;l pe (B (5)-%(5))2—05(5)—0?(5),
o = | gy (3 (9) = #(8) — jr (5 1)) |
2 A i
M= g 3 (B = BB) = () i (B) = o (3 ) :

For Ry, we can follow similar steps as for the proof of Lemma 4.1 to obtain that R = op(ry,,7(5)).
Next, note that Ry = op(r, 7(B)) directly by Lemma 4.1 and Theorem 4.3. Finally, for 3, using

the Cauchy—Schwarz inequality, we have

%5y H Y ) - BB - 1 O] o29)
t=H+1
By the same steps as for 981 we have that the first factor is Op (7, 7(5)). By assumption, we have
that o7 (8) = op(rp,7(8)) and so Rz = op(rn,r(5)). O
SA-2.5 Proof of Theorem 4.5(i7)

Recall that we define the rate r, 7(5) = T—Jn + TJQ for 8 =0 and r, 7(8) = % for B # 0 from the
Proof of Theorem 4.5(i). We first decompose & JﬁPI (B) as

52 01(8) — 5251(8) — sur(B) = R(B),
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where

T

snr(6) = (T — H2 Z Z

t=H+1 j=1 tht

2
(ijt )it (Bt @t) (E[ft|Gt—1] —E[ml])2,
1=1

T I 2

92 —

R(B) = T—ae Z Z oy (Zp]t ;4 (Bit th) (ft = E[ft]Ge—1])(E[fe|Gt—1] — E[fe|Gr-1]).
t=H 1 j=1 't Lt

Clearly, s,7(8) > 0 for all § € B. For fR(3), note that the summands form a martingale difference

sequence with respect to F;_1 so that, when 5 # 0,

T 4
E[R*(8)] = [ > Z T (Zpﬂ )Pt (Bit) Bn) <ft—E[ft\gt_l]P(E[ft\gt_l]—E[ft\gt_m?]

=41 =1 "t =

TH4Z[ﬁ@ﬂﬁ@M,

t=H+1
S Tn,T(ﬁ)Q'

When 8 = 0, we can follow similar steps and obtain that Var[R(3)] = o(r, r(8)?) using Lemma
SA-2.2. Finally, we need only show that }af p1(B) — a?(,@)‘ = op(ry,7(8)) which holds under the
conditions of Theorem SA-1.2 and given the results in Lemma SA-2.2 to Lemma SA-2.3.

We next prove that 6251 (3) — 02p1(8)| = 0p(rn,7(8)). We have that,

‘UEPI( ) — o2 ozp1(B)] < Ry + N5 + Re + Ry,

where

Ry = Z Z o ijt )P (Bit) (My(Bir) — My(Bir))?
t H+1] 1 e i
Ry — Z Z = ij, )51 (Bie) (M4 (Bir) — Bie(Bir))?

t H+1] 1 thtz‘ 1

R = Z Z e Zp], )Bjt(Bir)leitl [Mi(Bie) — My(Bir)|

tH+1]1 t9t =

R = Z z — ijt )B4 (Bir) el IMy(Bie) — (B

t H+1 j=1 thtz 1

17



For the first term,

T
Ry < Z Z AQ ijt )Pjt th (e (Bit) — Mt(gz‘t))z

tH+1jl ]til

7= H2 Z Z NN B85 (B) B — B — BIAFD)?

t=H+1 j=1 tqﬂtz 1
J J
<p 2 R%, .
S pRar = or(y)

For the second term,

T
Rs = Z Z 5 Zp]t )i (Bit) (M (Bir) — e (Bur) )

t H+1 j=1 thtz 1
J

nT)

= OIP’(

For the last two terms we have

J J J [Jlog(nT) 1 J
<p — = — L e =) it T — -
Ao Sr nTRnT OP(nT)’ R Se nT\/ n + J? OP(nT)'

Finally, we need only show that |6251(8) —02(8)| = op(rn,r(8)). The above statement holds under
the conditions of Theorem SA-1.2 and given the results in Lemma SA-2.2 to Lemma SA-2.3. This
completes the proof. ]

SA-2.6 Proof of Lemma SA-2.2

For the first result, note that by Theorem SA-1.2 and the assumptions imposed,

5 — -1 ) -1 .
12285 VB = Bl = s 15 (30) = Fny (i) | S P+ B+ R

where
-1 —1
o= s (B tsio) ~ Pl (s

_ LY it YOO
Rot = 12}?5& th(’%,t) Fﬁ,t (Kjt)]

_ 1 ) — ol
Boe = mas [P (n30) = F 510

Note that 9%17,5 5 9{1” + 9{12775 with
R = = max Fyni(kin) = Fa} (550) = [Foni(Fay (55.6)) = Fpe(Fay (55.0)]/ fo.(Fay (55.))],

Rigp = A ’Fﬂnt (Fii (Kj) — Fﬁ,t(Fg_,tl(’ij,t))] )

18



and it follows by standard arguments that

log(nT
max 9%1 t g]p g( )
|Th]+1<t<T
Next, we have
max  Roy = max max |Fs (ki) — F7l(k; ‘
[ThI+1<t<T ™ 77 | Th]+1<t<T 1<5<J; 5. () = Flg (k50)

< F*l ) _ Ffl ] <R
~P max max sup ‘ K t + v K S 7.
|Th|+1<t<T 1<j<J¢ 0| <Rz Byt ( J ) Bt ( J ) n

Finally, for R3¢, we proceed as for Ry ; but taking into account the first-step estimation. Thus,
A3 S N3, + Razr + Rasze with

9{31 4 = 1nax

x| (50) = F3830) = [Fy o (F5 (530)) = F (F5 (3] £ (5 )|

Byn,t

R3zor =  sup
UEBJ'U'S/RW,T

Raz = sup |Fgpi(u) — Fae(u)l,
ueB

Fgni(u+v) = Fgni(u) — Fpi(u+v) + Fgi(u)|,

with arbitrary high probability for n and T large enough, uniformly in ¢, and where B = [}, 5.
We set fa1(F5 (k1)) = fo.(B1) if FE_ (Ke) < By and fp.4(F5 [ (554) = f5.(Bu) i F5 [ (554) > Pu-
Recall also that we set B(O)t = f; and ﬂ(nt)t = 3, for snnph(:lty.

For 314, using standard results, for any c € R, we have

T

T
< Y B( sw |Zupely+e/Vin+u) = Zupaly+u) 2 0)

t= \_ThJ-‘rl |u|§RnT7y€B

+ Z (max [Vre(Fg (Fy (If]t) ¢/vn) = Fg,, (F 7n’(/”vgt))/f6t( ('fgt))—C|Zv)»

=|Th|+1 =

where Z,, g +(y) = \/1i(Fpnt(y) — Fz4(y)). The first term in the upper bound vanishes due to the
modulus of continuity of the empirical distribution function (Stute, 1982), the uniform inequality
in Massart (1990) with the union bound, and our imposed rate conditions. For the second term in

the upper bound, first note that

Fy (F3 (k) + ¢/ /i) = P(Bie < F3 () + ¢/ /il Gen)
=P(Bi < Bir — Bit + ngtl(/‘ﬁj,t) +¢/vnilGi-1)
= F1(Bit — Bin + Fgftl(’@j,t) +¢/v/m)
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= Fp4(Bit — Bt + Fy (w) + fg,t(e)\/‘%,

where ¢ is some point between (3;; — th + FA (K,] ¢) +¢//ne and By — ﬁzt + FA (HJ"t). Therefore,

max |\/ne(Fg,(F5 (k) +¢/V/ne) = Fg, (F3 - (550)/F54(F5, (Kj4) = cf

1<5<J;
S 1%‘?& |M(F5,t(ﬁit — Bit + FE_,t (Kjt)) — Fami(Bit — Bit + Ffinyt(/ﬁj,t))’
+ max flﬁ’—(c) — C‘.
1<l fp(Fy (Hy t))
Therefore, we have
R,.r1 T R
max max Rz Sp nr log(nT) 4 L
1<t<|Th|+1 |Th|+1<t<T n vn

Similarly, for Ra; and PR3, by the modulus of continuity of the empirical distribution function
Stute (1982, Lemma 2.3), Assumption 6, and the uniform inequality in Massart (1990) with the

union bound, we obtain

R, 71 T
max Ry, <p ) 2 ioenD)
|Th|+1<t<T n
and
1 T
max  RAz3; Sp og(n )-
|Th|+1<t<T n

For the upper bound of the second result, define Uiyt = Fﬂvt(ﬁ(k(j—l)t)vt)’ and note that
Ukt — Uty 1)t follows a Beta distribution with parameter (kjz — kj_1¢,ne +1 — (kjr — kj—11))
conditional on G;—1, and thus E[Ug,,): — Uw,_,)t|G-1] = (kjr — kj—1¢)/(ne + 1). Employing a
Taylor series expansion of F 1(b) and following B.10 in Bobkov, Gentil, and Ledoux (2001), we
verify

IP’( max max - ‘ > J—l)
LThj+1<t<T 1<5<Js ’ ﬁ(’%ﬂ)t),t’ ~

> ZE[ Bk ﬁ<k(j_1)t),t|zr1\gt_1)}

t=|Th|+1 j=1

T
< ¥ ZE[P Uty = Uyl 2 T 1G1-1)

t=|Th]+1j=1
< _ =11 _ —1\\2
~TJLThF;?§tgeXp( Clo + D0 (1= G+ 1)7)2),

for a positive constant C. It follows that the upper bound in the last display goes to 0 under the
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rate conditions imposed. The lower bound in the second result of the lemma is proven similarly
using the results in Skorski (2023).

For the third results, it follows the same steps as for maxi<;j<j,—1 {B\(k].t)ﬂf — ﬂ(kﬁ%t‘ except for
a additional differencing step:

~ ~ log(nT)
LTth—&}:li)S{tST 1%%’{% |ﬁ(kjt):t B ’B(kjt)’t B [/B(k(j—l)t)’t - ﬁ(k(j—l)t)’t] 5 nJ

RnT
+ 7'
We shall break to the following term,

—1 -1 —1 —1
Ry = max Fogi(mie) = Fg (k) = (Fg (Fj—1t) = Figy (Kj-1t))

Rop = max Fy (k) = Fgy () = (F (5j10) = F/E,tl(ffjfl,t))‘,

Ryp = max |Fo o (rj0) = F3 [(ke) = (F5 ) (Kj-10) = Fg [ (Kj-10))]

1<<Jy | Binyt Bin,t
Similar to the previous step, we have max 1y, y1<i<7 Rt Sp long).
Next,
max 9{215 S RnT/J
|Th|+1<t<T 7’
Then,

R, 1 T R
max 9%3t Sp nt Og(n ) nt .
|Th|+1<t<T nJ J/n

Thus the conclusion holds.
For the next result,

max max
|Th]+1<t<T 1<j<J:

> [1(Bi € Pyy) — 1(Bu € Py)]

n
1 & ’
n

ti
1 &

- > [H(F[;_’:L,t(’ij,t) < By < ngi’t("ﬂjﬂ,t)) — 1(F5; (k) < Bir < F@g(/‘éjﬂ,t))“
i1

= max max
| Th]|-+1<t<T 1<j<Jp

< max Ry + max  Rsy,
|Th|+1<t<T |Th]+1<t<T

where
_ 1 S —1 —1 —1 —1
R = max |- DL (ki) < B < Fy (ki) = L(Fg (Rj0) < B < Fgj (k4140))]
<j< i
1 -1 7} -1 -1 -1
9{5,t = 1%{%}3& nt ; []I(Fﬁ,n,t(ﬁj’t) < /Bit < Fg,n,t(ﬁj—’—l’t)) — ]I(Fﬁ,n,t(ﬁjat) < /Bit < F,B,n,t(’%]""‘lvt))] ’
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For the term PRy,

log(nT
max Ry, < max Ry +  max Ry Sp g(nT)
|Th]+1<t<T |Th|+1<t<T |Th|+1<t<T nJ

)

where

-1 -1 -1 -1
Rary = max |Fj, (Fan (k1)) = Fpi(Fg o (#50) = [Fae(Fay (5511,0)) — Fae(Fay (550))] |»

and

N

1 _ _ _ _
o Z [1 (F,B,}z,t(’{j,t) < Pit < F/B,rlt,t(K’j‘Hvt)) - ]l(F/B,tl(K’jvt) < Bit < F/s,tl(“ﬁl,t))]
i=1

Ry2¢ = max
1<5<Je

— [Fpu(Fyp (Rj110) = Fpa(Fyp (55.0) = [Fpa(Fap (Rj410) — Fai(Fy i (550))] )
To see the above result, notice that

max  Rui:
|Th|+1<t<T

~1, o N - DOV 1 WIEF-L (ko)) — FL (e
SLThﬁ?gtSTlg%}f]t‘fﬁ,t(FB7t(/ﬁjJrl,t))[Fﬁ,n,t(Ii]Jrl,t) Fy} (k1)) = fau(Fa ) (i) Fgm (ki) — Fi (k)]
2
max max ‘
[Th|+1<t<T 1<j<J¢

Fyn (ki) — Fay (Rj410)

< max max

—1 -1
Th] S t<T 12520, f@t(FB,t (Kj+1,e)) — fpe(Fy, Bt (Kjt) H 5nt (Kj+1t) — Fg, (’fj+1,t)‘

—1(,.. T BN D
+LTth+?}S<t§T11Snj%)§h Fﬁ, (Fi1,8) = Fay (Rip)] = [Fa, (Rie)) — Fig ) (’ij,t)]‘
2
max max ‘
\Th) +1<t<T 1<5<0;

< log(nT)7
~ nd

Fyn (ki) — Foy (Rj410)

and employing standard empirical process theory we also verify that

max %4215 <]P’ iAo -
|Th|+1<t<T 7 n3/2J

Finally, for the term Rs5;, we have

Rn Rn
max Rs; < max R+  max  Rsay Sp TT\/log(nT) + n—JT\/log(nT),

|Th|+1<t<T |Th|+1<t<T |Th|+1<t<T

where

Rs51, = max |[Fs (F:1

—1 —1 —1
max |Fg, g Fit1)) = B (Fg 0 (Kje)) = [Fp.t(Fp o (1)) — Fﬁ,t(Fg,n,t(ﬁj,t))]‘
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and

nt

1 ~ -~ _
- Z []l (F:l (Kjvt) < B < Fﬁijz,t(i{ﬁrl’t)) — ]l(FBitl(Hj’t) < Bip < FB\;(KJ'Jrl,t))]

R = max
52,t — Bt

1<5<J;

= [F5(F5, (1)) = Fg(F5 0 (550)) = [Fpa(Fgp o (Ri0) = Fpa(Fp o (5i0)] ‘

and the proof is completed using the same logic as before.

Finally, the last result follows by Bernstein’s inequality and standard calculations. O

SA-2.7 Proof of Lemma SA-2.3

For the first result, we have

max (i\)t@;—/nt)_l — Q;lloo

| Th|+1<t<T
~ 1 & ~ ~

T T, -1

< LThﬁ?gtST\(q’t@t /ne) oo pax |- z;(]l(ﬁit € Pjt) — 1(Bir € Pjr)) [|[(Pe Py /ne) ™ |oc
d (I)T -1 -1

LThﬁlf?)g(th‘( 1@y /1) (O
| T

<p J2|_nT_|_J2 M'

nJ

For the second result, using the union bound, Markov’s inequality, the conditional on F;_1, f;

i.i.d. property of €;, and Bernstein’s inequality,

g
1
-~ g i jegit| > u
ti=1

T Ji ng
s > Y > Pl fee] > M)~ Elew(eul > M)\Fi. £)| > )

t—LThJ—&-l j=1

IP’( max max
[Th]+1<t<T 1<j<J:

T Z ZP(\ Z (et (el < M) —Elet(leal < M)IFia, f)] > w)

=|Th|+1j=1

nu2
<t X SE[en(- s ol

t=|Th|+1j=1

where 9;; = maxlgignt]E[@Z?jtsﬁft,l,ft] <p J~!. Thus, setting M = \/nJ~1/log(nT) and
u=C logTEnT)

for C large enough, the result follows.
The third result is proven similarly using maxj<;<p, E[(Cf%-,j,t —®; )%l | Fim, fi] Sp Lt
For the fourth result,

max (fe — E[ft|Gi-1]) Z P, tﬂzt

|Th]+1<t<T
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ng

<  max ‘(ft - IE[]“t|gze—1])ni Z (®itBit — E[Ps 1 Bit| Gi-1]) ‘OO

|Th|+1<i<T t i

|Th|+1<t<T

< \/log (nT) . \/log nT')

~ nJ J ’

1
max _ [(fi ~ ElflGi]) > B{0: G| N

using Bernstein’s inequality conditional on G;_1.
The fifth result follows similarly to the third result.

ne

1 ~
s, (e ElfiG]) DTS LN
1 A~
< LThJIE?)g(th ‘(ft - E[ft]gt_l])nft ;((I)i,t — D 4)Bi — [( it — Pit)Bit|Ge-1]) LO

max ‘( E[f:|Gi-1]) ZE it — Pit)Bit|Ge— 1]‘

|Th|+1<t<T

1 TYL
<o [N ST L

For the sixth result,

ne ne

;D] ‘
LThJIE?}éKT ) z} z; WS, tﬁltﬂ]t

ne Nt ne  ng
< |_ThJ+1<t<T) ZZ(I)Z t(I)] tﬁztﬁ]t 2 qu)z tq)] tﬁztﬂ]t‘

=1 j=1 =1 j=1
nt ne
T

+ LThJIﬁflﬂgith —3 ; ;{‘I’z t0it — E[®i1Bit|Gr— 1}}{@“5315 - E[(I)j,tﬂit’gt—l]}‘oo

ne Ng nt Nt

Inax 2 ZZﬁth}z (B[ jtﬂjt’gt 1]‘00 +  max *ZZE [Bit®i t|Gr—1] Jtﬂgt

Th|+1<t<T In Th|+1<t<T
t

i=1 j=1 i=1 j=1
ne Ng
ma. E[B;® d!.B:4|G ‘
X, 22; [Bir®i.1|Ge1JE[® 551/ Go1]|
<p Ror | 1 [log(nT) 1 1 <1

Jz nJ nJ = J2 o~ g2

The last result follows similarly to the proof of the previous terms.
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SA-2.8 Proof of Lemma SA-2.4

max Ssu t Mt 13

= B P1(8) T (2@ ) 101 Ry — p1e(B) — B(fy — ELfilGe-1))]

1 &
< max su ’ To- 1= (OIS
H+1<t<Tﬁ€g p(B) Q; ne ; LEz it

* BB SO+, e sup |4 (5)

where

#(B) =u(B)" (I)t‘l)t ! Z‘I’zt i (Bit) — ztat) + (ﬁt(ﬁ)Taf - Nt(ﬂ))a

with af = (E[q)i,tq);l,—t’gtfl])_l]E[(bi,tRit|gt71]a and Z;(8) = R (B) + Rt (B) + Rse(B) + Rae(B) with

R1e(B) = pr(B)" ( P, /)t - ) Z(I)z t€it
Rot(B) = ﬁt(ﬁ)TQflni z; (&;zt — D, 4)eqn,
R (B) = pe(B) " ( (®@, /ne) ™" - ) Z@z Bit (fr — E[ft|Gi-1])s

R () = @(ﬁf@fﬁt S (@ir — Bi1) Bl — ELfiIGi]),

=1

Proceeding as in the proof of Lemma 4.1,

Jlog(nT)
)
5 ‘pt(ﬂ Z ii€it| Sp
2B <
max su -
H+1<t<Tﬁe§ TSR

log(nT) \/log(nT) Loz \/log(nT)
< 2 2
HfllgiiTzlelg [%14(B) S (J Lur 4 J nJ )(J n * nJ )

_ o( Jlog(nT))’

n
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| T)L
max__sup |Zau(8)| Sp J 7og(n ) "T,
H1<t<T gep n

log(nT)
<p JL
w5 [t (B)] S Lt + I\ = =

and

X <p JL, 7.
Hfllgicg;telgl 4t(B)| Sp JLnr

This completes the proof. ]
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