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Abstract 

We study panel data regression models when the shocks of interest are aggregate and there are omitted 

macro and micro-level shocks of any relative size. This speaks to a large empirical literature that targets 

impulse responses via panel local projections. We show how to interpret the estimated coefficients when 

responses are heterogeneous and that a simple recipe leads to uniformly valid inference over the macro–

micro composition of the errors: including lags as controls and then clustering at the time level. Finally, 

we use our methods to reassess the role of firm financial frictions in shaping the transmission of monetary 

policy. 
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1 Introduction

Applied macroeconomists are increasingly interested in empirical estimates of the transmis-
sion of aggregate shocks to individual outcomes, often in the form of impulse responses.

A popular approach is to formulate estimating equations of the form

Yi,t+h = β(h)siXt + controls + ξit(h), (1)

where Yit is a micro outcome for unit i (i = 1, . . . , N) at time t (t = 1, . . . , T ) and Xt a macro
shock of interest. Shocks are often interacted with unit-level covariates si to document het-
erogeneity in transmission along observables. For example, Ottonello and Winberry (2020),
Cloyne, Ferreira, Froemel, and Surico (2023) and Jeenas and Lagos (2024) are interested
in the heterogeneous effects of monetary policy shocks Xt on firm-level investment along
different margins, such as firm age, leverage or liquidity. Estimates β̂(h) of the response at
horizon h are obtained via least squares; a panel local projection version of Jordà (2005).

Despite its routine application, little is known about the statistical properties of β̂(h).
The way standard errors are computed in the empirical literature illustrates this well: in our
own survey of 61 recent papers, slightly less than half compute two-way clustered standard
errors, more than one-third cluster within units only, and a sizable minority resort to Driscoll
and Kraay (1998).1 This reflects the vastly different ways in which researchers perceive the
nature of shocks, the role of each dimension of the panel for precision, and the importance
of aggregate variation in the data.

In this paper, we provide the first treatment of estimation and inference for this problem.
We show how to interpret β̂(h) when impulse-response heterogeneity is unrestricted, and
propose standard errors and confidence intervals that are easy to compute and robust to
the relative importance of macro shocks in the microdata. This requires clustering standard
errors at the time level and ex-ante including enough lags as controls. We refer to this as
time-clustered lag-augmented heteroskedasticity-robust (t-LAHR) inference.

We establish our results in a comprehensive setup featuring heterogeneous responses,
general forms of serial and cross-sectional dependence, and unobserved macro and micro
shocks of any relative size. Our notion of a macro shock is that of an innovation uncorrelated

1The typical application uses administrative data on firms or households and tracks units for a limited
number of periods (with a mode around T ≈ 30 and several other applications around T ≈ 100). The
economic content of Xt is very diverse, including monetary and fiscal policy shocks, investment shocks, TFP
and innovation shocks, temperature shocks, etc. We reproduce the full list in Appendix F.
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to its own lags and leads and other shocks, as is standard in the time series literature (Leeper,
Sims, and Zha, 1996; Ramey, 2016; Stock and Watson, 2018; Montiel Olea and Plagborg-
Møller, 2021). This is an identifying assumption without which the estimand of β̂(h) may
not be interpretable causally. Empirical researchers widely recognize this and devote great
efforts to constructing and motivating Xt by leveraging macroeconometric methods, and our
analysis extends these different strategies to a rich panel environment. Specifically, we cover
settings where the shock of interest is directly observed (the most prevalent assumption in
applications), those where it is recoverable from a macro system (via, say, recursive or long-
run identification), and those where it is contaminated with measurement error but a proxy
is available (as in local projection-instrumental variables; LP-IV for short).

In that setup, we first show that β̂(h) recovers the slope coefficient of a population linear
projection of unit-specific impulse responses on the characteristics si, thereby formalizing
what practitioners have in mind when including interactions in (1). This is also the case when
the shock of interest is unobserved, such as in the IV setup where only a noisy measurement
is available. If si = 1, the estimand boils down to the average response in the population.
Crucially, since we place no restrictions on the underlying cross-sectional impulse-response
heterogeneity or in si, our characterization of the estimand is effectively nonparametric.2

Inference with an arbitrary macro–micro structure. The relative importance of
aggregate shocks in the microdata is a key dimension of the problem: Observable macro
shocks drive identification; omitted macro shocks shape the extent of spatial dependence
and dynamics in the errors. As such, how sizable these are determines both the strength of
identifying variation and the nature of uncertainty.3

The notion of different macro-micro regimes has direct counterparts in applied work:
the ubiquitous nature of regression models of the form in (1) contrasts with the breadth of
empirical settings to which it is applied (workers, firms, counties), the richness of the data
(cross-sectional vs. time-series), the range of specification choices (unit-level vs. aggregate
controls) and the way standard errors are calculated, all of which point to an implicit stance
on the relative importance of aggregate shocks in a given empirical setting. For example,
clustering within units rules out spatial dependence induced by aggregate shocks, and two-

2We discuss extensions to (exogenous) time-varying characteristics sit in Section 3 (Remark 3).
3It is immediate that if si = 1 in Equation (1), including time fixed effects causes collinearity. If si varies

over units, for time indicators to remove all additional aggregate variation one would need the untenable
assumption that only impulse responses to Xt at horizon h are heterogeneous (see also Remark 2). In our
exposition, we always allow for time indicators as controls when si displays cross-sectional variation.
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way clustering requires that any serial dependence is induced by micro shocks.
In this paper, we seek to understand the robustness of panel local projections to those

features. Hence, one of our main contributions is to introduce a novel asymptotic framework
where the macro–micro composition of the problem remains arbitrary in the limit. We
achieve this by letting the joint distribution PT N of observed and unobserved, macro and
micro shocks drift with the sample size in an unrestricted manner, subject only to a minimum
amount of identification and mild regularity conditions. For example, this device allows for
data generating processes (DGPs) PT N in a class PT N that interpolates between settings
where aggregate shocks explain a substantial part of the variation in the microdata and
settings where they are almost imperceptible. It also accommodates arbitrary degrees of
cross-sectional dependence and estimation errors that may be dominated by micro-level
terms, a combination of micro and macro errors, or aggregate components only. On the
contrary, standard asymptotic plans where DGPs are not indexed by the sample size fix the
joint distribution of micro and macro shocks, missing these features and potentially leading
to poor approximations in small samples.

Since the estimation error depends on PT N , the natural question is which inference pro-
cedures (if any) are robust to different macro–micro regimes, thus dispensing practitioners
from taking a particular stance on this structure. Our main result is that t-LAHR inference
is uniformly valid over PT N , that is, t-LAHR confidence intervals have correct asymptotic
coverage for the local projection estimand uniformly over DGPs in the class PT N .

To build intuition for this result, we show that panel local projections with macro shocks
are equivalent to synthetic time series local projections with an appropriately aggregated
dependent variable. Aggregating the microdata by collapsing the cross-sectional dimension
of the panel and treating it as a time series yields valid inference for any PT N . This is precisely
what t-LAHR inference does, as time-level clustering in the panel problem is equivalent to
heteroskedasticity-robust inference in the synthetic time series.

In fact, there is no need for more complicated procedures such as heteroskedasticity and
autocorrelation robust (HAR) approaches or an additional clustering step within units: since
Xt is a shock, including lags as controls renders the regression scores uncorrelated. Finally,
we show that this also holds over long horizons when the DGP is well approximated by
a low-order vector autoregression (VAR). That is, we prove that t-LAHR inference is also
uniformly valid over h ∝ T within the VAR subclass of PT N , a result reminiscent of those
in Montiel Olea and Plagborg-Møller (2021) for time series local projections.
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Finite-sample performance. We complement our theoretical results with practical con-
siderations, including guidance for lag length selection and finite-sample refinements (as in
Imbens and Kolesár, 2016), and with simulation evidence showing an excellent finite-sample
performance of t-LAHR inference compared to alternative methods across realistic designs,
sample sizes and macro–micro regimes.

The finite-sample evidence matches the predictions of our asymptotic analysis. In partic-
ular, clustering only within units and two-way clustering — the two most common choices
in empirical work — are not uniformly valid as they adjust for the wrong type of serial de-
pendence (driven by idiosyncratic rather than aggregate shocks). In fact, clustering within
units is superfluous, even in regimes where idiosyncratic shocks explain most of the variation
in the microdata. Interestingly, t-HAR/HAC alternatives that substitute lag augmentation
with HAR/HAC inference work in theory, since they are based on time-series inference on
the synthetic scores (such as Driscoll-Kraay). In practice, they leave information on the table
about the autocovariance function of the regression scores, struggle with realistic sample sizes
and display severe coverage distortions. We also show that they inherit the well-documented
finite-sample issues identified for HAR/HAC estimators in the time series literature (for a
review, see Lazarus, Lewis, Stock, and Watson, 2018).

Revisiting the transmission of monetary policy to firm investment. We use our
methods to provide a systematic reassessment of the role of financial frictions and firm het-
erogeneity in monetary policy transmission. Besides the traditional interest rate channel,
recent contributions have emphasized a financial accelerator mechanism for more constrained
firms using different measures of financial conditions (Ottonello and Winberry, 2020; Cloyne
et al., 2023) and an asset price channel (Jeenas and Lagos, 2024). We revisit these three pa-
pers, which emphasize different mechanisms by showing that certain groups of firms are more
responsive to exogenous changes in interest rates Xt. They use Compustat data to study
comparable time periods from the 1990s to the 2010s but differ in the estimation methods
(panel LP or LP-IV), choices of standard errors, nature and type of controls, and salience
of aggregate shocks in the microdata. Our paper allows us to study all these specification
choices and data environments within a unified framework.

We show that correctly accounting for the presence of an aggregate and possibly seri-
ally correlated component delivers several new empirical lessons. In particular, the robust
t-LAHR method strengthens the case for a dynamic distance-to-default gradient, which sug-
gests that monetary policy is less powerful for firms with higher default risk. Instead, and
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contrary to previous results, we do not find sufficient evidence for differential transmission
for more constrained firms (in terms of age and dividend-paying status), for more levered
firms and for those with higher stock turnover and lower liquidity.

Taken together, our findings reshape the picture of which firms are most responsive to
monetary policy. Among the dimensions we revisit, distance to default emerges as the most
empirically salient proxy for financial frictions. On the other hand, evidence for the leverage
and credit-constraint margins of the financial accelerator and for a turnover-liquidity gradient
remains elusive.

Related literature. Our paper contributes to various strands of the literature. First, it
relates to the time series literature on local projection inference (Hansen and Hodrick, 1980;
Jordà, 2005; Stock and Watson, 2018; Montiel Olea and Plagborg-Møller, 2021; Lusompa,
2023; Xu, forthcoming; Montiel Olea, Plagborg-Møller, Qian, and Wolf, forthcoming). Rela-
tive to this literature we are the first to deal with the panel data case with aggregate shocks.4

We supplement the macroeconometric toolbox with results that are unique to the panel set-
ting by accommodating heterogeneity in responses, spatial dependence and coexisting micro
and macro shocks of any relative sizes. In a time series finite-order VAR setup, Montiel Olea
and Plagborg-Møller (2021) show the uniform validity of heteroskedasticity-robust inference
on lag-augmented local projections over the persistence of the data and horizon h. Our
Proposition 2 can be interpreted as the panel version of their results. However, our focus
is on uniformity with respect to macro–micro regimes, which has no obvious counterpart in
time series, and we derive most of our results without assuming a VAR model.

Second, we contribute to the literature on estimation and inference with aggregate shocks
and microdata. In stylized models, Hahn, Kuersteiner, and Mazzocco (2020) bring attention
to the drastic consequences of drawing inferences from short panels with aggregate uncer-
tainty. Chang, Chen, and Schorfheide (2024) propose a methodology based on functional
vector autoregressions and repeated cross-sections to study the effects of aggregate shocks
on cross-sectional distributions. We study the complementary problem of heterogeneity in
transmission of aggregate shocks to unit-level outcomes via local projections.

4Our results on limited serial dependence in regression scores relate to the earlier multi-step forecast
literature (Hansen and Hodrick, 1980), which relied on infinite lags to ensure forecast errors have an MA(h)
representation. In the local projection context, Jordà (2005) arrived at a similar result under a finite-order
VAR model while Lusompa (2023) provided a recent reformulation. Instead, we exploit the orthogonality
properties of macro shocks to show that the scores have MA(h) dynamics. The distinction is reminiscent of
the difference between design-based and model-based/conditional unconfoundedness assumptions.
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An important empirical literature exploits regional-exposure designs with instruments
of the form siXt used to identify the causal link between Yit and a unit-level variable Wit,
yielding a reduced-form equation identical to (1) for h = 0.5 Recent work emphasizes
the role of the exogeneity of Xt for credible identification (Adão, Kolesár, and Morales,
2019; Arkhangelsky and Korovkin, 2023; Majerovitz and Sastry, 2023). The broad empirical
literature to which our paper speaks is related, but different in fundamental ways: panel local
projections allow for dynamics, interpret aggregate shocks Xt in the macroeconometric sense,
and aim at measuring their propagation via impulse responses. We add formal inference
results in a rich panel environment with unrestricted heterogeneity, dynamics and different
macro–micro regimes. In some cases, that literature has also relied on quasi-random variation
in exposures si for identification. In our context, this would entail very strong requirements,
analogous to finding a separate independent source of exogenous variation for every horizon of
interest.6 This is reminiscent of similar recent points in shift-share setups with heterogeneous
treatment effects (Hahn, Kuersteiner, Santos, and Willigrod, 2024).

Last, our paper relates to the cross-sectional dependence literature that studies mod-
els where the scores feature spatial correlation (Driscoll and Kraay, 1998; Andrews, 2005;
Pesaran, 2006; Gonçalves, 2011; Pakel, 2019). Our setting lies in the polar case where the
shock of interest only varies over time, precluding solutions based on partialling out the com-
mon component from the regressors, as in Pesaran (2006). Our uniformity result (including
robustness to any degree of spatial dependence) is new to this literature.

Outline. Section 2 motivates the problem and provides an overview of our results. This
section is designed to be self-contained for readers interested in the practical aspects of
our work. We summarize our recommended approach in Section 2.5. Section 3 presents
our main inference result across general, heterogeneous dynamic models indexed by PT N ∈
PT N . Section 4 discusses finite-sample performance and Section 5 the empirical applications.
Proofs can be found in the (Supplemental) Appendix. Matlab and R packages are available
online at https://github.com/TinchoAlmuzara/PanelLocalProjections.

5Examples include regional fiscal multipliers (Nakamura and Steinsson, 2014) or the effects of foreign
aid on conflict across countries (Nunn and Qian, 2014).

6Consider, for instance, the role of firm size (si) in mediating the transmission of monetary policy shocks
to firm-level outcomes, as in Crouzet and Mehrotra (2020). For the cross-sectional dimension of the panel
to help pin down the impulse response at, say, h = 2, firm size must be orthogonal to firm-level responses
at any other horizon and to any other aggregate shock. This is, of course, hardly plausible. In fact, such
exclusion restrictions would rule out dynamic effects over different horizons altogether — the object of
empirical interest. We elaborate on this in Remark 2.
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2 Overview of the results

Here we introduce the problem we study in this paper and outline our key results through
the lens of a stylized model. We summarize our applied recommendations in Section 2.5,
and leave the more technical econometric discussion for Section 3.

2.1 Setup

We observe an outcome Yit, the macro shock of interest Xt, an attribute si and a vector of
controls Wit for units i = 1, . . . , N and over periods t = 1, . . . , T . Interest is in the dynamic
propagation of aggregate shocks to individual outcomes, possibly allowing for heterogeneous
responses across si. Specifically, for each horizon h, we fit the panel regression

Yi,t+h = β̂(h)siXt + ψ̂(h)′Wit + µ̂i(h) + ν̂t(h) + ξ̂it(h), (2)

where µ̂i(h) and ν̂t(h) are unit and time fixed effects, and ξ̂it(h) is the least squares residual.
For clarity of exposition, we assume that Yit, Xt and si are scalar. Although our results
have natural multivariate versions, the scalar case covers most empirical applications. When
si = 1, we omit time effects. This is a panel version of local projections (Jordà, 2005).
Practitioners then report estimates β̂(h) together with a confidence interval of the form

Ĉα(h) =
[
β̂(h) ± z1−α/2σ̂(h)

]
, (3)

where z1−α/2 is the (1−α/2) quantile of the standard normal distribution and σ̂(h) a standard
error. Our goal is to assess this practice and provide guidance for estimation and inference.

We focus on two major questions. First, what is the interpretation of β̂(h) in a general
panel model with cross-sectional heterogeneity? Second, which choices of σ̂(h) deliver valid
confidence intervals? To address these questions, we study the properties of β̂(h) and of
various choices of σ̂(h) in a broad class of data generating processes (DGPs) for Yit, Xt,
si and Wit that allows for both macro and micro shocks and rich forms of heterogeneity
and dynamic transmission, including cases where the identification content of macro data is
small. We develop our analysis in depth in Section 3; before, we discuss the main elements
of the framework and illustrate our main results through the lens of a stylized model.

Shocks and identification. An important feature of the problem is that Xt is a shock,
that is, it is unpredictable given its own history and given other macro and micro innovations.
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This notion — made precise in Assumption 1 below — is a key identifying condition without
which β̂(h) cannot be interpreted as estimating a dynamic causal effect (Stock and Watson,
2018, Section 1.2). Empirical researchers widely recognize this and, in practice, put great
effort in constructing Xt by leveraging a variety of macroeconometric methods.

In that sense, our analysis covers three different settings that span the main macroecono-
metric shock identification procedures, and whose use in the panel context entails no concep-
tual difference. The first setting is one where Xt is directly observed, typically constructed
from narrative or high-frequency methods, and which covers most empirical applications.
The second setting is one where Xt can be recovered from a macro system via standard
identification restrictions, e.g., recursive, short-run, long-run, or heteroskedasticity-based
identification (see Ramey, 2016, for a review). The third setting is one where the researcher
only observes the proxy X∗

t = Xt + νt, that is, a measure of Xt contaminated with measure-
ment error. In that case, it is more appropriate to think of X∗

t as an instrument in a panel
version of local projection-instrumental variables (LP-IV) with outcome Yi,t+h (see Stock and
Watson, 2018, for a review in the time series context). Our empirical applications in Section
5 are representative of these different settings.7

2.2 A stylized model

To sketch the key ideas of the paper, we now turn to a simple stylized model, which nonethe-
less preserves many of the main features of the framework. Suppose the micro outcome Yit

is related to the macro shock of interest Xt by

Yit = ρYi,t−1 + βiXt + Zt + uit, |ρ| < 1, (4)

where the terms Zt and uit capture, respectively, unobservable aggregate and unit-level
shocks orthogonal to the shock of interest Xt. More precisely, Xt, Zt and uit are mutually
and serially mean independent (Assumption 1). We allow for uit to be spatially correlated.
We also observe a covariate si, possibly correlated with βi. Under suitable initial conditions,

7Specifically, we revisit Ottonello and Winberry (2020) and Jeenas and Lagos (2024), which treat Xt as
observable and Cloyne et al. (2023), which reports panel LP-IV estimates. Similarly, an example where Xt

is recovered from a macro system is Drechsel (2023), who imposes long-run restrictions on a structural VAR
model to identify investment-specific technology shocks.
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we can write (4) as

Yit =
∞∑

ℓ=0
ρℓβiXt−ℓ +

∞∑
ℓ=0

ρℓ(Zt−ℓ + ui,t−ℓ), (5)

so the model allows for persistence and dynamics in the transmission of both observed and
unobserved, macro and micro shocks to unit-level outcomes Yit. This macro–micro structure
is empirically realistic and plays a key role for inference. For example, in applications that
study the response of firm-level investment Yit to monetary policy shocks Xt, the same data
often contain other aggregate disturbances, such as TFP or oil supply shocks, captured here
by Zt. Similarly, a sizable share of the variation in Yit reflects shocks uit that operate at
the unit level, possibly exhibiting cross-sectional dependence through sectoral or regional
linkages. As we show below, the coexistence of aggregate and unit-level components cre-
ates a nonstandard macro–micro problem that is not adequately addressed by conventional
inference methods.

2.3 Estimand

The fact that Xt is a shock allows us to interpret the coefficient on Xt and its lags in (5) as
dynamic causal effects for unit i. This resembles a core insight from macroeconometrics that
links causal interpretations to the availability of unpredictable variation (Leeper et al., 1996;
Ramey, 2016; Stock and Watson, 2016, 2018; Plagborg-Møller and Wolf, 2021). Concretely,
writing Ei for expectations conditional on βi,

βih ≡ Ei[ Yit | Xt−h = 1 ] − Ei[ Yit | Xt−h = 0 ] = ρhβi.

Summaries of the distribution of βih are objects of primary interest in applications. A
central question is then how to interpret the estimator β̂(h) in a panel data context in terms
of the underlying heterogeneous dynamic causal effects βih. We show that β̂(h) converges in
probability to the following population object:

β(h) = Cov( si, βih )
Var( si ) .

This has a simple interpretation: it is the population coefficient in an (infeasible) projection
of the unobserved, unit-level response βih on si, including an intercept. In other words, panel
local projections recover the best linear approximation to how the dynamic causal effects βih
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vary, in expectation, with the observable attribute si. In particular,

β(h) ≈ E [ βih | si = s̄+ 1 ] − E [ βih | si = s̄ ] ,

for a one-unit change in si = s̄, and with equality when E [ βih | si ] is linear in si. Thus, β̂(h)
is informative about differential transmission of Xt for units with higher and lower values
of si. This formalizes what practitioners have in mind when including interactions in (2),
where si is chosen to capture an economically relevant dimension along which responses are
heterogeneous. The same interpretation applies to both continuous and discrete attributes
si — for instance, if si = 1{i ∈ G}, β(h) is the average response of group G relative to the
omitted group. Both cases appear frequently in applications.8 Finally, when si = 1 for all i,
the estimand becomes β(h) = E [ βih ], the average impulse response.

Importantly, this characterization is not specific to the stylized model considered here
and applies in the general framework of Section 3. In particular, the same interpretation
carries over to setups where Xt is recovered from a macro system, to instrumental variables
panel local projections estimators, and to alternative specifications of the regression such
as including lagged outcomes Yi,t−1 or controls orthogonal to the shock Xt. These controls
affect the stochastic properties of the residual in (2), but not the population object to which
β̂(h) converges. As we discuss next, while the estimand is invariant to the choice of controls,
the behavior of standard errors is not.

2.4 Robust inference

A key result of our paper is that a simple strategy guarantees correct and robust inference
in a wide range of situations where popular approaches fail. It consists of two ingredients:
estimation including lags of the outcome Yit and regressor of interest siXt, and clustering the
standard errors at the time level. Intuitively, clustering isolates the aggregate component of
the regression score, while controlling for lags absorbs aggregate serial dependence.

In other words, in (2) we control for Wit = (siXt−1, Yi,t−1, . . . , siXt−p, Yi,t−p, W̃
′
it)′, where

lag length p is chosen as described in Section 2.5, and in (3) we construct σ̂(h) by time-level
clustering. In our treatment, we also allow for other (macro and micro) controls through W̃it.
These are common in practice; for instance, in our empirical application to the sensitivity

8For example, Cloyne et al. (2023) study heterogeneity in the response of firm investment to monetary
policy across groups defined by firm characteristics such as age or dividend-paying status, whereas Ottonello
and Winberry (2020) use continuous measures of credit risk such as leverage or distance to default.
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of firm investment to monetary policy, lagged micro indicators such as firm sales and lagged
macro indicators such as GDP growth (interacted with si) are routine. By contrast, including
lags of siXt and Yit is much less common, but it turns out that this is the crucial step to
obtain valid and informative confidence intervals.

We call this strategy time-clustered lag-augmented heteroskedasticity-robust (t-LAHR)
inference. In contrast to other popular alternatives in applied practice, we argue below that
from both a theoretical and practical standpoint, t-LAHR inference delivers valid inference
regardless of the macro–micro composition of the error term; that is, regardless of whether
micro or macro variation dominates the estimation error.

Robustness to the macro–micro structure of the errors. To illustrate the relevance
of our macro–micro structure and the need for inference procedures that remain valid in any
such regime, consider the cross-sectionally aggregated version of our stylized model (5):

Ȳt = β̄Xt +
∞∑

ℓ>0
ρℓβ̄Xt−ℓ +

∞∑
ℓ=0

ρℓ(Zt−ℓ + Ūt−ℓ), (6)

where Ȳt = 1
N

∑N
i=1 Yit, β̄ = 1

N

∑N
i=1 βi and Ūt = 1

N

∑N
i=1 uit. A key observation in our

setting is that there is a tight connection between our underlying panel data problem and
this (synthetic) time series version, which is made precise in Remark 1 of Section 3. For the
purposes of this section, it suffices to note that we can equivalently use the (synthetic) model
in (6) to understand the sources of estimation uncertainty. For example, the population errors
from a regression on Xt (setting si = 1 and h = 0 for simplicity) would be given by Ȳt − β̄Xt

in (6). It is then immediate that the relative sizes of its components regulate the nature of
serial and cross-sectional dependence in the errors and the strength of identification, thereby
directly dictating the validity of different choices of standard errors.

To illustrate the idea, let σ2
X = Var(Xt ), σ2

Z = Var(Zt ) and σ2
Ū = Var

(
Ūt

)
. Now,

consider a hypothetical R2 capturing relative importance of macro shocks in the error term,

R̄2 ≡ 1 −
Var

(∑∞
ℓ=0 ρ

ℓŪt−ℓ

)
Var

(
Ȳt − β̄Xt

) = 1 − σ2
Ū

ρ2β̄2σ2
X + σ2

Z + σ2
Ū

, (7)

which we also target in our simulations. The relative sizes of these parameters potentially
imply very different inferential regimes. For example, a relatively large σŪ captures regimes
where idiosyncratic shocks might dominate the estimation error (R̄2 ≈ 0). These quantities
are essential because the reliability of conventional standard errors depends on what the
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dominant source of variation is in a given problem.9 Indeed, the ratio of unit-level to two-
way clustered standard errors provides a (crude) approximation to 1 − R̄2. We find that this
ratio varies greatly between 0 and 1 in our empirical applications in Section 5.

In our general formulation in Section 3, we consider a range of DGPs indexed by the
joint distribution of {Xt, Zt, {uit}N

i=1}∞
t=−∞ (and the heterogeneity) P ∈ P , where P is a

rich class, and build this into our asymptotic approximations. For example, P allows for
any R̄2(P ) ∈ [0, 1] in the limit. Other properties of the data, such as the relative signal
of Xt — that is, Var(Xt ) /Var(Ȳt) — are also allowed to vary, subject only to a minimum
requirement ruling out weak identification. The natural question is whether any standard
error is robust to these features, including an arbitrary macro–micro error composition. At
a theoretical and practical level, we will see that only t-LAHR achieves such robustness.

Simulation evidence. We now return to the practical problem of doing inference about
β(h). We seek to construct a standard error σ̂(h) to obtain a confidence interval (3) with
reliable coverage, reasonable length, and robustness to empirically relevant features of the
DGP, such as the relative size of aggregate shocks or the form of cross-sectional dependence.
Our main result is that the t-LAHR standard error in (11) achieves validity, informativeness
and robustness, whereas other commonly used choices do not.

To illustrate the point, we simulate data from the stylized model (4). The experiment
sets T = 30, in line with the modal time series dimension in our survey in Appendix F. We
also fix N = 1, 500 and ρ = 0.7. We take i.i.d. draws from Xt ∼ N (0, 1), Zt ∼ N (0, 1),
βi ∼ N (1, 1) and uit ∼ N (0, σ2

u), where σ2
u is calibrated to match R̄2 ∈ {0.1, 0.9}, the

observed range of this statistic in our empirical applications in Section 5, as proxied by the
ratio of one-way to two-way clustered standard errors.10 For simplicity, we also set si = βi,
which yields the closed-form estimand β(h) = ρh.

Table 1 reports coverage rates for 90% confidence intervals obtained by different standard
error choices based on 5, 000 simulated samples and over h = {0, 1, 2, 5}. For illustration
purposes, we present two t-LAHR versions: one which uses p = 1, and another (labeled
as recommended) which applies the lag selection rule and small-sample refinement given in

9Moreover, in a previous version of this paper (Almuzara and Sancibrián, 2025, Section 2), we show
explicitly how an unrestricted σU /σX (or σU /σZ) implies a discontinuity in the asymptotic distribution of
the panel local projection estimator.

10In the present design, where uit is i.i.d., we have σ2
u = N(1 − R̄2)/R̄2, up to ρ and βi. For cross-

sectionally dependent uit, R̄2 would be defined over the purely idiosyncratic component of uit only. We keep
it intentionally informal in this section for simplicity.
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Section 2.5. We also report coverage-adjusted width averaged across h. This is a measure
of statistical power that is computed rescaling critical values so as to eliminate potential
coverage distortions, putting the procedures on a more comparable basis (see, for example,
Lazarus, Lewis, and Stock, 2021).

TABLE 1. Performance of standard errors in the stylized model

Coverage rate of 90% CI Coverage-adjusted width

Standard error h = 0 h = 1 h = 2 h = 5 average

R̄2 = 0.9
Unit-level clustered 0.494 0.372 0.344 0.376 0.938
Two-way clustered 0.819 0.726 0.725 0.811 0.952
Driscoll–Kraay 0.716 0.725 0.695 0.782 1.007
t-LAHR (plain) 0.851 0.842 0.811 0.806 0.754
t-LAHR (recommended) 0.903 0.899 0.872 0.875 0.754

R̄2 = 0.1
Unit-level clustered 0.888 0.878 0.866 0.880 2.583
Two-way clustered 0.841 0.829 0.814 0.820 2.823
Driscoll–Kraay 0.809 0.791 0.789 0.810 2.735
t-LAHR (plain) 0.848 0.849 0.836 0.835 2.595
t-LAHR (recommended) 0.903 0.902 0.891 0.895 2.615

Note: Results are based on 5,000 simulation runs. Unit-level, two-way and Driscoll-Kraay use p = 0, whereas
plain t-LAHR uses p = 1. The row labeled t-LAHR (recommended) corresponds to the procedure discussed in
Section 2.5. Coverage-adjusted width is the width of confidence intervals rescaled to attain correct coverage
by modifying their critical value, averaged over h = 0, 1, 2, 5.

In terms of coverage, we highlight three findings. First, the recommended t-LAHR ap-
proach has coverage rates very close to 90% across h, with minimal distortions despite the
small time series dimension. Lag selection and small-T refinements (which are straight-
forward to implement) deliver meaningful improvements, but even without them t-LAHR
generally outperforms alternatives. Second, two-way clustering and Driscoll-Kraay display
severe distortions, undercovering β(h) by about 10 percentage points (pp), compared to 5
and 1 pp for plain and refined t-LAHR. In fact, Driscoll-Kraay shortfalls reach up to 20 pp,
often doing worse than two-way clustering, which ignores (common) serial correlation alto-
gether. Third, unit-level clustering is fragile. When R̄2 is low, its coverage is only moderately
below nominal and close to that of unrefined t-LAHR, but when R̄2 is high, it shows severe
undercoverage. This sensitivity is problematic since R̄2 is generally hard to know ex-ante in
a given dataset. In contrast, t-LAHR performs well across low- and high-R̄2 designs.

These findings align with the large-sample theory of Section 3, which delivers approx-
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imations that are uniformly valid over classes of DGPs with different macro–micro error
compositions, thus formalizing the idea of robustness (or lack of) to R̄2 illustrated in Table
1. Specifically, for confidence intervals Ĉα(h) that use the t-LAHR standard error, we show
in Proposition 1 that for a rich class P of DGPs and for h ≤ p,

sup
P ∈P

∣∣∣P ( β(h) ∈ Ĉα(h)
)

− (1 − α)
∣∣∣ −→ 0 as T,N → ∞, (8)

that is, the worst-case discrepancy across DGPs between the realized and nominal coverage
rate of Ĉα(h) vanishes in large samples. This is a strong sense of robustness that extends
to moderately long horizons h ∝ T (with additional structure) and to instrumental variable
problems (Propositions 2 and 3). Instead, common alternatives in applied practice such as
unit-level and two-way clustered inference do not enjoy the uniform guarantee (8) — in fact,
the worst-case coverage of the former is close to zero for high R̄2. Driscoll–Kraay may be valid
at short horizons, but performs poorly in the short time series typical of macro applications
due to the difficulty of long-run variance estimation. Its performance also deteriorates with
even moderate persistence (of macro or micro origin) in the data.

Turning to the informativeness of alternative approaches, the main takeaway is that the
superior coverage properties of t-LAHR do not imply a sacrifice of statistical power. In Table
1, coverage-adjusted t-LAHR intervals are between 5% and 25% shorter than Driscoll–Kraay
intervals. This is consistent with our theory: although the relative power of these methods
can depend on the DGP, positive persistence — a realistic feature of macro and micro data —
tends to favor t-LAHR. Unit-level clustered intervals may appear short when R̄2 is high, but
only because they undercover severely; after size adjustment, they are not more informative
than t-LAHR. Two-way clustering is also relatively inefficient by this metric.

Generality of the results. One might wonder how much the stylized nature of (4) lim-
its these results. The rest of the paper shows that they extend to a substantially more
general framework — allowing for rich forms of heterogeneity, dynamics, serial correlation,
cross-sectional dependence, controls and identification strategy. Section 3 offers large-sample
approximations and Section 4 presents finite-sample evidence across a wide range of designs.

2.5 Step-by-step implementation

We conclude by summarizing our recommended implementation of t-LAHR inference:

1. Select a candidate number of lags p̂AIC using the Akaike Information Criterion on the
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synthetic time series11 and apply the following horizon-dependent rule:

p̂(h) = max{1,min(h, p̂AIC)}.

If the shock Xt is retrieved with error from a macro system, consider the inclusion of
additional lags as discussed in Section 3.3.

2. Estimate panel local projections on siXt at horizon h including p̂(h) lags of siXt and
Yit. Optional: compute the synthetic time-series (see Remark 1 and Figure 3) as a
visual, low-dimensional representation of the estimation problem.

3. Cluster residuals at the time level. Alternatively, aggregate the regression scores to
the time level and compute heteroskedasticity-robust standard errors.

4. If T is small, report confidence intervals as in (3) using the refinements advocated by
Imbens and Kolesár (2016) for heteroskedasticity-robust inference.

All these steps are implemented in our own Matlab and R packages available online at
https://github.com/TinchoAlmuzara/PanelLocalProjections. Additional information
and discussion on these implementation details is given in Section 4 and in Appendix B.

3 Econometric framework

This section contains the econometric results of the paper in a general setting. Section 3.1
introduces the class of data generating processes (DGPs) we consider. Section 3.2 presents
our main estimand and inference results when the shock of interest Xt is observed. We then
extend the analysis to settings in which Xt is identified from a structural VAR (Section 3.3)
or used as a proxy in panel LP-IV (Section 3.4). All proofs are in Appendix A.

The material in this section is more technical than the rest of the paper. Readers inter-
ested primarily in the interpretation and implementation of the results may refer to Sections
2.3–2.5, which provide an overview of the main ideas and practical recommendations.

11Specifically, let ξ̂VAR,it(p) denote the residuals on a panel VAR(p) and define ŝi = si − 1
N

∑N
i=1 si. Then,

for some upper bound p̄, let
p̂AIC = argmin

0≤p≤p̄
log σ̂2

VAR(p) + 2p

T
,

where σ̂2
VAR(p) = 1

T −p

∑T
t=p+1 ξ̂VAR,t(p)2 and ξ̂VAR,t(p) = (

∑N
i=1 ŝ2

i )−1∑N
i=1 ŝiξ̂VAR,it(p). Note that, con-

trary to a standard implementation in a panel data problem, we use the synthetic residuals ξ̂VAR,t(p) and a
penalty proportional to T −1 (rather than (NT )−1).
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3.1 Model and assumptions

We observe an outcome Yit, the shock of interest Xt, an attribute si, and controls Wit for
units i = 1, . . . , N and periods t = 1, . . . , T . In this subsection and the next, we treat Xt

as directly observed—we study cases where Xt is not observed in Sections 3.3 and 3.4. The
controls take the form Wit = (siXt−1, Yi,t−1, . . . , siXt−p, Yi,t−p, W̃

′
it)′ where W̃it contains a

fixed number d of additional macro and micro controls. We model Yit and W̃it as

Yit = µi +
∞∑

ℓ=0
βiℓXt−ℓ +

∞∑
ℓ=0

(γ′
iℓZt−ℓ + δ′

iℓui,t−ℓ),

W̃it = µw,i +
∞∑

ℓ=1
βw,iℓXt−ℓ +

∞∑
ℓ=0

(γ′
w,iℓZt−ℓ + δ′

w,iℓui,t−ℓ).
(9)

Here Zt and uit are vectors of dimension dZ and du that collect unobserved aggregate and
micro-level shocks orthogonal to Xt. The first equation allows Yit to respond dynamically to
the shock of interest Xt and to other aggregate and micro disturbances. The second imposes
that the additional controls W̃it are predetermined with respect to Xt, while allowing them
to have arbitrary exposures to lagged Xt and to the histories of Zt and uit.

The coefficients in (9) allow the transmission of all shocks to vary across units. We collect
all unit-level objects into θi = (µi, µw,i, {βiℓ, βw,iℓ, γiℓ, γw,iℓ, δiℓ, δw,iℓ}ℓ≥0) with the convention
that βw,i0 = 0. Importantly, we leave the joint distribution of the observed attribute si

and the unobserved heterogeneity θi largely unrestricted. Thus, si need not summarize all
heterogeneity in responses. Rather, the purpose of panel local projections is to estimate how
the heterogeneous impulse responses βih vary, on average, with si.

The representation in (9) accommodates rich dynamics. The infinite-order moving aver-
ages may arise, for example, as Wold representations of more primitive stationary macro and
micro state variables, including heterogeneous versions of familiar time-series models such
as VARs. Consequently, Yit may display substantial persistence even though the primitive
shocks Xt, Zt, and uit are serially unpredictable. The specification of W̃it also covers both
pure micro controls and aggregate controls interacted with unit-level attributes.

DGPs. Let P denote the joint distribution of the shock processes {Xt, Zt, {uit}N
i=1}∞

t=−∞

and cross-sectional heterogeneity {si, θi}N
i=1. Through (9), P determines the distribution of

the observed sample. We let P denote the class of distributions satisfying the shock and
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regularity conditions stated below.12 The class P formalizes the dimensions of robustness
we wish to study: it allows the relative size of aggregate and micro-level shocks, the form
of time series and cross-sectional dependence, and the heterogeneity to vary across P . We
therefore study the large-sample behavior of β̂(h), σ̂(h), and Ĉα(h) uniformly over P ∈ P .

Our main identifying assumption is that, conditional on the heterogeneity, Xt is a shock
relative to all other primitive innovations. Throughout this section, expectations (and other
operators) are computed under a fixed P ∈ P , which we indicate by writing EP.

Assumption 1 (shocks and mean independence). Under each distribution P ∈ P, the
aggregate and micro-level shocks {Xt, Zt, {uit}N

i=1}∞
t=−∞ satisfy

EP

[
Xt

∣∣∣ {Xτ }τ ̸=t, {Zτ , {uiτ }N
i=1}∞

τ=−∞, {si, θi}N
i=1

]
= 0, (10)

and

EP

[
Zt

∣∣∣ {Zτ }τ ̸=t, {Xτ , {uiτ }N
i=1}∞

τ=−∞, {si, θi}N
i=1

]
= 0dZ×1,

EP

[
uit

∣∣∣ {{ujτ }N
j=1}τ ̸=t, {Xτ , Zτ }∞

τ=−∞, {sj, θj}N
j=1

]
= 0du×1, for all i.

Condition (10) is the key identifying restriction. It formalizes the notion, standard in
macroeconometrics, that impulse responses have a structural interpretation only when the
variable of interest is an unpredictable innovation orthogonal to other shocks (e.g., Leeper
et al., 1996; Ramey, 2016; Stock and Watson, 2016; Plagborg-Møller and Wolf, 2021). The
formulation imposes mean independence with respect to leads and lags. This is stronger than
a martingale-difference condition but weaker than iidness, since it still permits dependence
in higher moments.13 For symmetry, Assumption 1 imposes analogous restrictions on Zt and
uit. These restrictions apply to the primitive innovations, and not to the observed regression
objects — controls and regression residuals — which may still exhibit rich autocorrelation.

Each P ∈ P also satisfies the regularity conditions stated in Appendix A.1 (Assumptions
A.1, A.2 and A.3). These conditions impose limited time series persistence (ruling out unit
roots), bounded moments and cumulants, summable dynamic responses, and nondegenerate

12Formally, as in standard double-array asymptotics, both the class P = PT N and its elements P = PT N

may depend on (N, T ), while the constants appearing in the moment, summability, and nondegeneracy
conditions in Assumption A.3 are fixed across sample sizes.

13This type of lead-lag mean independence is convenient in local-projection settings, where the regression
residual may contain both leads and lags of primitive innovations; see, for example, Montiel Olea and
Plagborg-Møller (2021). It is also analogous to strict exogeneity conditions in panel data models.
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regressors and regression scores, ensuring a well-defined inference problem.14

We also leave other features of the DGP largely unrestricted, including the relative vari-
ances of all elements in (9), the extent of cross-sectional dependence in uit (ranging from
purely idiosyncratic to strongly dependent shocks), the size and nature of individual-level
responses and the macro–micro composition of the error term. As a result, several interesting
summaries of the distribution of the data are allowed to vary freely across DGPs, such as
the relative importance of aggregate shocks in the microdata, which we denoted with R̄2(P )
in Section 2. Our estimation and inference results are uniform over this class.

3.2 Estimand and uniform inference

We now state the main econometric result of the paper. We aim to answer two questions.
First, how should the coefficient of a panel local projection on an aggregate shock be in-
terpreted as a population object? Second, how can one construct confidence intervals that
remain valid under empirically relevant forms of aggregate and unit-level variation? Re-
call that the t-LAHR standard error is based on time clustering of the regression scores
x̂it(h)ξ̂it(h), which corresponds to

σ̂(h) =

√√√√ V̂ (h)
(T − h)Ĵ(h)2 , V̂ (h) = 1

T − h

T −h∑
t=1

(
1
N

N∑
i=1

x̂it(h)ξ̂it(h)
)2

, (11)

where ξ̂it(h) are the panel local projection residuals in (2) and Ĵ(h) = ∑T −h
t=1

∑N
i=1 x̂it(h)2/[N(T−

h)] with x̂it(h) the residual from regressing siXt on Wit with unit and time fixed effects.
Proposition 1 answers both questions by characterizing the large-sample behavior of β̂(h),
σ̂(h), and Ĉα(h) uniformly over P ∈ P . Throughout, we let N, T → ∞ and take the number
of controls d and the lag length p as fixed.15

Proposition 1. Let Assumptions 1, A.1, A.2 and A.3 hold and fix h ≤ p. For all ϵ > 0,

lim
T,N→∞

sup
P ∈P

P
( ∣∣∣β̂(h) − β(h)

∣∣∣ > ϵ
)

= 0.

14That is, for every P ∈ P we require that VarP ( Xt ) and the variance of the estimation error are bounded
away from zero and infinity, thus ruling out weak identification in the limit. Nonetheless, t-LAHR is still
uniformly valid in the sense of Equation (12) even without this requirement; see Almuzara and Sancibrián
(2025). Naturally, this comes at the expense of uniform convergence in probability.

15A natural question is whether in our general linear heterogeneous model (9) one can accommodate
h → ∞ by allowing p to grow with T . The analysis in Xu (forthcoming) and our simulation study in Section
4 suggest that this may be possible, but we leave this important issue for future research.
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Moreover, for the t-LAHR confidence interval Ĉα(h) in (3), for all 0 < α < 1/2,

lim
T,N→∞

sup
P ∈P

∣∣∣P ( β(h) ∈ Ĉα(h)
)

− (1 − α)
∣∣∣ = 0. (12)

The first part of Proposition 1 shows that β̂(h) converges uniformly in probability to
β(h) = CovP ( si, βih ) /VarP ( si ). Thus, even with unrestricted heterogeneity in unit-level
responses, the panel local projection coefficient has a simple nonparametric interpretation:
it is the slope of the best linear approximation to the heterogeneous dynamic effects βih as
a function of si. As discussed in Section 2.3, this object measures differential transmission
of the shock Xt between units with high and low values of the observed attribute si.

The second part of Proposition 1 establishes the uniform validity of the t-LAHR confi-
dence interval for the estimand β(h). Uniformity is important because it implies robustness
to features that are difficult to know ex ante, such as the relative size of aggregate and
unit-level shocks, summarized by R̄2(P ), and the strength of cross-sectional dependence in
uit. This is the formal counterpart to the robustness documented in Table 1 and explored
further in the simulations of Section 4.

Where is the validity of t-LAHR coming from? The relevant object for inference is the
aggregated regression score Xt

∑N
i=1 ŝiξit(h, P ), where ŝi is the demeaned si and ξit(h, P )

denotes the population regression residual. When p ≥ h, the scores are serially uncorrelated,
even though the residual itself may be correlated. Lag augmentation therefore transforms a
problem with potentially persistent residuals into one where Eicker–Huber–White inference
applied to time-clustered scores suffices, which links t-LAHR inference in panel local pro-
jections to heteroskedasticity-robust inference in a synthetic time-series local projection (see
also Remark 1). Moreover, the aggregated score remains uncorrelated even with R̄2(P ) ≈ 0
and uit independent over i. That is, t-LAHR still delivers correct inference even when time-
clustering is not needed; in this sense, our uniformity result follows.

By contrast, unit-level and (non-lag-augmented) two-way clustered standard errors are
not uniformly valid. Unit-level clustering can have worst-case coverage close to zero when
the aggregate component dominates the regression score, while two-way clustering does not
address the serial correlation of the score. Time-clustered HAC or HAR inference (t-HAR)
provides a valid alternative in principle: analogues of Proposition 1 can be obtained (with
slightly stronger conditions) by replacing V̂ (h) in (11) with Hansen–Hodrick or Newey–
West/Driscoll–Kraay long-run variance estimators. In finite samples, however, Section 4
shows that t-LAHR typically delivers better coverage and shorter coverage-adjusted intervals.
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Remark 1 (Synthetic time series). A useful intuition for panel local projections is the
following representation. The residual x̂it(h) can be written as x̂it(h) = ŝi(Xt − X̄0(h)) −
π̂(h)′Wit ≈ ŝiXt where ŝi is the demeaned si, X̄0(h) is the sample mean of Xt and π̂(h) is
the coefficient on Wit, which then gives

β̂(h) =
∑T −h

t=1
∑N

i=1 x̂it(h)Yi,t+h∑T −h
t=1

∑N
i=1 x̂it(h)2 ≈

∑T −h
t=1 XtŶt+h∑T −h

t=1 X2
t

,

that is, the time series local projection estimator that regresses cross-sectional coefficients
Ŷt+h = (∑N

i=1 ŝ
2
i )−1(∑N

i=1 ŝiYi,t+h) on Xt controlling for 1, Xt−1, . . . , Xt−p.16 The standard
error σ̂(h) in (11) is also the Eicker–Huber–White standard error calculated on the time
series LP residuals ξ̂t(h) = (∑N

i=1 ŝ
2
i )−1∑N

i=1 ŝiξ̂it(h). Hence, panel t-LAHR inference and
time-series lag-augmented heteroskedasticity-robust inference are intimately related.

Remark 2 (si and precision). The synthetic time-series representation also clarifies why
the effective sample size is often governed by T , not by NT . Faster rates would require si

to isolate variation in βih while being orthogonal to all other exposures to aggregate shocks.
In that sense, si would need to act like a cross-sectional instrument that is relevant for
the horizon-h response but excluded from the responses to all other aggregate innovations
and horizons. These conditions are strong and are ruled out by Assumption A.3(iii). This
suggests caution regarding the conventional wisdom in many empirical applications that a
larger cross-sectional dimension somehow compensates for a shorter time series.

Remark 3 (Time-varying responses). Some applications study whether responses differ
across units with different values of a time-varying covariate sit that is exogenous to Xt. The
same logic applies after extending (9) to allow for time-varying impulse responses,

Yit = µi +
∞∑

ℓ=0
βitℓXt−ℓ +

∞∑
ℓ=0

γitℓZt−ℓ +
∞∑

ℓ=0
δitℓui,t−ℓ.

Collecting all unit-level responses into θi, the analysis is otherwise unchanged. In particular,
letting ŝit = sit − N−1∑N

j=1 sjt, the coefficient on ŝitXt is the slope coefficient in the linear
projection of βith on time fixed effects and sit, and standard errors in Equation (11) are
calculated using ŝitXt in place of ŝiXt. Some specifications in our empirical analysis in
Section 5 take this form, and we revisit it in simulations in Section 4.17

16Arkhangelsky and Korovkin (2023) derive a similar connection in a regional-exposure design context.
17In this paper, we focus on linear models. When interest is in a possible feedback loop from sit to Yit, a
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VAR DGPs. Proposition 1 gives uniform guarantees for short horizons h ≤ p. There is
an important class of DGPs for which the result extends to long horizons: finite-order VARs.
This case is useful for two reasons. First, VARs are a natural benchmark for macroeconomic
dynamics and for the question of lag-length selection. Second, they provide a bridge to the
structural-shock identification approaches considered below. Specifically, we model

Yit = mi +
p∑

ℓ=1
AℓYi,t−ℓ + Aw0W̃it +

p∑
ℓ=0

BiℓXt−ℓ + Ci0Zt +Di0uit. (13)

If the autoregressive polynomial A(L) = 1 −∑p
ℓ=1 AℓL

ℓ is stable, this model can be inverted
into the distributed-lag representation (9). Let PVAR ⊂ P be the subclass of such VAR
processes satisfying Assumption 1. For this subclass, the uniformity result extends to h > p.

Proposition 2. Let Assumptions 1, A.1, A.2 and A.3 hold and fix ϕ < 1. Then, for all
ϵ > 0 and 0 < α < 1/2,

lim
T,N→∞

sup
P ∈PVAR

sup
0≤h≤ϕT

P
( ∣∣∣β̂(h) − β(h)

∣∣∣ > ϵ
)

= 0,

lim
T,N→∞

sup
P ∈PVAR

sup
0≤h≤ϕT

∣∣∣P ( β(h) ∈ Ĉα(h)
)

− (1 − α)
∣∣∣ = 0.

In the VAR model (13), the lag-augmented regression score is serially uncorrelated at all
horizons, not only for h ≤ p. Thus, when a low-order VAR provides a good approximation,
controlling for a small number of lags of the outcome and the shock delivers inference that
is robust over long horizons, uniformly over the macro-micro error composition.

In practice, the main implementation question is the choice of lag length. Section 4
studies this issue and proposes a simple-to-implement information-criterion rule.18

3.3 Shocks identified from structural VAR models

We next consider the case in which the shock of interest is identified outside the panel regres-
sion from a structural VAR. This covers standard macroeconometric identification strategies,

nonlinear DGP is the starting point. Rambachan and Shephard (2021, Section 3.4) provide a nonparametric
characterization of local-projection estimands with endogenous states in a time-series potential-outcomes
framework; see also Gonçalves, Herrera, Kilian, and Pesavento (2024) and Winkler (2026).

18The results in Montiel Olea and Plagborg-Møller (2021) suggest uniform validity of Ĉα(h) over a VAR
parameter space that includes (near) unit roots. In turn, the results in Montiel Olea et al. (forthcoming)
suggest that, for fixed h, t-LAHR inference would also remain valid if the VAR model (13) were locally
misspecified. The simulation evidence in Section 4 is consistent with these observations.
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including recursive, short-run, long-run, and heteroskedasticity-based identification. Our re-
sults above continue to apply when the panel local projection uses an estimated structural
shock, provided the panel regression includes the variables needed to absorb the generated-
regressor error (as in Breitung and Brüggemann, 2023, in a time series context).

Let Rt be an n-dimensional vector of macroeconomic variables observed by the researcher
and suppose it admits the structural VAR representation

α0Rt =
pR∑
ℓ=1

αℓRt−ℓ + εt,

with εt a vector of structural shocks satisfying the restrictions in Assumption 1. Let the
shock of interest be the j-th entry, Xt = εjt = α0,j•Rt −∑pR

ℓ=1 αℓ,j•Rt−ℓ where αℓ,j• is the j-th
row of αℓ. The remaining entries of εt may overlap or correlate with the shocks in Zt. An
identification strategy pins down {αℓ,j•}

pR
ℓ=0 from the autocovariances of Rt and allows the

researcher to construct Xt. In practice, the researcher replaces these coefficients by estimates
{α̂ℓ,j•}

pR
ℓ=0 from a macro sample {Rt}

TR
t=1, typically with TR ≫ T , and constructs

X̂t = α̂0,j•Rt −
pR∑
ℓ=1

α̂ℓ,j•Rt−ℓ.

Propositions 1 and 2 extend to panel local projections that replace Xt by X̂t in (2) as long
as the regression includes the corresponding contemporaneous and lagged macro controls.

The recursive case makes this connection especially transparent. If the structural shock
is ordered j-th, then

Rjt = −
j−1∑
k=1

α0,jkRkt +
pR∑
ℓ=1

αℓ,j•Rt−ℓ +Xt.

Thus, instead of explicitly constructing X̂t, one may replace Xt in (2) by Rjt and control for
the interactions of si with the contemporaneous R1t, . . . , Rj−1,t and the lags Rt−1, . . . ,Rt−pR

.
The coefficient on siRjt then has the same interpretation as the coefficient on siXt, and the
t-LAHR confidence interval enjoys the same uniform guarantees of Propositions 1 and 2.19

19Controlling for siR1t, . . . , siRj−1,t and lags of siRt ensures that the generated-regressor error Xt − X̂t

is asymptotically orthogonal to the residualized regression score. If T/TR → 0, this additional adjustment
is not needed because first-stage estimation errors are asymptotically negligible.
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3.4 Proxy shocks and panel LP-IV

Most empirical applications of panel local projections treat the shock of interest as observed.
In some settings, however, the available shock measure is better viewed as a noisy proxy
for an underlying structural shock. This creates a measurement-error problem that can be
handled by using the proxy as an instrument for the endogenous aggregate variable, as in
time-series LP-IV designs (Ramey, 2016; Stock and Watson, 2018).

Suppose the researcher observes Yit and si, but not the structural shock Xt itself. Instead,
she observes an endogenous aggregate state variable X̃t and a proxy shock X∗

t . In our
empirical illustration based on Cloyne et al. (2023), for example, X̃t is the federal funds rate
and X∗

t is an imperfect measure of monetary policy surprises. We augment (9) with

X̃t =
∞∑

ℓ=0
bℓXt−ℓ +

∞∑
ℓ=0

cℓZt−ℓ, X∗
t = a0Xt + νt, (14)

where νt is measurement or shock-elicitation error. Let PIV denote the corresponding class
of DGPs, including the joint distribution of νt.

Assumption 2 (Panel LP-IV). For all P ∈ PIV, a0 ̸= 0, b0 = 1, the mean independence
restrictions in Assumption 1 hold with the conditioning sets augmented by {ντ }τ ̸=t, and

EP

[
νt

∣∣∣ {ντ }τ ̸=t, {Xτ , Zτ , {uiτ }N
i=1}∞

τ=−∞, {si, θi}N
i=1

]
= 0.

The normalization b0 = 1 fixes the scale of the impulse response, since LP-IV only iden-
tifies relative impulse responses. The condition a0 ̸= 0 ensures instrument relevance, and
we focus on the strong-instrument case where a0 is uniformly bounded away from zero as
N, T → ∞ (see Appendix A.1). The last condition is the exclusion restriction. It implies
that, after accounting for controls, X∗

t is contemporaneously correlated with the panel out-
come only through Xt. This is the standard lead-lag exogeneity requirement in time-series
LP-IV designs; see, for example, Stock and Watson (2018, p. 924) and Plagborg-Møller and
Wolf (2021, p. 970).20 Additional regularity conditions are stated in Appendix A.1.

The panel LP-IV estimator β̂IV(h) is the coefficient on siX̃t in

Yi,t+h = β̂IV(h)siX̃t + ψ̂IV(h)′Wit + µ̂IV
i (h) + ν̂IV

t (h) + ξ̂IV
it (h),

20The setup can be extended to serially correlated νt and to proxies that are valid only after conditioning
on additional controls. Intercepts can also be added to (14) without changing the arguments.
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where Wit = (siX̃t−1, Yi,t−1, . . . , siX̃t−p, Yi,t−p, W̃
′
it)′. The endogenous regressors and controls

are instrumented by siX
∗
t and W ∗

it = (siX
∗
t−1, Yi,t−1, . . . , siX

∗
t−p, Yi,t−p, W̃

′
it)′. Inference is

obtained by time-clustering the corresponding IV score. Let σ̂IV(h) and ĈIV
α (h) be the t-

LAHR standard error and confidence interval—explicit formulas are given in Appendix A.

Proposition 3. Let Assumptions 2, A.1, A.2 and A.3 (adapted to the LP-IV setting as
indicated in Appendix A.1) hold and fix h ≤ p. Then, for all ϵ > 0 and 0 < α < 1/2,

lim
T,N→∞

sup
P ∈PIV

P
( ∣∣∣β̂IV(h) − β(h)

∣∣∣ > ϵ
)

= 0,

lim
T,N→∞

sup
P ∈PIV

∣∣∣P ( β(h) ∈ ĈIV
α (h)

)
− (1 − α)

∣∣∣ = 0.

Proposition 3 shows that the estimand and inference results for panel local projections
extend to the IV case. Under the normalization b0 = 1, the LP-IV estimand is the same
object as before. This equivalence is not automatic under heterogeneity. In cross-sectional IV
settings, treatment-effect heterogeneity typically leads to weighted local average treatment
effects (Angrist and Imbens, 1995; Angrist, Imbens, and Graddy, 2000). Here the first
stage is aggregate. As a result, the instrument corrects measurement error in the aggregate
shock without reweighting units by heterogeneous first-stage responses. This is another
consequence of the macro–micro structure studied in this paper. Finally, note that uniformity
over horizons can also be obtained by imposing a finite-order VAR structure on (9) and (14),
as in Equation (13).

4 Simulation study

In this section, we show through simulations that the proposed t-LAHR procedure has excel-
lent finite-sample properties across realistic designs, sample sizes and macro–micro regimes,
and compare it with those of alternative methods. Here we provide a summary and defer
additional detail and results to the Appendix.

4.1 Implementation details

Designs. Our study relies on two different DGPs. The first is the general setup (9)
supplemented with (14) to cover the endogenous case. We begin by simulating shocks
{Xt, Zt, νt, {uit}N

i=1} as mutually and serially independent N(0, 1) random variables, and
by drawing {θi, si}N

i=1 independently across units. To ensure correlation between observed
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and unobserved heterogeneity we use a technique described in Appendix D. We calibrate
the distribution of {βiℓ, γiℓ, δiℓ} and {bℓ, cℓ} to produce realistic degrees of shock persistence.

Given these elements, we generate the inputs for panel LP and LP-IV procedures, namely
Yit, Xt, si, X̃t, X∗

t . We also simulate the time-varying covariate sit = si + ζit (where ζit is
such that sit remains strictly exogenous) to compare panel LPs on siXt and sitXt — this
illustrates the point we made in Remark 3.

The second DGP is the VAR model (13). Again we generate shocks as i.i.d. N(0, 1)
and we simulate the heterogeneity as detailed in Appendix D. When calibrating the VAR
parameters {Aℓ} we allow the largest AR root to be 1 − c/T (we use c = 5) to capture the
essence of a near non-stationary environment.

The results below are based on nMC = 5, 000 Monte Carlo samples. Motivated by our
survey of the empirical literature, we look at designs with T = 30 and T = 100. We set
N/T = 50, so that N = 1, 500 when T = 30 and N = 5, 000 when T = 100, and we calibrate
VarP (uit ) to take values consistent with R̄2 ∈ {0.99, 0.66, 0.33}. (As a reference, R̄2 = 0.66
corresponds to the one-third of aggregate fluctuations explained by micro shocks suggested
by Gabaix, 2011 for GDP growth.)

We provide additional details in Appendix D and consider alternative designs with time-
varying sit, conditionally heteroskedastic shocks, non-Gaussian shocks featuring skewness
and heavy tails, spatially correlated micro shocks uit, more persistent macro shocks in the
general DGP in (9), proxy shocks recovered from (approximate) SVARs, and impulse re-
sponses over longer horizons. All results reinforce our conclusions in this section.

t-LAHR inference. Our preferred implementation uses a lag-selection rule given by

p̂(h) = max{1,min(h, p̂AIC)}, (15)

where p̂AIC is the number of lags selected by the AIC. The reasoning for this rule combines
data, theory and comprehensive simulation evidence. First, we include at least one lag of
the outcome and the shock at all horizons. This provides insurance against near unit-root
scenarios via lag augmentation21 and reflects efficiency considerations in realistic empirical
designs (see the discussion below). Second, we use a data-driven selection rule via AIC to

21This is motivated by the results in Montiel Olea and Plagborg-Møller (2021) and Montiel Olea et al.
(forthcoming), which we expect to hold in our setup (by means of the time-series representation of the
problem). We also show very good performance of t-LAHR inference in simulation designs with high degrees
of persistence; see Appendix D.6.
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pick the maximum lag length. In the Appendix, we show that this delivers consistent lag
selection (Section B.1) and that it provides excellent performance in simulations (Section
B.3). Third, we leverage our result that the scores have limited leftover serial correlation of
order h to ensure that we limit lag length appropriately.

On top of this, we adjust t-LAHR confidence intervals with the finite-sample adjustments
advocated by Imbens and Kolesár (2016), which combine an HC2 leverage adjustment with
a Student-t critical value based on effective degrees of freedom. These are very simple to
implement and leverage the connection with the synthetic time-series representation. Addi-
tional details are reported in Appendix B.2, whereas simulation evidence comparing t-LAHR
with and without finite-sample refinements is offered in B.3. Whereas these adjustments are
minor for T = 100, they prove important for T = 30 and ensure that t-LAHR inference
provides excellent coverage guarantees even for settings with as few as T −H ≈ 25 effective
(synthetic) observations.

Other methods. We compare t-LAHR inference with one-way (1W(i)), two-way (2W),
and Driscoll-Kraay (DK98) confidence intervals. These are not lag-augmented, following
standard practice. We set the bandwidth in Driscoll-Kraay to ⌈4((T − h)/100)2/9⌉ following
Newey and West (1994) and the default Stata implementation.

For illustrative purposes, we also include t-HR (the non-lag-augmented counterpart to
t-LAHR) and other autocorrelation-robust methods following the discussion in Section 3.2.
In particular, we include a variant using the Hansen and Hodrick (1980) variance estimator
in (t-HAC) and another using the equally-weighted cosine approach (Müller, 2004) with the
choice of tuning parameter recommended in Lazarus et al. (2018) (t-HAR).

4.2 Results

In Figures 1 and 2, we report pointwise coverage rates for horizons 0 ≤ h ≤ 0.15T for
T = 100 and T = 30, respectively. These correspond to 90% confidence intervals for panel
LP and LP-IV using si to interact the aggregate shock. Panels (a)-to-(c) display LP while
(d)-to-(f) display LP-IV in the general DGP; panels (g)-to-(i) display LP in the VAR DGP.

The main takeaway from these results is that t-LAHR inference exhibits excellent finite-
sample performance, both in absolute terms across scenarios and also relative to all other
methods. Coverage is close to the nominal rate even in low-signal cases and for horizons
h well beyond p. Its mean absolute coverage distortion never exceeds 3 pp for T = 100
and 5 pp for T = 30 (and is often much smaller), consistently ahead of the second-best
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option, which nonetheless exhibits substantial size distortions. Importantly, the second-best
alternative differs across specifications, estimation methods, sample sizes and macro–micro
regimes. We now provide additional discussion on the performance of these other methods.

Comparison with within-units and two-way clustering. The first and second most
popular inference methods in empirical work guard against the wrong type of correlation in
the score, are not uniformly valid and display substantial coverage distortions across designs.

One-way clustering is very sensitive to R̄2, suffering major distortions in intermediate-
and high-R̄2 cases. In fact, as R̄2 → 1, its worst-case coverage probability tends to zero.
What is more, it is outperformed by t-LAHR even if micro shocks explain the majority of
aggregate variation.

Two-way clustering provides some insurance against different macro–micro regimes, but
does not consistently estimate the autocovariance function of the scores (see Lemma A.1
in Appendix A.2) and displays substantial distortions in our simulations (up to 13 pp with
T = 100 and 23 pp with T = 30). Note that it is usually close to t-HR, its non-i-clustered
version; another indication that there is no clear advantage in clustering by units. In fact,
in certain occasions (mainly low-signal and near non-stationary designs), 2W gives worse
inferences than t-HR or 1W(i) alone. In environments with (near) micro unit roots, variance
estimators tend to perform poorly, and we document that 2W is not positive definite in a
non-negligible fraction of these scenarios (see also Appendix D.9).

Comparison with t-HAR/HAC/DK98 methods. Methods that estimate the long-run
variance of the (synthetic) scores (such as Driscoll-Kraay standard errors) could, in principle,
be a valid alternative to lag augmentation. In practice, however, they struggle with realistic
sample sizes, display severe coverage distortions, and are clearly dominated by t-LAHR.

Indeed, Driscoll-Kraay confidence intervals display pronounced size distortions in our
simulations — up to 11 pp with T = 100 and 25 pp with T = 30. DK98 has comparable
performance (oftentimes noticeably worse) to 2W across designs and DGPs — a method that
ignores serial dependence and does not deliver a consistent estimator of the autocovariance
of the scores. In fact, in low-signal scenarios and for T = 30 it performs even worse than 1W,
which underscores the subpar behavior of these methods in finite samples. Let us elaborate
on the reasons behind this:

1. t-HAR/HAC estimators inherit the well-documented finite-sample issues identified for
HAR/HAC estimators in the time series literature (Lazarus et al., 2018), which stem
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(b) LP. R̄2 = 0.66
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(c) LP. R̄2 = 0.33
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(d) LP-IV. R̄2 = 0.99
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(e) LP-IV. R̄2 = 0.66
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(f) LP-IV. R̄2 = 0.33
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(g) VAR DGP. R̄2 = 0.99
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(h) VAR DGP. R̄2 = 0.66
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(i) VAR DGP. R̄2 = 0.33
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FIGURE 1. Coverage rates of 90% confidence intervals for T = 100.
Note: 1W(i) refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay,
and t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.
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(a) LP. R̄2 = 0.99

0 1 2 3 4 5
h

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
ov

er
ag

e 
ra

te
 o

f 9
0%

 C
I

t-HR
t-HAC
t-HAR
t-LAHR

1W(i)
2W
DK98

(b) LP. R̄2 = 0.66
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(c) LP. R̄2 = 0.33
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(d) LP-IV. R̄2 = 0.99
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(e) LP-IV. R̄2 = 0.66
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(f) LP-IV. R̄2 = 0.33
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(g) VAR DGP. R̄2 = 0.99
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(h) VAR DGP. R̄2 = 0.66
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(i) VAR DGP. R̄2 = 0.33

0 1 2 3 4 5
h

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
ov

er
ag

e 
ra

te
 o

f 9
0%

 C
I

t-HR
t-HAC
t-HAR
t-LAHR

1W(i)
2W
DK98

FIGURE 2. Coverage rates of 90% confidence intervals for T = 30.
Note: 1W(i) refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay,
and t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.
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from the difficulty of estimating autocovariances in small samples (see also Herbst and
Johannsen, 2023) and of choosing kernel and truncation parameters. We show this in
Appendix C by mapping well-known results in the time series literature (Sun, Phillips,
and Jin, 2008; Sun, 2014) to the synthetic time series representation of our problem,
and illustrate it in simulations.

Our results also highlight the sensitivity of t-HAR/HAC to the choice of tuning pa-
rameters. For example, t-HAC estimators use a uniform kernel instead of a triangular
kernel and display even larger coverage distortions, in part due to the fact that these
variance estimators are not necessarily positive definite in finite samples.

2. t-HAR/HAC estimators are more difficult to refine in finite samples. Whereas t-HAR
(which builds on state-of-the-art results from the HAR literature) performs better than
Driscoll-Kraay, it nonetheless displays significant distortions even with T = 100, often
comparable to 2W clustering — which, again, completely ignores autocorrelation in
the scores. In contrast, t-LAHR only requires simple, standard adjustments insofar as
it is in the class of heteroskedasticity-robust methods (on the synthetic time series).

3. t-HAR/HAC and t-LAHR echo recent results from the time series literature favoring
lag augmentation over autocorrelation-robust variance estimation (Montiel Olea and
Plagborg-Møller, 2021; Montiel Olea et al., forthcoming), particularly with highly per-
sistent data. Driscoll-Kraay standard errors fail in (near) non-stationary environments,
which we illustrate in Figure D.7 in Appendix D.6, where even with T = 300 DK98
undercovers by up to 10 pp. In contrast, t-LAHR hits nominal coverage across all
horizons and macro–micro regimes.

4. t-HAR/HAC variance estimators are less efficient than t-LAHR and non-lag-augmented
estimators are more biased in empirically realistic designs. It is easy to show that
lag augmentation delivers efficiency gains and bias-reduction unless impulse responses
display alternating patterns (sign oscillations from one horizon to the next); see Lemma
A.1 in Appendix A.2. We report length of confidence intervals in Appendix D.9 and bias
and RMSE in Appendix D.10. We show that t-LAHR dominates all other methods. In
particular, coverage-adjusted t-LAHR confidence intervals are up to 70% shorter than
Driscoll-Kraay confidence intervals, and lag augmentation is associated with notable
gains in bias and RMSE, particularly over short horizons.

In sum, the small-sample evidence provided in this section shows that the large-sample
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approximations of Section 3 provide reliable guidance for understanding estimation and
inference in panel regressions with aggregate shocks, illustrates the importance of achieving
uniformity with respect to the macro-micro composition of the errors, reinforces our practical
recommendations and delivers a clear methodological prescription: t-LAHR inference.

5 Empirical illustrations

We now replicate three relevant papers that explore the importance of firm-level hetero-
geneity in shaping the investment channel of monetary policy and provide a systematic
reassessment of the available empirical evidence. Our methods qualify the significance of
several established results and deliver new lessons on the role of financial frictions in the
transmission of monetary policy.

5.1 Data and background

From a policy perspective, investment is key to the effectiveness of monetary policy. However,
empirical evidence about the specific channels through which it operates and the type of firms
that are most responsive to policy interventions has remained inconclusive.

As a result, a growing empirical literature has offered evidence on the importance of
financial frictions in accounting for the differential responsiveness of firms to monetary policy.
In an influential paper, Ottonello and Winberry (2020) focus on the role of default risk
and find that firms with low leverage and those with high “distance to default” are more
responsive to monetary shocks. They build on these results to embed default risk into a
heterogeneous firm New Keynesian model. Instead, Cloyne et al. (2023) focus on credit
constraints and document that younger firms and those not paying dividends adjust their
investment significantly more than older firms paying dividends. On a different line, Jeenas
and Lagos (2024) highlight the importance of the asset price channel. They find that stock
market turnover has persistent effects on investment following a monetary policy shock for
firms with a relatively low liquidity ratio (cash and short-term investments to total assets),
but this is not the case for those with better access to internal financing.

We now revisit these findings through the lens of our framework. All three papers use
Compustat quarterly data, a panel of publicly listed U.S. firms, and retrieve surprises to the
Fed Funds rate as measures of monetary policy shocks,22 which cover comparable timeframes

22In particular, Ottonello and Winberry (2020) use the shock series from Gürkaynak, Sack, and Swanson
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from the 1990s to the 2010s. Additional details on sample sizes are reported in Table 2 below.
More specifically, these studies consider the differential firm-level response of a measure

of the investment rate at horizon h, which we denote as ∆ki,t+h,23 to monetary policy shocks
Xt along different margins of heterogeneity captured by a possibly time-varying vector sit,
which can be cast into the now familiar form

∆ki,t+h = ah,i + dh,g(i)t + β(h)′si,t−1Xt + η(h)′Wit + vh,it, (16)

where ah,i are firm fixed effects and dh,g(i)t are time indicators, which might be group g-
specific (say, industry-by-time or sector-by-time dummies), and Wit a set of (lagged) micro
and macro controls, possibly including lags of the outcome or shock of interest. Table
2 reports additional details on these choices. Micro-level controls are ubiquitous, unlike
interacting sit with aggregate variables. Similarly, lags of the outcome or the shock, which
play an important role in our inference procedures, are rare. Equation (16) is the main
estimating equation in both Ottonello and Winberry (2020) and Jeenas and Lagos (2024),
whereas it corresponds to the reduced-form in Cloyne et al. (2023), who report panel LP-IV
estimates along the lines of Section 3.4 treating the one-year changes in the interest rate as
the endogenous variable.

In what follows, we focus on the following choices for sit. In Ottonello and Winberry
(2020), sit is either a (demeaned) measure of the firm’s leverage or distance to default; in
Cloyne et al. (2023) it refers to group indicators depending on whether a firm is young (less
than 15 years since incorporation) and whether it pays dividends; in Jeenas and Lagos (2024)
it interacts a measure of stock turnover with an indicator of whether firm i either belongs to
the bottom or top half of the liquidity ratio distribution. While in some cases the authors
consider other outcomes and explore other margins of heterogeneity, these are in our view the
main mechanisms. These are accordingly emphasized throughout the papers, for instance,
by assessing model fit relative to these estimated IRFs.

(2005) and Gorodnichenko and Weber (2016), Cloyne et al. (2023) follow Gertler and Karadi (2015) and
Jeenas and Lagos (2024) retrieve the time series of shocks from Jarociński and Karadi (2020).

23In particular, Ottonello and Winberry (2020) use ∆ki,t+h = log Ki,t+h − log Ki,t−1, where Kit is the
value of the tangible capital stock at the end of quarter t; Cloyne et al. (2023) use ∆ki,t+h = Ii,t+h/Ki,t+h −
Ii,t−1/Ki,t−1, where Iit are capital expenditures and Kit is physical capital at the beginning of t; Jeenas and
Lagos (2024) let ∆ki,t+h = log Ii,t+h − log Ki,t+h, where again Iit is a measure of capital expenditures and
Kit a measure of the stock of capital at the beginning of t.
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TABLE 2. Sample details and specification choices across empirical studies.

OW20 CFFS23 JL24

Micro controls Yes Yes Yes
Macro controls Yes No No
Lags of outcome No No Yes (one)
Lags of si,t−1Xt No No No

Standard errors Two-way clustering Driscoll-Kraay Within-units clustering

Sample period 1990Q1–2007Q4 1986Q1–2016Q4 1990Q1–2016Q4
(T = 72) (T = 124) (T = 108)

Number of firms N = 6,522 N = 15,460 N = 5,236

Note: OW20 stands for Ottonello and Winberry (2020), CFFS23 refers to Cloyne et al. (2023), and JL24
refers to Jeenas and Lagos (2024). Controls refer to variables beyond fixed effects, as in Equation (16). Time
series sizes T refer to the entire sample period; the panels are unbalanced.

Synthetic time series representation. A fundamental insight of our paper is that the
synthetic time series form of the microdata is a sufficient statistic for the panel LP, yielding
a low-dimensional representation of a highly complex, unbalanced dataset.24

For illustration, Figure 3 displays the representation for leverage in Ottonello and Win-
berry (2020), while those for the other two applications are reported in Figure E.1 in the
Appendix. Recall that impulse responses can also be recovered from local projections on
these synthetic time series. It is clear that movements in synthetic outcomes concurrent
with surprise cuts in policy rates, mostly around recessions, are the main source of iden-
tification. Still, it is difficult to visually discern a clear correlation between the synthetic
outcome and monetary policy shocks, anticipating an overall noisy relationship. The sub-

24Remark 1 generalizes as follows with unbalanced panels and time-varying sit. Let dit = 0 indicate a
missing observation; dit = 1 otherwise. Abstracting from controls, the panel local projection estimator is

β̂(h) =
∑T −h

t=1
∑N

i=1 ditsitXtYi,t+h∑T −h
t=1

∑N
i=1 dits

2
itX

2
t

=
∑T −h

t=1 ωtXtŶt+h∑T −h
t=1 ωtX

2
t

,

where ωt =
∑N

i=1 dits
2
it and Ŷt+h = (

∑N
i=1 dits

2
it)

−1∑N
i=1 ditsitYi,t+h. This is a weighted least squares

regression of slope coefficients Ŷt+h on Xt. Note that if sit = 1 the weights boil down to the number of
non-missing observations ωt =

∑N
i=1 dit, as intuition suggests. Our theory applies with data missing at

random. Note that Figure 3 directly plots rescaled synthetic outcomes √
ωtŶt+h and shocks √

ωtXt.
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stantial variation in synthetic outcomes unrelated to Xt indicates the presence of omitted
aggregate or non-negligible idiosyncratic shocks, which are central elements of our framework
and are appropriately accounted for in our estimation and inference theory.

FIGURE 3. Synthetic time series representation; leverage, Ottonello and Winberry (2020).
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Note: The figure corresponds to Figure 1(a) in Ottonello and Winberry (2020). Grey areas are NBER-dated
recessions. Xt and Yt are standardized to zero mean and unit variance, and Xt > 0 indicates a surprise cut
in the Fed Funds rate.

5.2 Revisiting the investment channel of monetary policy

We report impulse responses for the different sit in Figure 4 (for Ottonello and Winberry,
2020), Figure 5 (for Cloyne et al., 2023), and Figure 6 (for Jeenas and Lagos, 2024).

Solid lines indicate point estimates. From Section 3, we know that under unrestricted
heterogeneity these IRFs recover meaningful cross-sectional moments: They are informative
about differential responses for firms with larger versus smaller values of these covariates
at each horizon. For example, an impact effect of 0.4 in Figure 4(b) implies that the semi-
elasticity of investment to monetary policy is 0.4 pp larger for firms that are one standard
deviation further from default than usual (the authors standardize sit over the entire sample).

Comparing inference methods. In the figures, we also report t-LAHR bands together
with the three most popular alternatives in empirical practice: clustering within-units (1W(i)),
two-way clustering (2W), and Driscoll and Kraay (1998) (DK98).

These three papers cover the three different alternatives: Ottonello and Winberry (2020)
cluster standard errors two-way within firms and quarters, Cloyne et al. (2023) use Driscoll-
Kraay and set the number of autocovariances to 12, and Jeenas and Lagos (2024) cluster
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standard errors within firms, with an additional clustering step at the industry-by-quarter
level (which will nonetheless neglect economy-wide aggregate shocks). For each different
paper, we highlight the author’s choice and report it following their exact specification; all
other alternatives are reported in a lighter shade and following standard implementations
(see Section 4). For t-LAHR inference we use the lag selection rule in (15).25

FIGURE 4. Impulse responses, Ottonello and Winberry (2020)
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(a) Leverage
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(b) Distance to default

Note: This figure corresponds to Figure 1 in Ottonello and Winberry (2020). Solid lines correspond to point
estimates and dashed lines to 90% confidence bands.

The main message from this section is that popular methods can deviate significantly
from the (robust) t-LAHR method and lead to different conclusions about the role of various
margins of heterogeneity — like default risk, credit constraints or firm liquidity — in shaping
the transmission of monetary policy for firm-level investment. In particular, our results re-
inforce the existence of a dynamic, distance-to-default gradient for monetary policy, whereas
we do not find sufficient evidence in these data of differential responses along firm leverage,
age, dividend-paying status and turnover-liquidity, contrary to previous results.

As a simple, illustrative calculation, there are 44 different statistically significant horizons
using the original authors’ choice of confidence bands across Figures 4, 5 and Figure 6. Using

25Specifically, p̂AIC = 1 in Figures 4(a) and 6(a), p̂AIC = 2 in Figures 4(b) and 5(b), and p̂AIC = 4 in
Figure 5(a) and 6(b). BIC and AIC coincide in all cases but Figure 5(a), where BIC chooses two lags (and
delivers essentially identical results).
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FIGURE 5. Impulse responses, Cloyne et al. (2023)
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(a) Young, non-dividend-paying firms
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(b) Old, dividend-paying firms

Note: This figure corresponds to Figure 3 in Cloyne et al. (2023). Solid lines correspond to point estimates
and dashed lines to 90% confidence bands.

t-LAHR bands, only 6 of those remain. Importantly, this is not necessarily a consequence of
t-LAHR bands being unnecessarily wider across horizons and designs, nor is it possible to
rank any of the alternatives in terms of width of confidence intervals. This is documented
in Table 3, which reports width relative to t-LAHR bands averaged over all horizons in each
figure. For every alternative, it is possible to find instances where on average it delivers both
wider and tighter confidence intervals.

As an illustration, note that Driscoll and Kraay standard errors deliver noticeably smaller
confidence intervals than one-way, two-way and t-LAHR in Figure 4(a), and would suggest a
significant differential effect for more levered firms on impact and up to five quarters later; an
even stronger pattern than originally reported by Ottonello and Winberry (2020). Driscoll
and Kraay bands are also 35% wider on average than t-LAHR bands in Figure 4(b), and
instead only about two thirds the width of t-LAHR’s in Figure 5(b). Overall, we document
that Driscoll and Kraay standard errors can be misleading and lead to opposite conclusions
even in settings with T > 100, in line with our simulation evidence.

In a similar way, both one-way within-units and two-way clustering can produce inter-
vals that are too short or too wide. Lag augmentation, which is mostly absent from current
practice (see again Table 2), ensures the validity of t-LAHR inference relative to the latter.
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FIGURE 6. Impulse responses, Jeenas and Lagos (2024)
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(a) High liquidity
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Note: This figure corresponds to Figure 2C in Jeenas and Lagos (2024). Solid lines correspond to point
estimates and dashed lines to 95% confidence bands.

Similarly, t-LAHR intervals deliver robust inference across studies featuring different rela-
tive sizes of micro and macro variation. In the last row of Table 3 we report the ratio of
within-units to two-way clustering, which is a heuristic estimate of the relative importance
of micro shocks (and its complement of that of aggregate variation).26 There is substantial
variation across studies, from low macro signal environments where within-units and two-
way confidence intervals are comparable (as in Ottonello and Winberry, 2020; Jeenas and
Lagos, 2024) to those where aggregate variation plays an important role in the microdata
(as in Cloyne et al., 2023). As such, the relative signal of macro shocks proves to be a key
ingredient in our framework, and our results suggest a simple recipe that ensures robustness
to any such regime: t-LAHR inference.

Taking stock of the results. In this section, we revisited the existing empirical evidence
for the role of heterogeneity in the transmission of monetary policy to firm-level investment.
This evidence is used to calibrate and assess the predictions of quantitative models, and is

26Consider the expression for R̄2 in (7) in Section 2, where the numerator is given by σ2
Ū , which regulates

the size of idiosyncratic shocks. Essentially, the within-units clustered variance (1W(i)) accounts for this,
whereas two-way clustering takes care of the denominator. Rearranging, we obtain R̄2 = 1 − 1W(i)

2W .
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TABLE 3. Relative width of confidence intervals across empirical studies

Figure 4 Figure 5 Figure 6
(a) (b) (a) (b) (a) (b)

1W(i)
t-LAHR 1.13 0.96 0.32 0.31 0.81 0.80

2W
t-LAHR 1.11 1.25 1.13 0.86 0.93 0.81
DK98

t-LAHR 0.85 1.35 0.79 0.65 0.95 0.79
1W(i)

2W 1.01 0.77 0.28 0.36 0.87 0.98

Note: Entries report relative CI widths, averaged over all horizons, for each panel in Figures 4, 5 and 6.

part of a large, growing body of empirical evidence which aims at answering a key policy
question: Which firms are the most responsive to changes in monetary policy?

While interested in a similar question, we documented very different setups and design
choices across applications. These papers differ in the estimation method (panel LP or LP-
IV), inference method (clustering within-units, two-way clustering or Driscoll-Kraay), choice
of micro and macro controls, and relative importance of aggregate shocks. Our framework
explicitly incorporates all these ingredients and allows for a unified assessment of the existing
empirical evidence.

In particular, after accounting for micro and macro shocks of any relative size and for the
possible presence of a serially correlated aggregate component, our results reinforce the case
for a dynamic distance-to-default channel. Moreover, this emerges as the most empirically
salient proxy for financial frictions in these data, as the evidence for differential responses by
leverage, liquidity, or credit constraints is substantially weaker than previously documented.

6 Conclusion

The use of microdata to answer macro questions offers an exciting avenue to study how
agents respond to economy-wide policies. Possibilities include a better understanding of the
dynamic transmission of shocks and the nature of heterogeneity.

Challenges are ubiquitous too. We propose a disciplined approach to estimation and
inference when both aggregate and idiosyncratic shocks coexist and interest lies in parameters
identified principally by macro shocks. The size of aggregate shocks relative to micro-level
noise determines both the strength of identifying variation and the nature of estimation error.
Since this macro–micro composition is unknown to the researcher and context-specific, it is
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important to design econometric procedures that are uniformly valid across all such regimes.
One such scenario is the estimation of impulse responses to macro shocks via panel local

projections when rich microdata and measurements of the shock of interest are available. This
includes cases where the shock of interest is directly observed, retrieved from a macro system,
or contaminated with measurement error. Despite the complex environment, inference is
simple and robust: it involves including lags as controls and clustering at the time level, and
is valid regardless of the relative importance of aggregate shocks in the microdata.

Our framework generalizes beyond the empirical applications we have focused on. Other,
related literatures where identification comes from randomness in group-level shocks include
regional-exposure and shift-share designs. In fact, impulse responses are sometimes of inter-
est too, as in the literature on cross-sectional fiscal multipliers (Chodorow-Reich, 2019).

We also leave some interesting dimensions for future research. Quantifying the relative
importance of macro shocks (perhaps a lower bound) seems relevant in settings where uni-
form inference is not possible; these issues are becoming more salient as macroeconomists
embrace the use of microdata to sharpen identification (Nakamura and Steinsson, 2018). On
a different note, strong persistence of micro-level shocks is likely a feature of many datasets,
and this is only captured in an indirect sense by our macro–micro device. Formalizing the
idea of (possibly heterogeneous) non-stationarities along these lines seems promising and full
of empirical content. Finally, extensions to simultaneous inference over horizons are possible
building on the techniques in Jordà (2009) and Montiel Olea and Plagborg-Møller (2019).
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A Proofs and additional assumptions

This appendix expands on the notation, assumptions, proofs and lemmas behind Propositions
1, 2 and 3. Section A.1 states and discusses our regularity conditions. Sections A.2, A.3
and A.4 then develop the proof of each proposition. In the proofs, we rely on some technical
results for generic quadratic processes, which we give in Section A.5.

A.1 Regularity conditions

We now state and discuss the regularity conditions that complement Assumptions 1 (for local
projections) and 2 (for LP-IV). These conditions are standard and extend common notions
of stationarity and regularity from local projections in time series and from regression models
in panel data to a setup that combines both macro and micro data.

We first collect notation used throughout the appendix in the following aside.

Notation. We use ∥A∥ =
√

tr(A′A) and ∥A∥max to denote the Frobenius and max norm
of matrix (or vector) A. We use λmin(A) and λmax(A) for the smallest and largest eigenvalue
of A. We denote by κr(·) the r-th order cumulant,1 and we use one- and two-dot notation
for unit-level one-way and two-way demeaning, that is, ω̇it = ωit − ∑T−h

τ=1 ωiτ/(T − h) and
ω̈it = ωit −∑N

j=1 ωjt/N −∑T−h
τ=1 ωiτ/(T − h) +∑N

j=1
∑T−h
τ=1 ωjτ/[N(T − h)].

We let HN ≡ {si, θi}Ni=1 be the (observable and unobservable) heterogeneity, so that each
DGP P ∈ P is a joint distribution over {Xt, Zt, {uit}Ni=1}∞

t=−∞ and HN . As mentioned in
Section 3, both the DGP class P = PTN and its elements P = PTN may depend on (T,N).
Our first condition is as follows:

Assumption A.1 (stationarity). For each P ∈ PTN , the shocks {Xt, Zt, {uit}Ni=1}∞
t=−∞

are stationary conditional on the heterogeneity HN under P .

While Assumption 1 restricts the serial dependence of the shocks, Assumption A.1 limits
their time series heterogeneity. Our results can be established under certain forms of non-
stationarity but at the expense of heavier notation.

1For random vectors, we adopt the standard tensor definition of cumulants: κr(X1, . . . , Xr) is the array
whose (j1, . . . , jr) entry is the joint cumulant of [X1]j1

, . . . , [Xr]jr
. When tensors are vectorized, any fixed

ordering of the entries may be used as all our assumptions and bounds involve only ∥·∥max, which is invariant
to permutations of the entries.
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For our next condition, let ŝi = si −∑N
j=1 sj/N be the demeaned attribute and consider

β̃(h) =
∑N
i=1 ŝiβih∑N
i=1 ŝ

2
i

.

This object is the slope coefficient in an infeasible regression of βih on si including an intercept
based on {si, βih}Ni=1. We can think of it as the finite-population counterpart to β(h).

Assumption A.2 (heterogeneity). For ϵ > 0, supP∈PT N
P
(√

T
∣∣∣β̃(h) − β(h)

∣∣∣ > ϵ
)

−→ 0
as T,N → ∞.

Assumption A.2 imposes that the finite-population coefficient β̃(h) and infinite-population
coefficient β(h) are asymptotically equivalent at the T−1/2 rate relevant for time-series un-
certainty. This leaves the joint distribution of si and θi largely unrestricted. A sufficient
condition is T/N → 0, together with iid heterogeneity across i and supP∈PT N

VarP ( βih ) < ∞
which implies

√
T (β̃(h) −β(h)) = OPT N

(√
T/N

)
. But Assumption A.2 may also hold under

more general forms of cross-sectional dependence, including clustered heterogeneity. The role
of the assumption is therefore only to express the results in terms of the infinite-population
estimand β(h). Without it, Propositions 1, 2, and 3 continue to hold with β(h) replaced by
the finite-population estimand β̃(h).

The DGP class PTN will be defined for a set of constants (C,C,M,K2, K3, K4) appearing
in Assumption A.3 that govern moments of shocks, summability of heterogeneous parameters
and nondegeneracy of controls. In our asymptotic approximations, these (positive and finite)
constants are held fixed as T,N → ∞. We leave the dependence of PTN on them implicit.

To state the next conditions, let σ2
X(P ) ≡ VarP (Xt | HN ), ΣZ(P ) ≡ VarP (Zt | HN ) and

Σi(P ) ≡ VarP (uit | HN ). Let LZ(P ) and Li(P ) be the lower triangular Cholesky factors of
ΣZ(P ) and Σi(P ) (which are invertible by Assumption A.3 below), and set X̃t = Xt/σX(P ),
Z̃t = LZ(P )−1Zt and ũit = Li(P )−1uit. Let ρij(P ) ≡ CovP

(
ũit, ũjt

∣∣∣ HN

)
. By Assumption

A.1, σ2
X(P ), ΣZ(P ), LZ(P ), Σi(P ), Li(P ) and ρij(P ) do not depend on t; they may depend

on HN but we omit this from the notation for ease of reading. We also need notation for the
population analogue of two-way demeaning: For any random vector ωit, define its population
two-way centered version by

ω2W
it ≡ ωit − EP [ωit | HN ] − 1

N

N∑
j=1

(
ωjt − EP

[
ωjt

∣∣∣ HN

])
.
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Assumption A.3 (regularity conditions). For all P ∈ PTN and for a fixed set of positive
finite constants (C,C,M,K2, K3, K4), the following holds P -a.s.:

(i) Nondegenerate shocks and regressors:

λmin(ΣZ(P )) ≥ C, min1≤i≤N λmin(Σi(P )) ≥ C and

EP

[
X2
t

∣∣∣ {Xτ}τ ̸=t, {Zτ , {uiτ}Ni=1}∞
τ=−∞,HN

]
≥ C.

In addition, C ≤ ∑N
i=1 ŝ

2
i /N ≤ C and σ2

X(P ) ≤ C.

(ii) Moment and cumulant bounds:

With Ṽt = (X̃t, Z̃
′
t)′, define the quadratic processes qV Vt,ℓ = Ṽt ⊗ Ṽt−ℓ, qV uit,ℓ = Ṽt ⊗ ũi,t−ℓ

and quuit,ℓ = ũit ⊗ ũi,t−ℓ. Consider the following measures of high-order dependence: For
a, b, c, d = qV V , qV ui , quui , let

κ2(a, b) ≡ sup
ℓ1,ℓ2

∑
k

∥∥∥κ2,P

(
at,ℓ1 , bt−k,ℓ2

∣∣∣HN

)∥∥∥
max

,

κ3(a, b, c) ≡ sup
ℓ1,ℓ2,ℓ3

∑
k

∥∥∥κ3,P

(
at,ℓ1 , bt,ℓ2 , ct−k,ℓ3

∣∣∣HN

)∥∥∥
max

,

κ4(a, b, c, d) ≡ sup
ℓ1,ℓ2,ℓ3,ℓ4

∑
k

∥∥∥κ4,P

(
at,ℓ1 , bt,ℓ2 , ct−k,ℓ3 , dt−k,ℓ4

∣∣∣HN

)∥∥∥
max

,

where κr,P (·|HN) denotes the r-th order cumulant conditional on HN under P . Then,
EP

[
∥Ṽt∥8

∣∣∣ HN

]
≤ M and maxiEP

[
∥ũit∥8

∣∣∣ HN

]
≤ M . In addition,

κ2(qV V , qV V ) ≤ K2, κ3(qV V , qV V , qV V ) ≤ K3, κ4(qV V , qV V , qV V , qV V ) ≤ K4,

for all 1 ≤ i, j ≤ N ,

κ2(qV ui , qV uj ) ≤ K2∥ρij∥, κ2(quui , quuj ) ≤ K2∥ρij∥,

κ3(qV V , qV ui , qV uj ) ≤ K3∥ρij∥, κ4(qV V , qV ui , qV V , qV uj ) ≤ K4∥ρij∥,

and for 1 ≤ i1, j1, i2, j2 ≤ N , κ4(qV ui1 , q
V u
j1 , q

V u
i2 , q

V u
j2 ) ≤ K4(∥ρi1i2∥∥ρj1j2∥+∥ρi1j2∥∥ρj1i2∥).

(iii) Nondegenerate controls and residuals:

There is a diagonal matrix ςw (possibly depending on P , HN and N) such that, letting

QW (P ) ≡ 1
N

N∑
i=1

EP

[
(ςwW 2W

it )(ςwW 2W
it )′

∣∣∣ HN

]
,
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we have

diag (QW (P )) = 1(2p+d)×1, λmin(QW (P )) ≥ C.

In addition, for all relevant h,

inf
ψ

VarP
(

1
N

N∑
i=1

ŝi(Y 2W
i,t+h − β̃(h)ŝiXt − ψ′W 2W

it )
∣∣∣∣∣ HN

)
≥ C.

(iv) Coefficient summability:

Let βiℓ = (βiℓ, β′
w,iℓ)′, γiℓ = (γ′

iℓ, γ
′
w,iℓ)′ and δiℓ = (δ′

iℓ, δ
′
w,iℓ)′. Then,

∞∑
ℓ=0

∥∥∥∥∥ 1
N

N∑
i=1

ŝiβiℓ

∥∥∥∥∥ ≤ C,
∞∑
ℓ=0

∥∥∥∥∥ 1
N

N∑
i=1

ŝiLZ(P )′γiℓ

∥∥∥∥∥ ≤ C,

and √√√√√ 1
N2

N∑
i,j=1

∥∥∥ρij(P )
∥∥∥×

[
max

1≤i≤N

∞∑
ℓ=0

∥∥∥ŝiLi(P )′δiℓ
∥∥∥] ≤ C.

In addition, let ψ∗(h, P ) = ςwQW (P )−1qW (h, P ) where

qW (h, P ) ≡ 1
N

N∑
i=1

EP

[
(ςwW 2W

it )(Y 2W
i,t+h − β̃(h)ŝiXt)

∣∣∣ HN

]
.

Then, for all relevant h, ∥ψ∗(h, P )∥ ≤ C.

Part (i) requires enough identifying variation in the shock of interest. The second-moment
restriction for Xt ensures that the macro shock of interest is uniformly nondegenerate con-
ditional on all other shocks. In particular, by iterated expectations, σ2

X(P ) ≥ C. Part (i)
also imposes positive definite covariance matrices for Zt and uit, ensuring that the standard-
ized unobservable shocks Z̃t and ũit are well defined. This is mostly a normalization since
Assumption A.3 allows some, or even all, of the corresponding exposure coefficients {γiℓ}ℓ≥0

or {δiℓ}ℓ≥0 to be zero. Thus, units are not required to load on any particular shock. Finally,
we require enough variation in si to prevent collinearity in the presence of time effects.

Part (ii) imposes bounded eighth moments and cumulant summability for the quadratic
processes generated by the standardized shocks. These are short-memory conditions needed
to apply laws of large numbers and central limit theorems to regression scores and variance
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estimators; see Brillinger (2001). The cumulant bounds involving ∥ρij(P )∥ link higher-order
dependence in micro shocks to their cross-sectional covariance. They allow for the polar cases
of independent micro shocks (where ρij(P ) = 0du×du

for i ̸= j) and perfectly dependent micro
shocks (where ρij(P ) = Idu

for all i, j), and for more general patterns such as clustering and
common factors. This assumption does not impose a particular cross-sectional dependence
structure; it only requires the cumulants of the relevant quadratic processes to scale with
the strength of that dependence.

Part (iii) imposes nondegeneracy of controls and residualized outcome variation. The
diagonal matrix ςw, which formally may change with the DGP and sample size, normalizes
the scale of coordinates of W 2W

it . A uniform lower eigenvalue bound is imposed on the average
second-moment matrix of the normalized controls QW (P ). This rules out collinearity after
population two-way centering, while allowing the scale of individual controls to drift with N
and P . The diagonal normalization also implies a separate upper eigenvalue bound because
λmax(QW (P )) ≤ tr(QW (P )) = 2p + d < ∞. Next, the residual condition rules out the case
in which the ŝi-weighted cross-sectional aggregation of Y 2W

i,t+h− β̃(h)ŝiXt is fully explained by
the corresponding aggregation of the controls. Together with Part (i), this condition ensures
that the population regression score is uniformly nondegenerate (Lemma A.1).

Part (iv) is the key condition. It controls the size of the linear processes that enter both
the score and residual. For the aggregate components, it requires absolute summability of
the cross-sectional exposure profiles to Xt and Zt. This rules out unit-root behavior in the
distributed-lag representation but still permits rich forms of stationary persistence, including
ARMA-type short-memory dynamics. For the micro component, the condition imposes a
tradeoff between the strength of cross-sectional dependence and the size of unit-level impulse
responses. If micro shocks are i.i.d. over i (ρij(P ) = 0du×du

for all i ̸= j), we have
√√√√√ 1
N2

N∑
i,j=1

∥ρij(P )∥ =

√
∥Idu

∥
√
N

= O(N−1/2),

so the largest unit-level exposure may grow at rate
√
N . At the other extreme, with perfectly

correlated micro shocks (ρij(P ) = Idu
for all i, j), this factor becomes

√
∥Idu

∥ = O(1), and
the condition reduces to the same absolute-summability restriction imposed on the aggregate
components. More generally, the condition interpolates between these cases by keeping the
scale of the cross-sectional average micro component controlled uniformly over P ∈ PTN .2

2The almost-sure upper bound C in Part (iv) could be replaced by a σ(HN )-measurable envelope CN (P )
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The restrictions on moments, cumulants, and coefficients generalize to our macro-micro
setting standard regularity conditions for regression models with dependent data. In partic-
ular, the cumulant summability requirement for quadratic processes in Assumption A.3(ii) is
implied by the strong mixing conditions often imposed in the time-series literature.3 Below
we use the stylized model of Section 2.2 to verify these conditions. We also conjecture that
some of our results can be extended to near-unit-root environments, as suggested by the
VAR result in Section 3 and the simulation evidence in Section 4.

The resulting class of DGPs is broader than a conventional factor model for unobserved
aggregate components. Specifically, we do not require the heterogeneous loadings on Zt, or
on the lagged shocks Xt−ℓ, to be low-dimensional or collinear across units, although such
factor structures are included as special cases. On the micro side, the class allows for arbi-
trary degrees of cross-sectional dependence subject to the scaling restrictions above. Purely
idiosyncratic shocks, clustered dependence, weak common factors, and strong common com-
ponents are all covered by appropriate choices of {ρij(P )}i,j≤N and the coefficient arrays.

Remark A.1 (Panel VAR and LP-IV). These stationarity, heterogeneity and regularity
conditions were stated with the general setting of Proposition 1 in mind. But with minor
modifications, they also cover the classes PVAR and PIV appearing in Propositions 2 and
3. Specifically, for the VAR subclass, one has to interpret “all relevant h” in Assumptions
A.3(ii) and (iv) to mean all h such that 0 ≤ h ≤ ϕT , instead of the fixed h of Proposition 1.
For the LP-IV class, one has to replace Z̃t in Assumptions A.3(i) and (ii) by (ν̃t, Z̃t) where
ν̃t is a standardized version of the measurement error νt, and impose that |a0| ≥ C together
with ∑∞

ℓ=0 ∥bℓ∥ < C and ∑∞
ℓ=0 ∥cℓ∥ < C.

Verification of regularity conditions in the stylized model. We illustrate the content
of Assumption A.3 in the stylized model of Section 2.2. Consider

Yit = ρYi,t−1 + βiXt + Zt + δuuit, |ρ| < 1,

and suppose that the panel local projection uses p = 1 and Wit = (ŝiXt−1, Yi,t−1)′. Note that,
compared to Section 2.2, we introduced a factor δu multiplying the micro shock uit. We will

with uniformly bounded moments of sufficiently high order—in fact, supP ∈PT N
EP [CN (P )m ] ≤ C for m ≥ 4

suffices. We adopt the deterministic bound to simplify the exposition.
3A good illustration of the strong mixing approach is Assumption 3 in Xu (forthcoming). Our Assumption

A.3(ii) is closer to (but slightly stronger than) Assumption 2 in Montiel Olea and Plagborg-Møller (2021),
while our Assumption A.3(iii) is comparable to their Assumption 3 adapted to allow for general controls.

8



normalize uit and let δu control the scale of micro variation. This is only a renormalization
to facilitate verification of the regularity conditions, and it is completely innocuous from a
substantive point of view. In what follows, we omit the dependence of ρ and other quantities
(e.g., σ2

X , σ2
Z , σ2

u and δ2
u) on P from the notation.

Assume that Xt, Zt and {uit}Ni=1 are mutually and serially independent Gaussian shocks
conditional on HN . Let σ2

X = VarP (Xt | HN ), σ2
Z = VarP (Zt | HN ), σ2

u = VarP (uit | HN ),
and suppose that C ≤ σ2

X ≤ C, C ≤ σ2
Z ≤ C, and C ≤ σ2

u ≤ C.
Regarding the cross-sectional correlation in uit, we will allow for cluster-level dependence.

Specifically, uit = ucl
g(i),t where the cluster-level shocks {ucl

gt}Gg=1 are independent over g, there
are N/G units in each cluster, and δu = δu,N and G = GN are allowed to drift with N subject
to δ2

u,N ≤ CGN(1 − |ρ|). This particular model for uit may capture, for example, regional
or sectoral linkages at the micro level. It also nests the polar cases of purely idiosyncratic
(GN = N) and perfectly correlated micro shocks (GN = 1).4

Finally, assume C ≤ N−1∑
i ŝ

2
i ≤ C and maxi(ŝ2

i +β2
i ) ≤ C(1−|ρ|). Iterating the model,

Yit =
∞∑
ℓ=0

ρℓβiXt−ℓ +
∞∑
ℓ=0

ρℓZt−ℓ +
∞∑
ℓ=0

ρℓδuui,t−ℓ.

Thus, in the notation of Equation (9), βiℓ = ρℓβi, γiℓ = ρℓ and δiℓ = ρℓδu. Assumption A.3(i)
is immediate from the bounds on σ2

X , σ2
Z , σ2

u, N−1∑N
i=1 ŝ

2
i , and independence of Xt.

Next, under Gaussianity, we can show Assumption A.3(ii) holds with constants M = 384
and Kr = 2r−1(r − 1)!. Define X̃t = Xt/σX , Z̃t = Zt/σZ and ũit = uit/σu, and consider
Ṽt = (X̃t, Z̃t)′ ∼ N(02×1, I2). Then, ∥Ṽt∥2 ∼ χ2

2 and ∥ũit∥2 ∼ χ2
1. Since the fourth moment

of a χ2
ν random variable is ν(ν + 2)(ν + 4)(ν + 6), the value for M follows by setting ν = 2.

Turning to cumulants, for the quadratic process qV Vt,ℓ = (X̃tX̃t−ℓ, X̃tZ̃t−ℓ, Z̃tX̃t−ℓ, Z̃tZ̃t−ℓ)′,
a lengthy calculation using Wick’s probability theorem shows that the cumulants entering κr
are zero whenever k ̸= 0 and the suprema are attained at ℓ1 = ℓ2 = ℓ3 = ℓ4 = 0. Moreover,
the max-norm always coincides with the own-cumulants of either the first or last component,
X̃2
t or Z̃2

t . Since these are distributed as χ2
1, it follows that κr equals the r-th order cumulant

from a χ2
1 random variable which is Kr = 2r−1(r − 1)! as stated.

Consider now the cumulants of qV uit,ℓ = (X̃tũi,t−ℓ, Z̃tũi,t−ℓ)′. If two units i and j belong in

4This is stylized, but analogous derivations show that our framework can accommodate very rich forms
of dependence across units. For example, the factor model uit = φu λift + (1 − φu) eit is also compatible
with Assumption A.3, and is an alternative interpolation between purely idiosyncratic (φu = 0) and perfectly
correlated shocks (φu = 1). Our theory does not need to take a stand on the specific model of cross-sectional
dependence to establish uniform approximations.
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the same cluster g, then ũi,t−ℓ = ũj,t−ℓ = ucl
g,t−ℓ/σu and ρij(P ) = 1. The same argument as

above delivers κ2(qV ui , qV uj ) ≤ K2, κ3(qV V , qV ui , qV uj ) ≤ K3 and κ4(qV V , qV ui , qV V , qV uj ) ≤ K4.
Instead, if i and j belong in different clusters, ρij(P ) = 0 and all the cumulants can be shown
to be zero. The verification for quuit,ℓ = ũitũi,t−ℓ is entirely analogous.

We next discuss the control and residual nondegeneracy condition in Assumption A.3(iii).
The first control satisfies (ŝiXt−1)2W = ŝiXt−1. For the second, writing β̄N = N−1∑N

i=1 βi

and ūt = N−1∑N
i=1 uit = G−1

N

∑GN
g=1 u

cl
gt and given that Zt is removed by two-way centering,

Y 2W
i,t−1 = (βi − β̄N)

∞∑
ℓ=0

ρℓXt−1−ℓ +
∞∑
ℓ=0

ρℓδu,N(ui,t−1−ℓ − ūt−1−ℓ).

The diagonal matrix ςw that normalizes QW (P ) has an O(1) first diagonal element and, when
the micro term dominates Y 2W

i,t−1, an O(δ−1
u,N

√
(1 − ρ2)/(1 −G−1

N )) second diagonal element.
For λmin(QW (P )) to be bounded away from zero, we need that Y 2W

i,t−1 is not driven exclusively
by Xt−1. Sufficient conditions are that either ŝi be correlated with βi and ρ ̸= 0, or a positive
lower bound on δ2

u,N(1 −G−1
N )/(1 − ρ2). For the residual nondegeneracy part of Assumption

A.3(iii), it suffices that either Corr( si, βi ) ̸= 0 and ρ ̸= 0 or that a positive lower bound
apply to (δ2

u,N/GN)(G−1
N

∑GN
g=1 s̄

2
g)(1 − ρ2) where s̄g is the within-mean of ŝi for cluster g.

Finally, we verify the coefficient summability restrictions in Assumption A.3(iv). Since
|ρ| < 1 and maxi(|ŝi| + |βi|) ≤ C

1/2(1 − |ρ|)1/2,

∞∑
ℓ=0

∥∥∥∥∥ 1
N

N∑
i=1

ŝiβiℓ

∥∥∥∥∥ ≤
(

1
N

N∑
i=1

|ŝiβi|
) ∞∑
ℓ=0

|ρ|ℓ ≤ C.

For the common component Zt, since the sample mean of ŝi is zero,

∞∑
ℓ=0

∥∥∥∥∥ 1
N

N∑
i=1

ŝiLZ(P )′γiℓ

∥∥∥∥∥ = σZ(P )
∞∑
ℓ=0

|ρ|ℓ
∣∣∣∣∣ 1
N

N∑
i=1

ŝi

∣∣∣∣∣ = 0 ≤ C.

And for the micro component, using the cluster-level dependence model,
√√√√√ 1
N2

N∑
i,j=1

|ρij(P )| ×
[

max
1≤i≤N

∞∑
ℓ=0

∥∥∥ŝiLi(P )′δiℓ
∥∥∥] = G

−1/2
N

δu,N
1 − |ρ|

[
max

1≤i≤N
|ŝi|
]

≤ C.

Hence, Assumption A.3(iv) allows the scale of micro shocks δu,N to grow at rate G1/2
N , the

fastest rate consistent with a stable N−1∑N
i=1 ŝiuit. When uit is i.i.d. over i, δu,N = O(N1/2),

whereas when uit is perfectly correlated (and effectively aggregate), at most δu,N = O(1).
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A.2 Proposition 1

To begin, we replace si by ŝi = si −∑N
j=1 sj/N in our main equation. That is, we consider

Yi,t+h = β̂(h)ŝiXt + ψ̂(h)′Wit + µ̂i(h) + ν̂t(h) + ξ̂it(h),

where Wit = (ŝiXt−1, Yi,t−1, . . . , ŝiXt−p, Yi,t−p, W̃
′
it)′ with p and d = dim(W̃it) fixed. Interact-

ing Xt with ŝi rather than si only affects the value of ν̂t(h), which will therefore differ from
the time effect in Equation (2). Everything else — including the estimator β̂(h), the stan-
dard error σ̂(h), and the confidence interval Ĉα(h) — is numerically invariant to demeaning
si, but we apply this change because it simplifies some of the calculations that follow.

Let x̂it(h) be the residual from a regression of ŝiXt on Wit including unit and time fixed
effects. By the Frisch-Waugh-Lovell theorem, the fitted values in that regression are

X
∥
it(h) ≡ ŝiXt − x̂it(h) = ŝiX̄0(h) + π̂(h)′Ẅit,

where X̄ℓ(h) = ∑T−h
t=1 Xt−ℓ/(T − h), Ẅit is the two-way demeaned control vector, and π̂(h)

is the coefficient matrix on Wit in the regression.
With this notation, the estimator and standard error become

β̂(h) =
∑T−h
t=1

∑N
i=1 x̂it(h)Yi,t+h∑T−h

t=1
∑N
i=1 x̂it(h)2 and σ̂(h) =

√√√√ V̂ (h)
(T − h)Ĵ(h)2 ,

where we have defined

Ĵ(h) ≡ 1
(T − h)N

T−h∑
t=1

N∑
i=1

x̂it(h)2 and V̂ (h) ≡ 1
T − h

T−h∑
t=1

(
1
N

N∑
i=1

x̂it(h)ξ̂it(h)
)2

.

Proof of Proposition 1. We tackle uniform coverage first and uniform consistency next.

Uniform coverage. We proceed in three steps. First, we use properties of projections to
derive an explicit formula for the population regression score. Second, we express the t-ratio
underlying Ĉα(h) in terms of the score, its variance and a small remainder. Third, we obtain
uniform limits in distribution and probability for these elements via drifting sequences.

We use ∑i,t to indicate summation over both 1 ≤ t ≤ T − h and 1 ≤ i ≤ N , and ∑t or∑
i when the summation is over time or over units only.
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Step 1 (derivation of the population score). For any arbitrary ψ and {mi}Ni=1,∑
i,t

x̂it(h)2

(β̂(h) − β̃(h)
)

=
∑
i,t

x̂it(h)
(
Yi,t+h − β̃(h)x̂it(h)

)
=
∑
i,t

x̂it(h)
(
Yi,t+h − β̃(h)ŝiXt − ψ′Wit −mi

)
=
∑
i,t

(
ŝiXt −X

∥
it(h)

) (
Yi,t+h − β̃(h)ŝiXt − ψ′Wit −mi

)
(A.1)

We use ∑i,t x̂it(h)2 = ∑
i,t x̂it(h)ŝiXt,

∑
i,t x̂it(h)Wit = 0(2p+d)×1 and ∑i x̂it(h) = 0 to exchange

x̂it(h) by ŝiXt and introduce ψ and {mi}Ni=1 in the second line. We use the definition of X∥
it(h)

in the third line.
Write ψ = (ψ′

x, ψ
′
y, ψ

′
w)′ where ψx = (ψx,1, . . . , ψx,p)′ and ψy = (ψy,1, . . . , ψy,p)′. Then,

ψ′Wit =
p∑
ℓ=1

(ψx,ℓŝiXt−ℓ + ψy,ℓYi,t−ℓ) + ψ′
wW̃it.

Using (9), we can express

Yi,t+h − ψ′Wit = µi(ψy, ψw) +
∞∑
ℓ=0

βiℓ(ψy, ψw)Xt+h−ℓ −
p∑
ℓ=1

ψx,ℓŝiXt−ℓ

+
∞∑
ℓ=0

(
γiℓ(ψy, ψw)′Zt+h−ℓ + δiℓ(ψy, ψw)′ui,t+h−ℓ

)
,

where µi(ψy, ψw) ≡ (1 −∑p
ℓ=1 ψy,ℓ)µi − ψ′

wµw,i and

βiℓ(ψy, ψw) ≡

βiℓ 0 ≤ ℓ ≤ h

βiℓ −∑min(ℓ−h,p)
j=1 ψy,jβi,ℓ−h−j − ψ′

wβw,i,ℓ−h ℓ > h

γiℓ(ψy, ψw) ≡

γiℓ 0 ≤ ℓ < h

γiℓ −∑min(ℓ−h,p)
j=1 ψy,jγi,ℓ−h−j − ψ′

wγw,i,ℓ−h ℓ ≥ h

δiℓ(ψy, ψw) ≡

δiℓ 0 ≤ ℓ < h

δiℓ −∑min(ℓ−h,p)
j=1 ψy,jδi,ℓ−h−j − ψ′

wδw,i,ℓ−h ℓ ≥ h

The key to the proof is a suitable choice of the population coefficient on the controls. We
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take this coefficient directly from Assumption A.3(iii). Specifically, let

ψ∗(h, P ) = (ψ∗′
x , ψ

∗′
y , ψ

∗′
w )′ ≡ ςwQW (P )−1qW (h, P ),

with QW (P ), qW (h, P ) and ςw as defined in Assumption A.3(iii). Since λmin(QW (P )) ≥ C,
this vector is P -a.s. well defined and unique. Moreover, given the definition of qW (h, P ), it
satisfies the population normal equations

1
N

N∑
i=1

EP

[
W 2W
it

(
Y 2W
i,t+h − β̃(h)ŝiXt − ψ∗(h, P )′W 2W

it

) ∣∣∣ HN

]
= 0(2p+d)×1. (A.2)

We thus set ψ = ψ∗(h, P ) and, for future use, we define

β∗
iℓ ≡ βiℓ(ψ∗

y, ψ
∗
w), γ∗

iℓ ≡ γiℓ(ψ∗
y, ψ

∗
w), δ∗

iℓ ≡ δiℓ(ψ∗
y, ψ

∗
w).

Note that since, by Assumption A.3(iv), ∥ψ∗(h, P )∥ ≤ C, the new coefficients {β∗
iℓ, γ

∗
iℓ, δ

∗
iℓ}ℓ≥0

inherit the summability conditions of Assumption A.3(iv) but with C replaced by

C∗ ≡ C + (p+ d)C2
. (A.3)

This follows from the triangle inequality. We also set mi = m∗
i (h, P ) where

m∗
i (h, P ) ≡ EP

[
Yi,t+h − β̃(h)ŝiXt − ψ∗(h, P )′Wit

∣∣∣ HN

]
= µi(ψ∗

y, ψ
∗
w).

All these objects may depend on h, P and HN , but we suppress such dependence from the
notation when there is no ambiguity.

The p coordinates of (A.2) involving ŝiXt−ℓ have a useful implication. Since N−1∑
i ŝi = 0

and Xt has mean zero conditional on HN , we have (ŝiXt−ℓ)2W = ŝiXt−ℓ for each ℓ = 1, . . . , p.
Using the shock orthogonality in Assumption 1, the ℓ-th normal equation then reduces to

0 = 1
N

N∑
i=1

EP

[
ŝiXt−ℓ

(
Y 2W
i,t+h − β̃(h)ŝiXt − ψ∗(h, P )′W 2W

it

) ∣∣∣ HN

]

= σ2
X(P ) 1

N

N∑
i=1

ŝi
(
β∗
i,h+ℓ − ψ∗

x,ℓŝi
)
.

This delivers the orthogonality condition ∑N
i=1 ŝi(β∗

i,h+ℓ − ψ∗
x,ℓŝi) = 0 for ℓ = 1, . . . , p, which

we exploit repeatedly below.
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To end this step, we construct the population residual

ξit(h, P ) ≡
h−1∑
ℓ=0

β∗
iℓXt+h−ℓ +

∞∑
ℓ=p+1

β∗
i,h+ℓXt−ℓ +

∞∑
ℓ=0

(
(γ∗
iℓ)′Zt+h−ℓ + (δ∗

iℓ)′ui,t+h−ℓ

)
, (A.4)

and its time-aggregated counterpart ξt(h, P ) ≡ N−1∑N
i=1 ŝiξit(h, P ). Setting ψ = ψ∗(h, P )

and mi = m∗
i (h, P ) in Equation (A.1), we obtain

∑
i,t

x̂it(h)2

(β̂(h) − β̃(h)
)

= N
∑
t

Xtξt(h, P ) −
∑
i,t

X
∥
it(h) (ξit(h, P ) + rit(h, P )) ,(A.5)

where rit(h, P ) ≡ (βih− β̃(h)ŝi)Xt+
∑p
ℓ=1(β∗

i,h+ℓ−ψ∗
x,ℓŝi)Xt−ℓ and, to simplify the first term,

we used ∑i,t ŝiXtrit(h, P ) = 0.5 In view of this, we call Xtξt(h, P ) the population score.

Step 2 (expression for the t-ratio). We begin by defining the population target (condi-
tional on the cross-sectional heterogeneity) of the sample variance term V̂ (h):

V (h, P ) ≡ VarP (Xtξt(h, P ) | HN ) .

Next, using Equation (A.5), we can express the t-ratio as

β̂(h) − β̃(h)
σ̂(h) =

√√√√V (h, P )
V̂ (h)

×

 ∑T−h
t=1 Xtξt(h, P )√

(T − h)V (h, P )
−R(h, P )

 ,
with the remainder term

R(h, P ) =
∑N
i=1

∑T−h
t=1 X

∥
it(h) (ξit(h, P ) + rit(h, P ))

N
√

(T − h)V (h, P )
.

Step 3 (uniformity via drifting sequences). To establish our uniform approximation,
we exploit drifting sequences of DGPs (see Andrews, Cheng, and Guggenberger (2020)). We
index everything to T , including N = NT and the DGP class P = PT,NT

(given for each T

and N by Assumptions 1, A.1, A.2 and A.3). We then take arbitrary sequences {NT , PT}
such that NT → ∞ and PT ∈ PT,NT

for each T , and we show that as T → ∞,

5∑
i,t ŝiXt(βih − β̃(h)ŝi)Xt = (

∑
t X

2
t )
∑

i ŝi(βih − β̃(h)ŝi) = (
∑

t X
2
t ) × 0 = 0 due to the orthogonality

condition defining β̃(h). Similarly,
∑

i,t ŝiXt(β
∗
i,h+ℓ − ψ∗

x,ℓŝi)Xt−ℓ = (
∑

t XtXt−ℓ)
∑

i ŝi(β
∗
i,h+ℓ − ψ∗

x,ℓŝi) = 0
where the sum over i is zero from the orthogonality condition derived for ψ∗

x,ℓ above.
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(a) {(T − h)V (h, PT )}−1/2∑T−h
t=1 Xtξt(h, PT ) d−−−−−→

PT

N (0, 1),

(b) V̂ (h)/V (h, PT ) p−−−−−→
PT

1, and

(c) R(h, PT ) p−−−−−→
PT

0.

We prove (a), (b) and (c) in Lemmas A.3, A.4 and A.5 below. Moreover, by Assumption
A.2, we have β̃(h) − β(h) = oPT

(
T−1/2

)
, and by Lemmas A.2 and A.4, σ̂(h) = OPT

(
T−1/2

)
.

Thus, along any sequence {NT , PT},

β̂(h) − β(h)
σ̂(h) = β̂(h) − β̃(h)

σ̂(h) + oPT
(1) .

This implies that, for any {NT , PT} such that NT → ∞ and PT ∈ PT,NT
for each T , we have

P T

(
β(h) ∈ Ĉα(h)

)
−→ 1 − α as T → ∞.

The final step is to derive our uniform statement from that last drifting-sequence result.
Let ∆T,N(P ) ≡ |P

(
β(h) ∈ Ĉα(h)

)
−(1−α)| be the finite-sample coverage distortion of Ĉα(h)

for sample sizes T and N , and for a DGP P ∈ PT,N . Define ∆T,N ≡ supP∈PT,N
∆T,N(P ).

Suppose by contradiction that ∆T,N does not converge to zero. Then there is an η > 0
and a sequence {Tk, Nk} such that Tk, Nk → ∞ and ∆Tk,Nk

≥ η > 0 for all k. Passing to a
subsequence if needed, take Tk to be strictly increasing. By definition of supremum, we can
select Pk ∈ PTk,Nk

satisfying ∆Tk,Nk
(Pk) ≥ ∆Tk,Nk

− (1/k) ≥ η − (1/k) for each k.
Next, we construct the sequence {ÑT , P̃T} as follows. If T = Tk for some k, set ÑT = Nk

and P̃T = Pk. Otherwise, take any admissible ÑT such that ÑT → ∞ and take any arbitrary
P̃T ∈ PT,ÑT

. By the drifting-sequence result, ∆T,ÑT
(P̃T ) −→ 0 as T → ∞. But by construc-

tion, along the subsequence {Tk}, lim infk→∞ ∆Tk,ÑTk

(P̃Tk
) = lim infk→∞ ∆Tk,Nk

(Pk) ≥ η > 0,
contradicting the convergence of ∆T,ÑT

(P̃T ). Therefore,

lim
T,N→∞

sup
P∈PT,N

∣∣∣P ( β(h) ∈ Ĉα(h)
)

− (1 − α)
∣∣∣ = 0,

and uniform coverage is proven.

Uniform consistency. This uses the same drifting-sequence argument but a simpler ap-
proximation. Along any sequence {NT , PT} with NT → ∞ and PT ∈ PT,NT

, Lemma A.2 and
Assumption A.2 imply

β̂(h) − β(h) = β̂(h) − β̃(h) + β̃(h) − β(h) = OPT

(
T−1/2

)
+ oPT

(
T−1/2

)
= oPT

(1) .
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Hence, for every ϵ > 0, PT
(∣∣∣β̂(h) − β(h)

∣∣∣ > ϵ
)

−→ 0 along every such drifting sequence.
To convert this into a uniform statement, define ΛT,N(P ; ϵ) ≡ P

( ∣∣∣β̂(h) − β(h)
∣∣∣ > ϵ

)
and

ΛT,N(ϵ) ≡ supP∈PT,N
ΛT,N(P ; ϵ). Suppose, by contradiction, that ΛT,N(ϵ) does not converge

to zero for some ϵ > 0. Then there exist η > 0, a subsequence {Tk, Nk}, and distributions
Pk ∈ PTk,Nk

such that ΛTk,Nk
(Pk; ϵ) ≥ η > 0 for all sufficiently large k. Embedding {Pk}

into a drifting sequence exactly as above yields a sequence {ÑT , P̃T} with ÑT → ∞ and
P̃T ∈ PT,ÑT

for which ΛT,ÑT
(P̃T ; ϵ) −→ 0 as T → ∞. But along the subsequence T = Tk,

this contradicts ΛTk,Nk
(Pk; ϵ) ≥ η > 0. Therefore,

lim
T,N→∞

sup
P∈PT,N

P
( ∣∣∣β̂(h) − β(h)

∣∣∣ > ϵ
)

= 0,

and uniform consistency is proven.

The preceding argument relies on four limit results that hold along arbitrary drifting
sequences: the convergence of coefficient estimates, a central limit theorem for the population
score, the consistency of the feasible time-clustered variance estimator, and negligibility of
the projection remainder. We establish them below. Before doing so, we characterize the
long-run variance of the score for arbitrary p and h.

Lemma A.1 (Variance of the score). Let ξ(p)
t (h, P ) = N−1∑N

i=1 ŝiξ
(p)
it (h, P ) be the time-

aggregated regression residual given by (A.4) for arbitrary lag length p and horizon h (so that
h ≤ p need not hold). Consider the j-th order autocovariance conditional on HN ,

V
(p)
j (h, P ) = CovP

(
Xtξ

(p)
t (h, P ), Xt−jξ

(p)
t−j(h, P )

∣∣∣ HN

)
.

Let Assumptions 1, A.1 and A.3 hold. Then,

V
(p)

0 (h, P ) =
h−1∑
ℓ=0

(β̄∗
ℓ )2σ4

X(P )EP

[
X̃2
t X̃

2
t+h−ℓ

∣∣∣ HN

]
+

∞∑
ℓ=p+1

(β̄∗
h+ℓ)2σ4

X(P )EP

[
X̃2
t X̃

2
t−ℓ

∣∣∣ HN

]

+
∞∑
ℓ=0

σ2
X(P ) tr

[
LZ(P )′γ̄∗

ℓ (LZ(P )′γ̄∗
ℓ )′EP

[
X̃2
t Z̃t+h−ℓZ̃

′
t+h−ℓ

∣∣∣ HN

]]

+
∞∑
ℓ=0

σ2
X(P ) tr

 1
N2

N∑
i,j=1

ŝiLi(P )′δ∗
iℓ(ŝjLj(P )′δ∗

jℓ)′EP

[
X̃2
t ũi,t+h−ℓũ

′
j,t+h−ℓ

∣∣∣ HN

] , (A.6)
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where β̄∗
ℓ = N−1∑N

i=1 ŝiβ
∗
iℓ and γ̄∗

ℓ = N−1∑N
i=1 ŝiγ

∗
iℓ, and, for j ̸= 0,

V
(p)
j (h, P ) =

β̄
∗
h+|j|β̄

∗
h−|j|σ

4
X(P )EP

[
X̃2
t X̃

2
t−j

∣∣∣ HN

]
p < |j| ≤ h

0 otherwise

Moreover, there exist two positive finite constants CV , CV , depending only on the constants
in Assumption A.3, such that, uniformly over P ∈ PTN and P -a.s.,

CV ≤ V
(p)

0 (h, P ) ≤ CV .

Proof. The form of the autocovariance function of Xtξ
(p)
t (h, P ) follows from a straightforward

(but tedious) calculation using (A.4) and the shock condition in Assumption 1.
We next show that V (p)

0 (h, P ) is uniformly bounded above and away from zero. For the
upper bound, take (A.6). By Assumption A.3(ii) and Lyapunov’s inequality, for all ℓ,

EP

[
X̃2
t X̃

2
t+ℓ

∣∣∣ HN

]
≤ M1/2,

∥∥∥EP

[
X̃2
t Z̃t+ℓZ̃

′
t+ℓ

∣∣∣ HN

]∥∥∥ ≤ M1/2.

And using the second-order cumulant bound in Assumption A.3(ii), for all i, j, ℓ,
∥∥∥EP

[
X̃2
t ũi,t+kũ

′
j,t+k

∣∣∣ HN

]∥∥∥ ≤ duK2∥ρij(P )∥.

Using σ2
X(P ) ≤ C and some manipulations,

V
(p)

0 (h, P ) ≤ C
2
M1/2

h−1∑
ℓ=0

|β̄∗
ℓ |2 +

∞∑
ℓ=p+1

|β̄∗
h+ℓ|2

+ CM1/2
∞∑
ℓ=0

∥LZ(P )′γ̄∗
ℓ ∥2

+ CduK2
1
N2

N∑
i,j=1

∥ρij(P )∥
(

max
1≤i≤N

∞∑
ℓ=0

∥ŝiLi(P )′δ∗
iℓ∥
)2

.

Then, repeated application of Assumption A.3(iv) with the post-control constant (A.3) gives

V
(p)

0 (h, P ) ≤ ((C + 1)M1/2 + duK2)CC
2
∗ ≡ CV ,

where CV is finite and depends only on the constants in Assumption A.3.
We now prove the lower bound. By Assumption A.3(iii),

VarP
(
ξ

(p)
t (h, P )

∣∣∣ HN

)
≥ inf

ψ
VarP

(
1
N

N∑
i=1

ŝi
(
Y 2W
i,t+h − β̃(h)ŝiXt − ψ′W 2W

it

) ∣∣∣∣∣ HN

)
≥ C.
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Since ξ(p)
t (h, P ) is measurable with respect to σ({Xτ}τ ̸=t, {Zτ , {uiτ}Ni=1}∞

τ=−∞,HN), iterated
expectations and Assumption A.3(i) deliver

V
(p)

0 (h, P ) = EP

[
X2
t ξ

(p)
t (h, P )2

∣∣∣ HN

]
= EP

[
ξ

(p)
t (h, P )2EP

[
X2
t

∣∣∣ {Xτ}τ ̸=t, {Zτ , {uiτ}Ni=1}∞
τ=−∞,HN

] ∣∣∣ HN

]
≥ CVarP

(
ξ

(p)
t (h, P )

∣∣∣ HN

)
≥ C2 ≡ CV ,

where CV is positive and depends only on the constants in Assumption A.3.

It follows from this lemma that when h ≤ p, V (p)
j (h, P ) = 0 for all j ̸= 0 and the long-run

variance of the regression score is simply V (h, P ) = V
(p)

0 (h, P ). This is the long-run variance
that applies to t-LAHR inference and the one we study below.

In contrast, non-lag-augmented t-HAC approaches (such as Driscoll-Kraay inference) set
p = 0 and therefore target V (0)

0 (h, P ) + 2∑h
j=1 V

(0)
j (h, P ). Typically, the term V

(0)
0 (h, P ) will

be larger than V (h, P ), both because it includes Xt−ℓ-terms that contribute to the variance
of ξ(0)

t (h, P ) and because the coefficients β̄∗
ℓ , γ̄∗

ℓ and {δ∗
iℓ}Ni=1 differ. If moreover there is

positive persistence in both X̃2
t and β̄∗

ℓ , the autocovariances V (0)
j (h, P ) will be positive and,

consequently, the long-run variance targeted by t-LAHR will be strictly lower than that of
non-lag-augmented t-HAC.

We next collect the probability orders of the nuisance estimators. These rates are used in
the variance-consistency and remainder arguments below. The convergence rates are stated
after normalizing the controls by the matrix ςw introduced in Assumption A.3(iii). This is
needed because the class PTN allows the conditional variance of Wit given HN to drift with
N and P , and possibly to diverge—for instance, some exposure coefficients such as Li(P )′δiℓ

or Li(P )′δw,iℓ may grow at rate
√
N . This affects the scale of π̂(h) and ψ̂(h)−ψ∗, but not the

fitted components that enter the proofs, π̂(h)′Ẅit and (ψ∗ − ψ̂(h))′Ẅit, which are invariant
to rescaling the coordinates of Wit.

Lemma A.2 (convergence rates). Let Assumptions 1, A.1 and A.3 hold. Let {NT , PT}
be such that NT → ∞ and PT ∈ PT,NT

. Then, as T → ∞ with h and p ≥ h fixed,

|β̃(h) − β̂(h)| = OPT

(
T−1/2

)
, ∥ς−1

w (ψ∗ − ψ̂(h))∥ = OPT

(
T−1/2

)
,

and ∥ς−1
w π̂(h)∥ = OPT

(
T−1/2

)
. In addition, Ĵ(h) = OPT

(1) and Ĵ(h)−1 = OPT
(1).
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Proof. Define the matrices

Mww(h) ≡
∑
i,t

ςwẄit(ςwẄit)′

N(T − h) , Mwξ(h) ≡
∑
i,t

ςwẄit(ξ̇it(h, P ) + ṙit(h, P ))
N(T − h) ,

Mwx(h) ≡
∑
i,t

ςwẄitŝi(Xt − X̄0(h))
N(T − h) , Mxξ(h) ≡

∑
i,t

ŝi(Xt − X̄0(h))ξ̇it(h, P )
N(T − h) ,

and Mxx(h) ≡ ∑
i,t ŝ

2
i (Xt − X̄0(h))2/[N(T − h)], so that

 β̂(h) − β̃(h)
ς−1
w (ψ̂(h) − ψ∗)

 =
Mxx(h) Mwx(h)′

Mwx(h) Mww(h)

−1Mxξ(h)
Mwξ(h)

 ,
ς−1
w π̂(h) = Mww(h)−1Mwx(h).

By Assumption A.3(iii) and standard laws of large numbers for the linear and quadratic
processes in Assumption A.3(ii),

Mww(h) = QW (PT ) + oPT
(1) , Mxx(h) = σ2

X(PT )
 1
NT

NT∑
i=1

ŝ2
i

+ oPT
(1) ,

together with

∥Mwx(h)∥ = OPT

(
T−1/2

)
, ∥Mwξ(h)∥ = OPT

(
T−1/2

)
, |Mxξ(h)| = OPT

(
T−1/2

)
.

The order for Mwξ(h) uses the normal equations in (A.2), which imply that the summands
in Mwξ(h) are centered after normalization by ςw. The remaining orders follow from the
shock orthogonality in Assumption 1, the cumulant bounds in Assumption A.3(ii), and the
summability bounds in Assumption A.3(iv).

Because λmin(QW (PT )) ≥ C and λmax(QW (PT )) ≤ 2p+d, we have ∥Mww(h)−1∥ = OPT
(1).

Similarly, Assumption A.3(i) gives

0 < C2 ≤ σ2
X(PT )

 1
NT

NT∑
i=1

ŝ2
i

 ≤ C
2
< ∞,

so Mxx(h)−1 = OPT
(1). Since Mwx(h) = oPT

(1), the block matrix
Mxx(h) Mwx(h)′

Mwx(h) Mww(h)


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has inverse OPT
(1). Therefore,

∥∥∥ς−1
w π̂(h)

∥∥∥ =
∥∥∥Mww(h)−1Mwx(h)

∥∥∥ = OPT

(
T−1/2

)
and

∣∣∣β̂(h) − β̃(h)
∣∣∣ = OPT

(
T−1/2

)
,

∥∥∥ς−1
w (ψ̂(h) − ψ∗)

∥∥∥ = OPT

(
T−1/2

)
.

It remains to verify the order for Ĵ(h). By the residual-regression formula,

Ĵ(h) = Mxx(h) −Mwx(h)′Mww(h)−1Mwx(h).

The second term is OPT

(
T−1

)
, while Mxx(h) is bounded away from zero and infinity with

probability approaching one as already shown. Hence, Ĵ(h) = OPT
(1) and Ĵ(h)−1 = OPT

(1),
and the proof is complete.

We next prove the central limit theorem for the score. Although, as seen in Lemma A.1,
lag augmentation makes the score serially uncorrelated when h ≤ p, it contains both leads
and lags of the shocks. This prevents application of the reverse martingale technique of Mon-
tiel Olea and Plagborg-Møller (2021). Instead, with a similar approach to Xu (forthcoming),
we construct a martingale approximation by rearranging the score so that leads at time t
become lags at a time in the future of t.

Lemma A.3 (asymptotic normality of the score). Let Assumptions 1, A.1 and A.3
hold. Let {NT , PT} be such that NT → ∞ and PT ∈ PT,NT

. Then, as T → ∞ with h and
p ≥ h fixed,

∑T−h
t=1 Xtξt(h, PT )√

(T − h)V (h, PT )
d−−−−−→
PT

N (0, 1).

Proof. The argument relies on the martingale representation:

T−h∑
t=1

Xtξt(h, PT )√
(T − h)V (h, PT )

=
T∑
t=1

χT,t(h, PT )

with

χT,t(h, P ) = ΞX,t(h, P )Xt + ΞZ,t(h, P )′Zt +∑N
i=1 ΞU,it(h, P )′uit/N√

(T − h)V (h, P )
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where, letting β∗
ℓ ≡ ∑N

i=1 ŝiβ
∗
iℓ/N and γ∗

ℓ ≡ ∑N
i=1 ŝiγ

∗
iℓ/N , we define

ΞX,t(h, P ) ≡
h∑
ℓ=1

1{1 ≤ t− ℓ ≤ T − h}β∗
h−ℓXt−ℓ +

∞∑
ℓ=p+1

1{t ≤ T − h}β∗
h+ℓXt−ℓ

+
∞∑
ℓ=0

1{t ≤ T − h}
[
(γ∗
h+ℓ)′Zt−ℓ + 1

N

N∑
i=1

(ŝiδ∗
i,h+ℓ)′ui,t−ℓ

]
,

ΞZ,t(h, P ) ≡
h∑
ℓ=1

1{1 ≤ t− ℓ ≤ T − h}γ∗
h−ℓXt−ℓ,

ΞU,it(h, P ) ≡
h∑
ℓ=1

1{1 ≤ t− ℓ ≤ T − h}ŝiδ∗
i,h−ℓXt−ℓ.

(A.7)

Dependence on P is through the coefficients β∗
iℓ, γ∗

iℓ and δ∗
iℓ which depend on σX(P ), ΣZ(P ),

Σi(P ) and ψ∗(h, P ) as explained before.
Define the filtration {FT,t}Tt=1 with

FT,t ≡ σ
(
{Xτ , Zτ , {uiτ}

NT
i=1}τ≤t,HNT

)
.

Clearly, χT,t(h, PT ) is FT,t-measurable and, by Assumption 1, EPT

[
χT,t(h, PT )

∣∣∣ FT,t−1

]
= 0.

Hence, {χT,t(h, PT )}Tt=1 is a martingale difference array adapted to {FT,t}Tt=1.
Now, ∑T

t=1 EPT

[
χT,t(h, PT )2

]
= 1 by the definition of V (h, PT ) and iterated expectations.

Thus, the lemma will follow from the central limit theorem for martingale arrays (Davidson,
1994, Theorems 23.11, 23.16 and 24.3) if we show that

(1)
T∑
t=1

χT,t(h, PT )2 p−−−−−→
PT

1 and (2) lim
T→∞

T∑
t=1

EPT

[
χT,t(h, PT )4

]
= 0.

We verify the convergence of the square sum (1) and the Lyapunov-type condition (2) next.

Step 1 (convergence of square sum). We show that for a constant V̄ independent of P
and N , VarP

(∑T
t=1 χT,t(h, P )2

∣∣∣ HN

)
≤ V̄ /(T − h). Since EP

[∑T
t=1 χT,t(h, P )2

∣∣∣ HN

]
= 1,

by iterated expectations and Chebyshev, we have for any sequence {NT , PT} and ϵ > 0,

P T

( ∣∣∣∣∣
T∑
t=1

χT,t(h, PT )2 − 1
∣∣∣∣∣ > ϵ

)
= EPT

[
P T

( ∣∣∣∣∣
T∑
t=1

χT,t(h, PT )2 − 1
∣∣∣∣∣ > ϵ

∣∣∣∣∣HNT

)]

≤ 1
ϵ2EPT

[
VarPT

(
T∑
t=1

χT,t(h, PT )2
∣∣∣∣∣ HNT

)]
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≤ V̄

ϵ2(T − h)
→ 0, as T → ∞.

As shown in Lemma A.1, V (h, P ) is P -a.s. bounded away from zero and infinity uniformly
over P . Therefore, it suffices to show that, for some constant V̄ independent of P and N ,
VarP

(∑T
t=1 V (h, P )χT,t(h, P )2

∣∣∣ HN

)
≤ V̄ /(T − h) holds P -a.s. Write

χ̃T,t(h, P ) ≡ χT,t(h, P )
√
V (h, P ) = ζt√

T − h

where we defined ζt ≡ ζA,t + ζB,t with

ζA,t =
∞∑

ℓ=−∞
Ṽ ′
tAt,ℓṼt−ℓ and ζB,t = 1

N

N∑
i=1

∞∑
ℓ=−∞

(
Ṽ ′
tB

V u
it,ℓ ũi,t−ℓ + ũ′

itB
uV
it,ℓ Ṽt−ℓ

)
.

The matrices At,ℓ, BV u
it,ℓ , B

uV
it,ℓ are obtained by matching coefficients in Equation (A.7). Under

Assumption A.3(iv), there are time-invariant matrices Aℓ, BV u
iℓ , B

uV
iℓ such that ∥At,ℓ∥ ≤ ∥Aℓ∥,

∥BV u
it,ℓ∥ ≤ ∥BV u

iℓ ∥ and ∥BuV
it,ℓ∥ ≤ ∥BuV

iℓ ∥ for all i, t. Also, ∑ℓ ∥Aℓ∥ ≤ C̄, ∑ℓ ∥BV u
iℓ ∥ ≤ C̄R

−1/2
N

and ∑ℓ ∥BuV
iℓ ∥ ≤ C̄R

−1/2
N (P -a.s.) with RN = ∑N

i,j=1 ∥ρij∥/N2 and a constant C̄ ∝ C∗ < ∞
independent of N , P , HN and h.6 By Claim 3 (the remaining conditions follow directly from
Assumptions 1 and A.3(ii)), there is a constant K̄ such that

Var
(

T∑
t=1

χ̃T,t(h, P )2
∣∣∣∣∣ HN

)
≤ T

(T − h)2 × Var
(

T∑
t=1

ζ2
t√
T

∣∣∣∣∣ HN

)
≤ C̄4K̄/(1 − h/T )

T − h

Set V̄ = C̄4K̄/(1−ϕ) where ϕ is chosen so that h/T ≤ ϕ < 1 for all sufficiently large T (which

6Consider the indicators ι(1)
T,t,ℓ,h = 1{1 ≤ t− ℓ ≤ T − h, 1 ≤ ℓ ≤ h}, ι(2)

T,t,ℓ,h,p = 1{t ≤ T − h, ℓ > p} and
ι
(3)
T,t,ℓ,h = 1{t ≤ T − h, ℓ ≥ 0}. Therefore,

At,ℓ =
(

(ι(1)
T,t,ℓ,hβ̄

∗
h−ℓ + ι

(2)
T,t,ℓ,h,pβ̄

∗
h+ℓ)σ

2
X(P ) ι

(3)
T,t,ℓ,h(LZ(P )′γ̄∗

h+ℓ)
′σX(P )

ι
(1)
T,t,ℓ,h(LZ(P )′γ̄∗

h−ℓ)σX(P ) 0dZ ×dZ

)
BuV

it,ℓ =
(
ι
(1)
T,t,ℓ,hŝi(Li(P )′δ∗

i,h−ℓ)σX(P ) 0du×dZ

)
BV u

it,ℓ =
(
ι
(3)
T,t,ℓ,hŝi(Li(P )′δ∗

i,h+ℓ)
′σX(P )

0dZ×du

)
.

Let Aℓ, B
V u
iℓ , BuV

iℓ be formed as At,ℓ, B
V u
it,ℓ, B

uV
it,ℓ but with ι

(j)
T,t,ℓ,h set to 1. Then, for all i, t, ∥At,ℓ∥ ≤ ∥Aℓ∥,

∥BV u
it,ℓ∥ ≤ ∥BV u

iℓ ∥ and ∥BuV
it,ℓ∥ ≤ ∥BuV

iℓ ∥, and under Assumption A.3,
∑

ℓ ∥Aℓ∥ ≤ 4CσC∗, maxi

∑
ℓ ∥BV u

iℓ ∥ ≤
CσC∗R

−1/2
N and maxi

∑
ℓ ∥BuV

iℓ ∥ ≤ CσC∗R
−1/2
N where Cσ = max{

√
C,C} and C∗ is the constant in (A.3).
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is possible since h is fixed in Proposition 1). This establishes ∑T
t=1 χT,t(h, PT )2 = 1 + oPT

(1).

Step 2 (Lyapunov-type condition). Using the notation of Step 1 and by Claim 3 again,

T∑
t=1

EPT

[
χT,t(h, PT )4

∣∣∣ HNT

]
=
∑T
t=1 EPT

[
ζ4
t

∣∣∣ HNT

]
(T − h)2V (h, PT )2 ≤ C̄4K̄/(1 − ϕ)

(T − h)V (h, PT )2 ,

with ϕ such that h/T ≤ ϕ < 1 for all sufficiently large T (which is possible because h is fixed
in Proposition 1). Given that V (h, P ) > 0 uniformly over P , iterated expectations deliver∑T
t=1 EPT

[
χT,t(h, PT )4

]
= o(1).

The next lemma shows that the feasible time-clustered variance estimates V (h, PT ). The
argument has two parts: a law of large numbers for the squared population score, and a
feasible-score approximation showing that estimated residuals and estimated residualized
regressors can replace their population counterparts.

Lemma A.4 (consistency of the standard error). Let Assumptions 1, A.1 and A.3
hold. Let {NT , PT} be such that NT → ∞ and PT ∈ PT,NT

. Then, as T → ∞ with h and
p ≥ h fixed,

V̂ (h)
V (h, PT )

p−−−−−→
PT

1.

Proof. By Lemma A.1, V (h, P ) is P -a.s. bounded away from zero and infinity uniformly over
P and N . Thus, it suffices to show that V̂ (h) − V (h, PT ) = oPT

(1). Write

V̂ (h) − V (h, PT ) = DT,1(h, PT ) +DT,2(h, PT ),

where we defined

DT,1(h, P ) ≡ 1
T − h

T−h∑
t=1

(
X2
t ξt(h, P )2 − EP

[
X2
t ξt(h, P )2

∣∣∣ HN

])
,

DT,2(h, P ) ≡ 1
T − h

T−h∑
t=1

( 1
N

N∑
i=1

x̂it(h)ξ̂it(h)
)2

−X2
t ξt(h, P )2

 .
Next, using (x2 − y2) = (x− y)(x+ y) and the Cauchy-Schwarz inequality,

∣∣∣DT,2(h, PT )
∣∣∣ ≤

√
D−
T,2(h, PT )

√
D+
T,2(h, PT ),
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where

D−
T,2(h, P ) ≡ 1

T − h

T−h∑
t=1

(
1
N

N∑
i=1

x̂it(h)ξ̂it(h) −Xtξt(h, P )
)2

,

D+
T,2(h, P ) ≡ 1

T − h

T−h∑
t=1

(
1
N

N∑
i=1

x̂it(h)ξ̂it(h) +Xtξt(h, P )
)2

.

Adding and subtracting Xtξt(h, P ) and 2EP

[
X2
t ξt(h, P )2

∣∣∣ HN

]
within the squares in the

formula for D+
T,2(h, P ) and applying Loève’s inequality, we obtain

D+
T,2(h, PT ) ≤ 2D−

T,2(h, PT ) + 8|DT,1(h, PT )| + 8V (h, PT ).

We will show below that (1) DT,1(h, PT ) = oPT
(1) and (2) D−

T,2(h, PT ) = oPT
(1). Since, again,

V (h, P ) is P -a.s. bounded by a constant independent of P and N , D+
T,2(h, PT ) = OPT

(1)
which will imply DT,2(h, PT ) = oPT

(1) and the lemma will follow.

Step 1 (convergence of DT,1). We show that for a constant V̄ independent of P and
N , VarP

(∑T−h
t=1 X2

t ξt(h, P )2
∣∣∣ HN

)
≤ V̄ (T − h). By iterated expectations and Chebyshev’s

inequality it will follow that, for any ϵ > 0,

P T

 ∣∣∣∣∣∣
T−h∑
t=1

X2
t ξt(h, PT )2 − EPT

[
X2
t ξt(h, PT )2

∣∣∣ HNT

]
T − h

∣∣∣∣∣∣ > ϵ

 ≤ V̄

ϵ2(T − h)
→ 0, as T → ∞.

To do so, we follow the strategy of Step 1 in the proof of Lemma A.3. Write

Xtξt(h, P ) = ζ̃t ≡ ζÃ,t + ζB̃,t

where

ζÃ,t =
∞∑

ℓ=−∞
Ṽ ′
t ÃℓṼt−ℓ and ζB̃,t = 1

N

N∑
i=1

∞∑
ℓ=−∞

Ṽ ′
t B̃iℓũi,t−ℓ.

The matrices Ãℓ, B̃iℓ are obtained by matching coefficients in Equation (A.4). By Assumption
A.3(iv), ∑ℓ ∥Ãℓ∥ ≤ C̄ and ∑

ℓ ∥B̃iℓ∥ ≤ C̄R
−1/2
N (P -a.s.) where RN = ∑N

i,j=1 ∥ρij∥/N2 and
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the constant C̄ ∝ C∗ < ∞ is independent of N , P , HN and h.7 By Claim 2 (the remaining
conditions follow directly from Assumptions 1 and A.3(ii)), there is a constant K̄ such that

Var
(
T−h∑
t=1

X2
t ξt(h, P )2

∣∣∣∣∣ HN

)
≤ (T − h) × Var

(
T−h∑
t=1

ζ̃2
t√

T − h

∣∣∣∣∣ HN

)
≤ (T − h)C̄4K̄.

Set V̄ = C̄4K̄. This establishes DT,1(h, PT ) = oPT
(1).

Step 2 (convergence of D−
T,2). Some algebra delivers

x̂it(h) = ŝi(Xt − X̄0(h)) − π̂(h)′Ẅit,

ξ̂it(h) = (β̃(h) − β̂(h))ŝi(Xt − X̄0(h)) + (ψ∗ − ψ̂(h))′Ẇit

+ ξ̇it(h, P ) + ṙit(h, P ) +
(
ν̂t(h) −

T−h∑
τ=1

ν̂τ (h)/(T − h)
)
,

where rit(h, P ) = (βih−β̃(h)ŝi)Xt+
∑p
ℓ=1(β∗

i,h+ℓ−ψ∗
x,ℓŝi)Xt−ℓ. The inclusion of time dummies

as controls implies that ∑N
i=1 x̂it(h)(ν̂t(h) − ∑T−h

τ=1 ν̂τ (h)/(T − h)) = 0 and we can therefore
ignore the estimated time effects in what follows.

Substituting x̂it(h) and ξ̂it(h), we can rewrite the squared cross-sectional average appear-
ing in D−

T,2(h, P ) as

1
N

N∑
i=1

(
x̂it(h)ξ̂it(h) −Xtξt(h, P )

)
= (β̃(h) − β̂(h))(Xt − X̄0(h))2

(
N∑
i=1

ŝ2
i

N

)

+ (Xt − X̄0(h))
(

N∑
i=1

ŝiẆ
′
it

N

) [
(ψ∗ − ψ̂(h)) − (β̃(h) − β̂(h))π̂(h)

]

− (ψ∗ − ψ̂(h))′
(

N∑
i=1

ẆitẄ
′
it

N

)
π̂(h) − π̂(h)′

(
N∑
i=1

Ẅit(ξ̇it(h, P ) + ṙit(h, P ))
N

)

− X̄0(h)ξt(h, P ) − (Xt − X̄0(h))
T−h∑
τ=1

ξτ (h, P )
T − h

.

This derivation uses ∑N
i=1 ŝi(Ẅit − Ẇit) = 0d×1,

∑N
i=1 ŝiṙit(h, P ) = 0 and ∑N

i=1 ŝiX̄0(h) = 0,

7Let ι(0)
ℓ,h,p = 1{−h ≤ ℓ ≤ −1} + 1{ℓ > p} and ι

(1)
ℓ,h = 1{ℓ ≥ −h}. Therefore,

Ãℓ =
(
ι
(0)
ℓ,h,pβ̄

∗
h+ℓσ

2
X(P ) ι

(1)
ℓ,h(LZ(P )′γ̄∗

h+ℓ)
′σX(P )

0dZ×1 0dZ ×dZ

)
, B̃iℓ =

(
ι
(1)
ℓ,hŝi(Li(P )′δ∗

i,h+ℓ)
′σX(P )

0dZ ×du

)
.

By Assumption A.3,
∑

ℓ ∥Ãℓ∥ ≤ 2CσC∗ and maxi

∑
ℓ ∥B̃iℓ∥ ≤ CσC∗R

−1/2
N where Cσ = max{

√
C,C}.
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which are all consequences of ŝi being zero mean.
Squaring the expression above and using Loève’s inequality,

D−
T,2 ≤ 6

∥∥∥β̃(h) − β̂(h)
∥∥∥2
S̄T,1 + 6

(∥∥∥ς−1
w (ψ∗ − ψ̂(h))

∥∥∥2
+
∥∥∥β̃(h) − β̂(h)

∥∥∥2 ∥∥∥ς−1
w π̂(h)

∥∥∥2
)
S̄T,2

+ 6
∥∥∥ς−1
w (ψ∗ − ψ̂(h))

∥∥∥2 ∥∥∥ς−1
w π̂(h)

∥∥∥2
S̄T,3 + 6

∥∥∥ς−1
w π̂(h)

∥∥∥2
S̄T,4 + 6S̄T,5,

where (omitting the dependence on h, P and N from the notation) we defined

S̄T,1 ≡
(
T−h∑
t=1

(Xt − X̄0(h))4

T − h

)
×
∣∣∣∣∣
N∑
i=1

ŝ2
i

N

∣∣∣∣∣
2

,

S̄T,2 ≡ 1
T − h

T−h∑
t=1

(Xt − X̄0(h))2
∥∥∥∥∥
N∑
i=1

ŝi(ςwẆit)
N

∥∥∥∥∥
2

,

S̄T,3 ≡ 1
T − h

T−h∑
t=1

∥∥∥∥∥
N∑
i=1

(ςwẄit)(ςwẆit)′

N

∥∥∥∥∥
2

,

S̄T,4 ≡ 1
T − h

T−h∑
t=1

∥∥∥∥∥
N∑
i=1

(ςwẄit)(ξ̇it(h, P ) + ṙit(h, P ))
N

∥∥∥∥∥
2

,

S̄T,5 ≡ 2X̄0(h)2
(

T∑
t=1

ξt(h, P )2

T − h

)
+ 2

(
T−h∑
t=1

(Xt − X̄0(h))2

T − h

)(
T−h∑
τ=1

ξτ (h, P )
T − h

)2

.

Next, through direct (but tedious) calculations, we can estimate the probability order of each
term. Specifically, under Assumption A.3 along any sequence {NT , PT}∞

T=1 with PT ∈ PTNT
,

we have S̄T,j = OPT
(1) for j = 1, 2, 3, 4 and S̄T,5 = OPT

(
T−1

)
.8

8For S̄T,1, we have the uniform bound EPT

[
S̄T,1

∣∣ HNT

]
≤ 23M1/2C

4. This comes from applying Loève,
stationarity and Lyapunov to write

EP

[
(Xt − X̄0(h))4

∣∣∣ HN

]
≤ 24EP

[
X4

t

∣∣∣ HN

]
≤ 24M1/2C
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and noting
∑N

i=1 ŝ
2
i /N ≤ C. By iterated expectations and Markov’s inequality, S̄T,1 = OPT

(1) as claimed.
With an analogous argument, we obtain the results for S̄T,2, S̄T,3 and S̄T,4. These are obtained by rewriting
each S̄T,j as a normalized quadratic form in standardized shocks and applying the same coefficient-envelope
and cumulant bounds used in Step 1 of Lemmas A.3 and A.4. Finally, for S̄T,5, X̄0(h) = OPT

(
T−1/2

)
,

T∑
t=1

ξt(h, P )2

T − h
= OPT

(1) ,
T −h∑
t=1

(Xt − X̄0(h))2

T − h
= OPT

(1) ,
T −h∑
τ=1

ξτ (h, P )
T − h

= OPT

(
T−1/2

)
.

by direct calculations, iterated expectations and Markov’s inequality. Thus, S̄T,5 = OPT

(
T−1

)
as claimed.
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Finally, Lemma A.2 establishes β̃(h)−β̂(h) = OPT

(
T−1/2

)
, ς−1
w (ψ∗−ψ̂(h)) = OPT

(
T−1/2

)
and ς−1

w π̂(h) = OPT

(
T−1/2

)
, which delivers D−

T,2(h, PT ) = oPT
(1).

It remains to show that the fitted component in the residualized regressor, X∥
it(h), has no

first-order effect on the t-ratio. This follows from the nuisance rates above and from bound-
edness of the normalized cross-sectional averages appearing in the projection remainder.

Lemma A.5 (remainder term). Let Assumptions 1, A.1 and A.3 hold. Let {NT , PT} be
such that NT → ∞ and PT ∈ PT,NT

. Then, as T → ∞ with h and p ≥ h fixed,

R(h, PT ) p−−−−−→
PT

0.

Proof. Recall that X∥
it(h) = ŝiX̄0(h) + π̂(h)′Ẅit. Then,

R(h, P ) = X̄0(h)S̄RT,1 + ς−1
w π̂(h)′S̄RT,2√

V (h, P )
,

where using N−1∑N
i=1 ŝiξit(h, P ) = ξt(h, P ) and N−1∑N

i=1 ŝirit(h, P ) = 0 (and omitting the
dependence on h, P and N from the notation) we defined

S̄RT,1 ≡
T−h∑
t=1

ξt(h, P )√
T − h

, S̄RT,2 ≡
T−h∑
t=1

N∑
i=1

ςwẄit(ξit(h, P ) + rit(h, P ))
N

√
T − h

.

By Lemma A.1, V (h, P ) is P -a.s. bounded away from zero and infinity uniformly over P
and N . We next control the two terms in the numerator. First, the summability restrictions
in Assumption A.3(iv), together with the cumulant bounds in Assumption A.3(ii), imply that
the long-run variance of ξt(h, P ) is uniformly bounded by a finite constant Cξ depending only
on the constants in Assumption A.3. Therefore, S̄RT,1 = OPT

(1).
Second, because ∑T−h

t=1 Ẅit = 0 for each i, the term S̄RT,2 can be written as

S̄RT,2 =
√
T − h

N∑
i=1

T−h∑
t=1

ςwẄit

(
ξ̇it(h, P ) + ṙit(h, P )

)
N(T − h) =

√
T − hMwξ(h).

The proof of Lemma A.2 shows that ∥Mwξ(h)∥ = OPT

(
T−1/2

)
, which delivers S̄RT,2 = OPT

(1).
Finally, X̄0(h) = OPT

(
T−1/2

)
follows from a simple calculation and ∥ς−1

w π̂(h)∥ = OPT

(
T−1/2

)
by Lemma A.2 again. Thus, we conclude that R(h, PT ) = oPT

(1).
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A.3 Proposition 2

The proof of Proposition 2 follows the same steps we used to establish Proposition 1. The
main difference is in Step 3, where the drifting sequence over (N,P ) must be expanded
to include the horizon h, and in the formula for the score, which is simpler. To maximize
clarity, we will explain the structure of the proof and state the central claims but we will only
emphasize the details that differ meaningfully from Proposition 1. Throughout the appendix,
all constants in Assumption A.3 are taken to hold uniformly over the VAR subclass and (when
relevant) the drifting horizon hT .

Proof of Proposition 2. We deal with uniform coverage and consistency in that order.

Uniform coverage. The proof follows the same three steps of the proof of Proposition 1
but with some modifications that we describe next.

Step 1 (derivation of the population score). The same procedure to pick ψ and {mi}Ni=1

applies (and for ψy, ψw it delivers the coefficients on Yi,t−1, . . . , Yi,t−p, W̃it implied by the VAR
iterated forward h times) but now the population residual reduces to

ξit(h, P ) =
h−1∑
ℓ=0

β∗
iℓXt+h−ℓ +

h∑
ℓ=0

(
(γ∗
iℓ)′Zt+h−ℓ + (δ∗

iℓ)′ui,t+h−ℓ

)
. (A.8)

The representation of the estimation error in (A.5) (including the definition of rit(h, P )) is
otherwise unchanged.

Step 2 (expression for the t-ratio). It is identical to the derivation for Proposition 1.

Step 3 (uniformity via drifting sequences). We use again drifting sequences of DGPs
but we now include h = hT as an additional drifting parameter. We index everything to T ,
including N = NT , h = hT and the DGP subclass P = PVAR,T,NT

(given by Assumptions
1, A.1, A.2, and A.3 and the VAR restriction on the coefficients in Equation (13)). We fix
0 < ϕ < 1 and take arbitrary sequences {NT , hT , PT} such that NT → ∞, hT/T ≤ ϕ and
PT ∈ PVAR,T,NT

. We then show that as T → ∞,

(a) {(T − hT )V (hT , PT )}−1/2∑T−hT
t=1 Xtξt(hT , PT ) d−−−−−→

PT

N (0, 1),

(b) V̂ (hT )/V (hT , PT ) p−−−−−→
PT

1, and

(c) R(hT , PT ) p−−−−−→
PT

0.
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We prove (a), (b) and (c) in Lemmas A.8, A.9 and A.10 below. The rest of the argument in
Step 3 of Proposition 1 goes through.

Uniform consistency. The same argument of Proposition 1 applies provided we include
h = hT as an additional drifting parameter as in the uniform coverage part.

Just as in Proposition 1, the proof of Proposition 2 requires us to show convergence rates
for estimators (Lemma A.7), asymptotic normality of the score (Lemma A.8), consistency
of the variance estimator (Lemma A.9), and a negligible remainder term (Lemma A.10). A
useful preliminary step is to characterize the long-run variance of the score (Lemma A.6).
In this case, we only give the formula for the true lag length p.

Lemma A.6 (Variance of the score). Let ξt(h, P ) = N−1∑N
i=1 ŝiξit(h, P ) be the time-

aggregated regression residual given by (A.8) with p the true lag length and h an arbitrary
horizon. Consider the j-th order autocovariance conditional on HN ,

Vj(h, P ) = CovP
(
Xtξt(h, P ), Xt−jξt−j(h, P )

∣∣∣ HN

)
.

Let Assumptions 1, A.1 and A.3 hold and consider the VAR subclass PVAR,T,N . Then,

V0(h, P ) =
h−1∑
ℓ=0

(β̄∗
ℓ )2σ4

X(P )EP

[
X̃2
t X̃

2
t+h−ℓ

∣∣∣ HN

]

+
h∑
ℓ=0

σ2
X(P ) tr

[
LZ(P )′γ̄∗

ℓ (LZ(P )′γ̄∗
ℓ )′EP

[
X̃2
t Z̃t+h−ℓZ̃

′
t+h−ℓ

∣∣∣ HN

]]

+
h∑
ℓ=0

σ2
X(P ) tr

 1
N2

N∑
i,j=1

ŝiLi(P )′δ∗
iℓ(ŝjLj(P )′δ∗

jℓ)′EP

[
X̃2
t ũi,t+h−ℓũ

′
j,t+h−ℓ

∣∣∣ HN

] ,
where β̄∗

ℓ = N−1∑N
i=1 ŝiβ

∗
iℓ and γ̄∗

ℓ = N−1∑N
i=1 ŝiγ

∗
iℓ, and Vj(h, P ) = 0 for all j ̸= 0.

Moreover, there exist two positive finite constants CV , CV , depending only on the con-
stants in Assumption A.3, such that, uniformly over P ∈ PVAR,T,N and P -a.s.,

CV ≤ V0(h, P ) ≤ CV .

Proof. It is identical to the proof of Lemma A.1. The same constants CV , CV apply.

In light of this, we equate V (h, P ) = V0(h, P ).
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Lemma A.7 (convergence rates). Let Assumptions 1, A.1 and A.3 hold. Let {NT , hT , PT}
be such that NT → ∞, hT/T ≤ ϕ < 1 and PT ∈ PVAR,T,NT

. Then, as T → ∞,

|β̃(hT ) − β̂(hT )| = OPT

(
T−1/2

)
, ∥ς−1

w (ψ∗(hT , PT ) − ψ̂(hT ))∥ = OPT

(
T−1/2

)
,

and ∥ς−1
w π̂(hT )∥ = OPT

(
T−1/2

)
. In addition, Ĵ(hT ) = OPT

(1) and Ĵ(hT )−1 = OPT
(1).

Proof. The argument is analogous to the proof of Lemma A.2. The uniform bounds that
underlie all probability order calculations require T − hT → ∞. This is guaranteed by the
condition hT/T ≤ ϕ < 1 since then T − hT ≥ (1 − ϕ)T which diverges as T → ∞.

Lemma A.8 (asymptotic normality of the score). Let Assumptions 1, A.1 and A.3
hold. Let {NT , hT , PT} be such that NT → ∞, hT/T ≤ ϕ < 1 and PT ∈ PVAR,T,NT

. Then, as
T → ∞,

∑T−hT
t=1 Xtξt(hT , PT )√

(T − hT )V (hT , PT )
d−−−−−→
PT

N (0, 1).

Proof. The proof given for Lemma A.3 goes through with the same martingale construction
of the score. In both Steps 1 (convergence of square sum) and 2 (Lyapunov-type condition)
we can choose constants that do not depend on NT , hT or PT by using (1−ϕ)T ≤ T−hT .

Lemma A.9 (consistency of the standard error). Let Assumptions 1, A.1 and A.3
hold. Let {NT , hT , PT} be such that NT → ∞, hT/T ≤ ϕ < 1 and PT ∈ PVAR,T,NT

. Then, as
T → ∞,

V̂ (hT )
V (hT , PT )

p−−−−−→
PT

1.

Proof. The calculations of the proof of Lemma A.4 go through without change. Again, in
both Steps 1 (convergence of DT,1) and 2 (convergence of D−

T,2) we can choose constants that
do not depend on NT , hT or PT by using the bound (1 − ϕ)T ≤ T − hT .

Lemma A.10 (remainder term). Let Assumptions 1, A.1 and A.3 hold. Let {NT , hT , PT}
be such that NT → ∞, hT/T ≤ ϕ < 1 and PT ∈ PVAR,T,NT

. Then, as T → ∞,

R(hT , PT ) p−−−−−→
PT

0.
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Proof. The argument mimics the proof of Lemma A.5. The bounds for X̄0(hT ), ς−1
w π̂(hT ),

S̄RT,1 and S̄RT,2 hold uniformly along the drifting sequence because T −hT ≥ (1 −ϕ)T and the
VAR coefficient envelopes are uniform in hT .

A.4 Proposition 3

We begin by writing the LP-IV estimator and confidence interval in a form that parallels the
representation of local projections given in Appendix A.2. As in the proof of Proposition 1,
we will work with ŝi = si −N−1∑

j sj instead of si. Define

X̃t ≡ (X̃t, X̃t−1, . . . , X̃t−p)′, X∗
t ≡ (X∗

t , X
∗
t−1, . . . , X

∗
t−p)′,

and collect the controls that are not instrumented into Wit ≡ (Yi,t−1, . . . , Yi,t−p, W̃
′
it)′. This is

a notational rearrangement of the fitted LP-IV equation with the lagged endogenous controls
(siX̃t−1, . . . , siX̃t−p) now included in ŝiX̃t and instrumented by ŝiX∗

t . Specifically, the fitted
LP-IV equation becomes

Yi,t+h = ŝiX̃
′
tβ̂

IV(h) + ψ̂IV(h)′Wit + µ̂IV
i (h) + ν̂IV

t (h) + ξ̂IV
it (h),

where the residual ξ̂IV
it (h) is orthogonal to ŝiX∗

t , Wit, and both unit and time fixed effects.
The coefficient vector β̂IV(h) contains (p+1) entries, the first of which is the scalar estimator
of Proposition 3: letting e1 = (1, 0, . . . , 0)′,

β̂IV(h) = e′
1β̂

IV(h).

This is the only entry of β̂IV(h) interpretable as a relative impulse response estimate—the
remaining entries are necessary for the validity of t-LAHR inference.

Let ẑit(h) be the residual from a regression of ŝiX∗
t on Wit, unit and time fixed effects,

and let x̂it(h) be the residual from an analogous regression of ŝiX̃t. We can write the fitted
values from these regressions as

Z
∥
it(h) ≡ ŝiX

∗
t − ẑit(h) = ŝiX̄

∗(h) + π̂z(h)′Ẅit,

X
∥
it(h) ≡ ŝiX̃t − x̂it(h) = ŝi

¯̃X(h) + π̂x(h)′Ẅit,
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where we defined the sample means

X̄∗(h) ≡ 1
T − h

T−h∑
t=1
X∗

t ,
¯̃X(h) ≡ 1

T − h

T−h∑
t=1
X̃t.

By Frisch-Waugh-Lovell, the panel LP-IV estimator for the coefficient vector is

β̂IV(h) = Ĵ IV(h)−1
[

1
N(T − h)

T−h∑
t=1

N∑
i=1
ẑit(h)Yi,t+h

]
,

Ĵ IV(h) ≡ 1
N(T − h)

T−h∑
t=1

N∑
i=1
ẑit(h)x̂it(h)′.

Next, the t-LAHR standard error for β̂IV(h) is

σ̂IV(h) =
[ 1
T − h

e′
1Ĵ

IV(h)−1V̂ IV(h)Ĵ IV(h)−1′e1

]1/2
,

V̂ IV(h) ≡ 1
T − h

T−h∑
t=1

(
1
N

N∑
i=1
ẑit(h)ξ̂IV

it (h)
)(

1
N

N∑
i=1
ẑit(h)ξ̂IV

it (h)
)′

,

and the associated (1 − α) confidence interval is

ĈIV
α (h) =

[
β̂IV(h) ± z1−α/2σ̂

IV(h)
]
.

Proof of Proposition 3. We prove uniform coverage first and uniform consistency next.

Uniform coverage. As in the proof of Proposition 1, we proceed in three steps. First, we
derive the population LP-IV score and identify its first component. Second, we express the
t-ratio in terms of this score, its variance and a negligible remainder. Third, we apply the
drifting sequence machinery to establish uniform limits.

Step 1 (derivation of the population LP-IV score). For any vector b ∈ R
p+1, any

vector ψ conformable with Wit, and any collection {mi}Ni=1, LP-IV orthogonality implies

Ĵ IV(h)
(
β̂IV(h) − b

)
= 1
N(T − h)

T−h∑
t=1

N∑
i=1
ẑit(h)

(
Yi,t+h − ŝiX̃

′
tb−ψ′Wit −mi

)
. (A.9)

The terms involving ψ and mi can be introduced because ẑit(h) is orthogonal to Wit and
to unit fixed effects. We next choose these parameters. Let ψ∗(h, P ) denote the population
coefficient on W 2W

it defined by the population normal equations, and consider the following
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linear-process representation:

Yi,t+h −ψ∗(h, P )′Wit = µ∗
i +

∞∑
ℓ=0

β∗
iℓXt+h−ℓ +

∞∑
ℓ=0

(
(γ∗
iℓ)′Zt+h−ℓ + (δ∗

iℓ)′ui,t+h−ℓ

)
.

As in Step 1 of the proof of Proposition 1, starred coefficients satisfy the same summability
bounds as in Assumption A.3(iv), up to a finite constant independent of P , N and T .

Let Bp(P ) be the lower triangular (p+ 1) × (p+ 1) matrix with entries

[Bp(P )]rm = 1{m ≤ r} · br−m(P ), r,m = 0, . . . , p.

Since b0(P ) = 1, Bp(P ) is nonsingular with unit diagonal. This allows us to define

β̃IV(h, P ) ≡ Bp(P )−1
(

1
N

N∑
i=1

ŝ2
i

)−1


1
N

N∑
i=1


ŝiβ

∗
ih

ŝiβ
∗
i,h+1
...

ŝiβ
∗
i,h+p



 . (A.10)

Moreover, since the first row of Bp(P )−1 is e′
1, the first component of (A.10) is

e′
1β̃

IV(h, P ) =
∑N
i=1 ŝiβih∑N
i=1 ŝ

2
i

= β̃(h).

The equality uses the fact that the controls in Wit do not contain Xt, and so βIV∗
ih = βih.

We will see that (A.10) is the LP-IV population coefficient. Define the population residual

ξIV
it (h, P ) ≡ Y 2W

i,t+h − ŝiX̃
′
tβ̃

IV(h, P ) −ψ∗(h, P )′W 2W
it ,

and its time-aggregated counterpart ξIV
t (h, P ) ≡ N−1∑N

i=1 ŝiξ
IV
it (h, P ). For r = 0, . . . , p,

Assumption 2 and the shock orthogonality conditions imply

0 = EP

[
X∗
t−rξ

IV
t (h, P )

∣∣∣ HN

]
= a0(P )σ2

X(P ) 1
N

N∑
i=1

ŝi

[
β∗
i,h+r − ŝi

r∑
m=0

br−m(P )β̃IV
m (h, P )

]
, (A.11)
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where β̃IV
m (h, P ) is the m-th component of β̃IV(h, P ). Hence,

EP

[
X∗

t ξ
IV
t (h, P )

∣∣∣ HN

]
= 0(p+1)×1.

Equation (A.11) is the population LP-IV analogue of the sequence of orthogonality conditions
for the lagged-shock controls in Proposition 1. It also shows why heterogeneous first stages
do not reweight the estimand: it is because the first stage is aggregate, and b0(P ) = 1 fixes
the scale of the structural shock.

Setting b = β̃IV(h, P ), ψ = ψ∗(h, P ) and

mi = EP

[
Yi,t+h − ŝiX̃

′
tβ̃

IV(h, P ) −ψ∗(h, P )′Wit

∣∣∣ HN

]
in (A.9), we obtain

Ĵ IV(h)
(
β̂IV(h) − β̃IV(h, P )

)
= 1
T − h

T−h∑
t=1
X∗

t ξ
IV
t (h, P ) − rIV

T (h, P ), (A.12)

where

rIV
T (h, P ) ≡ 1

N(T − h)

T−h∑
t=1

N∑
i=1
Z

∥
it(h)ξIV

it (h, P ).

Therefore, the population LP-IV score is the vector time series X∗
t ξ

IV
t (h, P ).

Step 2 (expression for the t-ratio). Let

J IV(P ) ≡
(

1
N

N∑
i=1

ŝ2
i

)
EP

[
X∗

t X̃
′
t

∣∣∣ HN

]
,

V IV(h, P ) ≡ VarP
(
X∗

t ξ
IV
t (h, P )

∣∣∣ HN

)
.

By (14), Assumption 2, and b0(P ) = 1,

EP

[
X∗

t X̃
′
t

∣∣∣ HN

]
= a0(P )σ2

X(P )Bp(P ),

so J IV(P ) is nonsingular uniformly over the strong-instrument class. In addition,

e′
1J

IV(P )−1 = 1
a0(P )σ2

X(P )
(
N−1∑N

i=1 ŝ
2
i

)e′
1,
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and thus the influence function for the first component depends on the current proxy X∗
t , not

on the lagged instruments. This is the IV counterpart to lag augmentation in Proposition 1.
Using (A.12), the t-ratio can be written as

β̂IV(h) − β̃(h)
σ̂IV(h)

=

√√√√(e′
1J

IV(P )−1)V IV(h, P )(e′
1J

IV(P )−1)′

(e′
1Ĵ

IV(h)−1)V̂ IV(h)(e′
1Ĵ

IV(h)−1)′

×

 (e′
1J

IV(P )−1)∑T−h
t=1 X

∗
t ξ

IV
t (h, P )√

(T − h)(e′
1J

IV(P )−1)V IV(h, P )(e′
1J

IV(P )−1)′
−RIV(h, P )

 ,
where the remainder RIV(h, P ) collects both the effect of replacing J IV(P ) by Ĵ IV(h) and
the contribution of the projection term rIV

T (h, P ), that is,

RIV(h, P ) = e′
1(Ĵ(h)−1 − J IV(P )−1)∑T−h

t=1 X
∗
t ξ

IV
t (h, P ) + rIV

T (h, P )√
(T − h)(e′

1J
IV(P )−1)V IV(h, P )(e′

1J
IV(P )−1)′

Step 3 (uniformity via drifting sequences). To establish our uniform approximations,
we use the same drifting-sequence technique from Proposition 1. We index everything to T ,
including N = NT and P = PT , and take an arbitrary sequence {NT , PT} such that NT → ∞
and PT ∈ PIV,T,NT

. Define

λ′
T ≡ e′

1J
IV(PT )−1, V IV(h, PT ) ≡ λ′

TV
IV(h, PT )λT .

Lemmas A.13, A.14 and A.15 below show that, as T → ∞,

(a)
{
(T − h)V IV(h, PT )

}−1/2∑T−h
t=1 λ

′
TX

∗
t ξ

IV
t (h, PT ) d−−−−−→

PT

N (0, 1),

(b)
(
(e′

1Ĵ
IV(h)−1)V̂ IV(h)(e′

1Ĵ
IV(h)−1)′

)
/V IV(h, PT ) p−−−−−→

PT

1

(c) RIV(h, PT ) p−−−−−→
PT

0.

Combining these three statements with the representation of the t-ratio in Step 2 gives

β̂IV(h) − β̃(h)
σ̂IV(h)

d−−−−−→
PT

N (0, 1)

along every drifting sequence. By the same subsequence argument of Proposition 1, then

lim
T,N→∞

sup
P∈PIV,T,N

∣∣∣P ( β̃(h) ∈ ĈIV
α (h)

)
− (1 − α)

∣∣∣ = 0.
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By Assumption A.2,
√
T
∣∣∣β̃(h) − β(h)

∣∣∣ = oPIV,T,N
(1), and therefore the same conclusion holds

with β(h) replacing β̃(h). Thus, uniform coverage is proven.

Uniform consistency. Lemma A.12 below delivers
∣∣∣β̂IV(h) − β̃(h)

∣∣∣ = OPIV,T,N

(
T−1/2

)
.

Together with Assumption A.2, this implies, by the subsequence argument of Proposition 1,

lim
T,N→∞

sup
P∈PIV,T,N

P
( ∣∣∣β̂IV(h) − β(h)

∣∣∣ > ϵ
)

= 0

holds for every ϵ > 0, and uniform consistency is proven.

The argument relies on the LP-IV analogues of the five auxiliary results used in Propo-
sition 1. We state them next. Their proofs follow the same steps as in Appendix A.2, with
the scalar score Xtξt(h, P ) replaced by the LP-IV score

λIV(P )′X∗
t ξ

IV
t (h, P ), λIV(P )′ ≡ e′

1J
IV(P )−1,

and the details are therefore omitted.

Lemma A.11 (variance of the LP-IV score). Let Assumptions 2, A.1 and A.3 hold.
For P ∈ PIV,T,N , define

V IV
j (h, P ) ≡ CovP

(
λIV(P )′X∗

t ξ
IV
t (h, P ),λIV(P )′X∗

t−jξ
IV
t−j(h, P )

∣∣∣ HN

)
.

If h ≤ p, then

V IV
j (h, P ) = 0 for all j ̸= 0.

Moreover, there exist positive finite constants CIV
V and CIV

V , depending only on the constants
in Assumptions 2 and A.3, such that, uniformly over P ∈ PIV,T,N and P -a.s.,

CIV
V ≤ V IV

0 (h, P ) ≤ C
IV
V .

In view of this result, we will write V IV(h, P ) ≡ V IV
0 (h, P ).

Lemma A.12 (LP-IV convergence rates). Let Assumptions 2, A.1 and A.3 hold. Let
NT , PT be such that NT → ∞ and PT ∈ PIV,T,NT

. Then, as T → ∞ with h and p ≥ h fixed,

∥∥∥Ĵ IV(h) − J IV(PT )
∥∥∥ = oPT

(1) ,
∥∥∥Ĵ IV(h)−1

∥∥∥ = OPT
(1) ,
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and

∥∥∥β̂IV(h) − β̃IV(h, PT )
∥∥∥ = OPT

(
T−1/2

)
.

In particular,
∣∣∣β̂IV(h) − β̃(h)

∣∣∣ = OPT

(
T−1/2

)
.

If ςW is the diagonal scaling for the non-instrumented controls Wit extracted from ςw,
then

∥∥∥ς−1
W π̂z(h)

∥∥∥ = OPT

(
T−1/2

)
,
∥∥∥ς−1
W π̂x(h)

∥∥∥ = OPT

(
T−1/2

)
and

∥∥∥ς−1
W (ψ∗(h, PT ) − ψ̂(h))

∥∥∥ = OPT

(
T−1/2

)
.

Lemma A.13 (asymptotic normality of the LP-IV score). Let Assumptions 2, A.1
and A.3 hold. Let NT , PT be such that NT → ∞ and PT ∈ PIV,T,NT

. Then, as T → ∞ with
h and p ≥ h fixed,

∑T−h
t=1 λ

IV(PT )′X∗
t ξ

IV
t (h, PT )√

(T − h)V IV(h, PT )
d−−−−−→
PT

N (0, 1).

Lemma A.14 (consistency of the LP-IV standard error). Let Assumptions 2, A.1
and A.3 hold. Let NT , PT be such that NT → ∞ and PT ∈ PIV,T,NT

. Then, as T → ∞ with
h and p ≥ h fixed,

(e′
1Ĵ

IV(h)−1)V̂ IV(h)(e′
1Ĵ

IV(h)−1)′

V IV(h, PT )
p−−−−−→
PT

1.

Lemma A.15 (LP-IV remainder term). Let Assumptions 2, A.1 and A.3 hold. Let
NT , PT be such that NT → ∞ and PT ∈ PIV,T,NT

. Then, as T → ∞ with h and p ≥ h fixed,

RIV(h, PT ) p−−−−−→
PT

0.

A.5 Technical claims

This appendix presents results for bilinear processes that we use repeatedly in the proofs of
Sections A.2, A.3 and A.4 to obtain explicit uniform bounds. To begin, we prove a simple
(but tedious) auxiliary result involving higher-order cumulants.

Claim 1 (cumulant bound for tensor product covariance). Let U, V and {Sk, Tk}∞
k=−∞
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be random vectors. Let µU = E [U ], µV = E [ V ], µS,k = E [Sk ], µT,k = E [Tk ] and write

U = µU + Ū , V = µV + V̄ , Sk = µS,k + S̄k, Tk = µT,k + T̄k

Assume that means are bounded and cumulants up to fourth order are absolutely summable:
For positive finite constants Ma,Mb, K

ab
2 , K

aST
3 , KUV b

3 , KUV ST
4 (a = U, V and b = S, T ),

(i) ∥µU∥max ≤ MU , ∥µV ∥max ≤ MV , supk ∥µS,k∥max ≤ MS, supk ∥µT,k∥max ≤ MT ,

(ii) ∑k ∥κ2(a, bk)∥max ≤ Kab
2 (a = U, V and c = S, T ),

(iii) ∑k ∥κ3(a, Sk, Tk)∥max ≤ KaST
3 , ∑k ∥κ3(U, V, bk)∥max ≤ KUV b

3 (a = U, V and c = S, T ),

(iv) ∑k ∥κ4(U, V, Sk, Tk)∥max ≤ KUV ST
4 .

Let K̃4 ≡ KUV ST
4 +KUS

2 KV T
2 +KUT

2 KV S
2 , K̃3 ≡ MUK

V ST
3 +MVK

UST
3 +MSK

UV T
3 +MTK

UV S
3

and K̃2 ≡ MUMSK
V T
2 +MVMSK

UT
2 +MUMTK

V S
2 +MVMTK

US
2 . Then,

∑
k

∥Cov(U ⊗ V, Sk ⊗ Tk )∥max ≤ K̃4 + K̃3 + K̃2.

Proof. Write

U ⊗ V = (Ū ⊗ V̄ ) + (µU ⊗ V̄ ) + (Ū ⊗ µV ) + (µU ⊗ µV ),
Sk ⊗ Tk = (S̄k ⊗ T̄k) + (µS,k ⊗ T̄k) + (S̄k ⊗ µT,k) + (µS,k ⊗ µT,k).

This allows us to write (the constant terms drop from the covariance)

Cov(U ⊗ V, Sk ⊗ Tk ) = Cov
(
Ū ⊗ V̄ , S̄k ⊗ T̄k

)
+ Cov

(
µU ⊗ V̄ , S̄k ⊗ T̄k

)
+ Cov

(
Ū ⊗ V̄ , µS,k ⊗ T̄k

)
+ Cov

(
Ū ⊗ µV , S̄k ⊗ T̄k

)
+ Cov

(
Ū ⊗ V̄ , S̄k ⊗ µT,k

)
+ Cov

(
µU ⊗ V̄ , µS,k ⊗ T̄k

)
+ Cov

(
Ū ⊗ µV , µS,k ⊗ T̄k

)
+ Cov

(
Ū ⊗ µV , S̄k ⊗ µT,k

)
+ Cov

(
µU ⊗ V̄ , S̄k ⊗ µT,k

)
.

By the triangle inequality, we need to bound the sum over k of the max-norm of each of the
nine terms on the right-hand side. In the calculations below, we repeatedly use the fact that
cumulants of (U, V, Tk, Sk) coincide with the cumulants of (Ū , V̄ , T̄k, S̄k) due to translation
invariance of κr(·) for r ≥ 2.
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For the first term, we have

∑
k

∥∥∥Cov
(
Ū ⊗ V̄ , S̄k ⊗ T̄k

)∥∥∥
max

≤ KUV ST
4 +KUS

2 KV T
2 +KUT

2 KV S
2 = K̃4.

This follows from applying to each combination of entries in Ū , V̄ , S̄k, T̄k the Leonov-Shiryaev
formula Cov(XY,ZW ) = κ4(X, Y, Z,W )+Cov(X,Z ) Cov(Y,W )+Cov(X,W ) Cov(Y, Z )
and using the second- and fourth-order cumulant bounds (ii) and (iv).

For the next four terms, we have (we only show the first one)

∑
k

∥∥∥Cov
(
µU ⊗ V̄ , S̄k ⊗ T̄k

)∥∥∥
max

≤ MUK
V ST
3 .

This obtains by applying the formula Cov(X,ZW ) = κ3(X,Z,W ) to V̄ , S̄k, T̄k entrywise,
using the third-order cumulant bound (iii) and ∥µU∥max ≤ MU in (i).

For the last four terms, we have (we only show the first one)

∑
k

∥∥∥Cov
(
µU ⊗ V̄ , µS,k ⊗ T̄k

)∥∥∥
max

≤ MUMSK
V T
2 .

This follows directly from the second-order cumulant bound (ii) and from ∥µU∥max ≤ MU

and supk ∥µS,k∥max ≤ MS in (i). Collecting all the pieces, the claim follows.

Claim 2 (bounds for bilinear processes). Let zt = zA,t+zB,t with zA,t = v′
t

∑∞
ℓ=−∞ Aℓvt−ℓ

and zB,t = v′
t

∑∞
ℓ=−∞

∑N
i=1 Biℓui,t−ℓ/N where dim(vt) = dv and dim(uit) = du. Assume that

the following holds for a set of positive finite constants M,K2, K3, K4, C̄:

(i) {vt, {uit}Ni=1} is stationary process with E [ vt ] = 0dv×1, E [ uit | {vτ}∞
τ=−∞ ] = 0du×1,

Var( vt ) = Idv
and Var(uit ) = Idu

. In addition, E
[

∥vt∥8
]

≤ M .

(ii) {Aℓ} and {Biℓ} are dv × dv and dv × du matrices such that, letting ρij = Cov
(
uit, ujt

)
,

∑
ℓ

∥Aℓ∥ ≤ C̄,

√√√√√ 1
N2

N∑
i,j=1

∥ρij∥ ×
(

max
1≤i≤N

∑
ℓ

∥Biℓ∥
)

≤ C̄.

(iii) Cumulants of qvt,ℓ ≡ vt ⊗ vt−ℓ and quit,ℓ ≡ vt ⊗ ui,t−ℓ, satisfy the following summability
conditions: For a, b, c, d = qv, qui , let

κ2(a, b) ≡ sup
ℓ1,ℓ2

∑
k

∥∥∥κ2(at,ℓ1 , bt−k,ℓ2)
∥∥∥

max
,
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κ3(a, b, c) ≡ sup
ℓ1,ℓ2,ℓ3

∑
k

∥∥∥κ3(at,ℓ1 , bt,ℓ2 , ct−k,ℓ3)
∥∥∥

max
,

κ4(a, b, c, d) ≡ sup
ℓ1,ℓ2,ℓ3,ℓ4

∑
k

∥∥∥κ4(at,ℓ1 , bt,ℓ2 , ct−k,ℓ3 , dt−k,ℓ4)
∥∥∥

max
.

Then, assume

κ2(qv, qv) ≤ K2, κ3(qv, qv, qv) ≤ K3, κ4(qv, qv, qv, qv) ≤ K4,

κ2(qui , quj ) ≤ K2∥ρij∥, κ3(qv, qui , quj ) ≤ K3∥ρij∥, κ4(qv, qui , qv, quj ) ≤ K4∥ρij∥,

and κ4(qui1 , q
u
j1 , q

u
i2 , q

u
j2) ≤ K4(∥ρi1i2∥∥ρj1j2∥ + ∥ρi1j2∥∥ρj1i2∥).

Then, there is a finite constant K̄ depending only on (dv, du,M,K2, K3, K4) such that

Var
(

T∑
t=1

z2
t√
T

)
≤ C̄4K̄ and E

[
z4
t

]
≤ C̄4K̄.

Proof. In more compact notation, write zA,t = ∑
ℓ a

′
ℓq
v
t,ℓ and zB,t = ∑N

i=1
∑
m b

′
imq

u
it,m/N where

aℓ = vec(A′
ℓ) and biℓ = vec(B′

iℓ). Next, let cAAℓm = aℓ⊗am, cABi,ℓm = aℓ⊗bim and cBBij,ℓm = biℓ⊗bjm.
Note that ∥cAAℓm ∥ = ∥aℓ ⊗ am∥ = ∥aℓ∥∥am∥ = ∥Aℓ∥∥Am∥. Analogously, ∥cABi,ℓm∥ = ∥Aℓ∥∥Bim∥
and ∥cBBij,ℓm∥ = ∥Biℓ∥∥Bjm∥.

Let Qvv
t,ℓ,m = qvt,ℓ ⊗ qvt,m, Quu

ijt,ℓ,m = quit,ℓ ⊗ qujt,m and Qvu
it,ℓ,m = qvt,ℓ ⊗ quit,m. Thus,

z2
A,t =

∑
ℓ,m

(cAAℓm )′Qvv
t,ℓ,m, zA,tzB,t = 1

N

N∑
i=1

∑
ℓ,m

(cABi,ℓm)′Qvu
it,ℓ,m, z

2
B,t = 1

N2

N∑
i,j=1

∑
ℓ,m

(cBBij,ℓm)′Quu
ijt,ℓ,m.

Since z2
t = z2

A,t + 2zA,tzB,t + z2
B,t , by Cauchy-Schwarz,

Var
(

T∑
t=1

z2
t√
T

)
≤


√√√√Var

(
T∑
t=1

z2
A,t√
T

)
+ 2

√√√√Var
(

T∑
t=1

zA,tzB,t√
T

)
+

√√√√Var
(

T∑
t=1

z2
B,t√
T

)2

.

Now,

Var
(

T∑
t=1

z2
A,t√
T

)
= 1
T

T∑
t,τ=1

Cov
(
z2
A,t, z

2
A,τ

)
≤ 1
T

T∑
t=1

∑
k

∣∣∣Cov
(
z2
A,t, z

2
A,t−k

)∣∣∣ ,
where the last line uses the triangle inequality and extends the sum over τ to all t− k. The
same inequality applies to the zA,tzB,t and z2

B,t terms. Hence, the first part of the claim will
be proven if we show ∑

k |Cov( ζt, ζt−k )|, for ζt = z2
A,t, zA,tzB,t, z

2
B,t, is bounded by C̄4 times a
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constant that only depends on (dv, du,M,K2, K3, K4). We verify it in steps 1, 2 and 3 below.
Next, by Loève’s inequality,

E
[
z4
t

]
≤ 23

(
E
[
z4
A,t

]
+ E

[
z4
B,t

])
.

Hence, the second part of the claim will be proven if we show that E
[
ζ4
t

]
, for ζt = zA,t, zB,t,

is bounded by C̄4 times a constant that only depends on (dv, du,M,K2, K3, K4). We verify
that in steps 4 and 5 below.

Step 1 (long-run variance of z2
A,t). We have

∑
k

∣∣∣Cov
(
z2
A,t, z

2
A,t−k

)∣∣∣ ≤
∑
k

∑
ℓ1,m1
ℓ2,m2

∣∣∣(cAAℓ1m1)′Cov
(
Qvv
t,ℓ1,m1 , Q

vv
t−k,ℓ2,m2

)
cAAℓ2m2

∣∣∣
≤
∑
k

∑
ℓ1,m1
ℓ2,m2

∥∥∥cAAℓ1m1

∥∥∥ ∥∥∥Cov
(
Qvv
t,ℓ1,m1 , Q

vv
t−k,ℓ2,m2

)∥∥∥ ∥∥∥cAAℓ2m2

∥∥∥

≤
(∑

ℓ

∥Aℓ∥
)4

d4
v sup
ℓ1,m1
ℓ2,m2

∑
k

∥∥∥Cov
(
Qvv
t,ℓ1,m1 , Q

vv
t−k,ℓ2,m2

)∥∥∥
max

,

where the first line uses the triangle inequality, the second the submultiplicativity of Frobe-
nius norm, the third replaces ∥cAAℓm ∥ by ∥Aℓ∥∥Am∥ and the sum of normed covariances by its
supremum over indexes, and it uses the relation ∥M∥ ≤

√
nm∥M∥max for all M ∈ R

n×m.
Fix ℓ1,m1, ℓ2,m2 and apply Claim 1 with U = qvt,ℓ1 , V = qvt,m1 , Sk = qvt−k,ℓ2 , Tk = qvt−k,m2 .

All means are bounded since by (i) and Cauchy-Schwarz, for all ℓ,

∥∥∥E[ qvt,ℓ ]∥∥∥max
≤ E

[
∥qvt,ℓ∥

]
≤
√
E
[

∥vt∥2
]
E
[

∥vt−ℓ∥2
]

= E
[

∥vt∥2
]

= tr(Idv
) = dv.

By (iii) and stationarity, all cumulants of demeaned variables up to order four are absolutely
summable with Kab

2 = K2, KaST
3 = KUV b

3 = K3 and KUV ST
4 = K4 (a = U, V and b = S, T ).

Therefore, by Claim 1, taking supremum over indexes, and using ∑ℓ ∥Aℓ∥ ≤ C̄ in (ii),

∑
k

∣∣∣Cov
(
z2
A,t, z

2
A,t−k

)∣∣∣ ≤ C̄4d4
v(K4 + 2K2

2 + 4dvK3 + 4d2
vK2).
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Step 2 (long-run variance of zA,tzB,t). With an analogous derivation as for z2
A,t,

∑
k

∣∣∣Cov
(
zAtzBt, zA,t−kzB,t−k

)∣∣∣ ≤
N∑

i,j=1

∑
k

∑
ℓ1,m1
ℓ2,m2

∣∣∣(cABi,ℓ1m1)′Cov
(
Qvu
it,ℓ1,m1 , Q

vu
j,t−k,ℓ2,m2

)
cABj,ℓ2m2

∣∣∣
N2

≤
(∑

ℓ

∥Aℓ∥
)2 (

max
1≤i≤N

∑
ℓ

∥Biℓ∥
)2

d3
vdu
N2

N∑
i,j=1

sup
ℓ1,m1
ℓ2,m2

∑
k

∥∥∥Cov
(
Qvu
it,ℓ1,m1 , Q

vu
j,t−k,ℓ2,m2

)∥∥∥
max

.

Fix i, j, ℓ1,m1, ℓ2,m2. We will now apply Claim 1 with U = qvt,ℓ1 , V = quit,m1 , Sk = qvt−k,ℓ2 ,
Tk = quj,t−k,m2 . All means are bounded with MU = MS = dv and MV = MT = 0 because∥∥∥E[ qvt,ℓ ]∥∥∥max

≤ dv as shown above and under (i), for all ℓ,

E
[
quit,ℓ

]
= vec

(
Cov

(
vt, ui,t−ℓ

))
= vec

(
Cov

(
vt, E

[
ui,t−ℓ

∣∣∣ {vτ}
] ))

= 0dvdu×1.

By (iii) and stationarity, cumulants of demeaned variables up to order four are absolutely
summable with KUS

2 = K2, KV T
2 = K2∥ρij∥, KUT

2 = KV S
2 = 0 by mean independence in (i),

KV ST
3 = KUST

3 = K3∥ρij∥ and KUV ST
4 = K4∥ρij∥. Therefore, by Claim 1,

sup
ℓ1,m1
ℓ2,m2

∑
k

∥∥∥Cov
(
Qvu
it,ℓ1,m1 , Q

vu
j,t−k,ℓ2,m2

)∥∥∥
max

≤ (K4 +K2
2 + 2dvK3 + d2

vK2)∥ρij∥.

Since (∑N
i,j=1 ∥ρij∥/N2)(max1≤i≤N

∑
ℓ ∥Biℓ∥)2 ≤ C̄2 by (ii),

∑
k

∣∣∣Cov
(
zA,tzB,t, zA,t−kzB,t−k

)∣∣∣ ≤ C̄4d3
vdu(K4 +K2

2 + 2dvK3 + d2
vK2).

Step 3 (long-run variance of z2
B,t). With an analogous derivation as for z2

A,t,

∑
k

∣∣∣Cov
(
z2
Bt, z

2
B,t−k

)∣∣∣ ≤
∑
i1,j1
i2,j2

∑
k

∑
ℓ1,m1
ℓ2,m2

∣∣∣(cBBi1j1,ℓ1m1)′Cov
(
Quu
i1j1t,ℓ1,m1 , Q

uu
i2j2,t−k,ℓ2,m2

)
cBBi2j2,ℓ2m2

∣∣∣
N4

≤
(

max
1≤i≤N

∑
ℓ

∥Biℓ∥
)4

d2
vd

2
u

N4

N∑
i1,j1
i2,j2

=1

sup
ℓ1,m1
ℓ2,m2

∑
k

∥∥∥Cov
(
Quu
i1j1t,ℓ1,m1 , Q

uu
i2j2,t−k,ℓ2,m2

)∥∥∥
max

.

Fix i1, j1, i2, j2, ℓ1,m1, ℓ2,m2. We will now apply Claim 1 putting U = qui1t,ℓ1 , V = quj1,t,m1 ,
Sk = qui2t−k,ℓ2 , Tk = quj2,t−k,m2 . Means are zero by (i), so take MU = MV = MS = MT = 0.
By (iii) and stationarity, cumulants of demeaned variables up to order four are absolutely
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summable with KUS
2 = K2∥ρi1i2∥, KV T

2 = K2∥ρj1j2∥, KUT
2 = K2∥ρi1j2∥, KV S

2 = K2∥ρj1i2∥
and KUV ST

4 = K4(∥ρi1i2∥∥ρj1j2∥ + ∥ρi1j2∥∥ρj1i2∥). Therefore, by Claim 1,

sup
ℓ1,m1
ℓ2,m2

∑
k

∥∥∥Cov
(
Quu
i1j1t,ℓ1,m1 , Q

uu
i2j2,t−k,ℓ2,m2

)∥∥∥
max

≤ (K4 +K2
2)(∥ρi1i2∥∥ρj1j2∥ + ∥ρi1j2∥∥ρj1i2∥).

Since (∑N
i1,j1,i2,j2=1(∥ρi1i2∥∥ρj1j2∥ + ∥ρi1j2∥∥ρj1i2∥)/N4)(max1≤i≤N

∑
ℓ ∥Biℓ∥)4 ≤ 2C̄4 by (ii),

∑
k

∣∣∣Cov
(
z2
B,t, z

2
B,t−k

)∣∣∣ ≤ C̄42d2
vd

2
u(K4 +K2

2).

Step 4 (fourth moments of zA,t). Use Cauchy-Schwarz to write |zA,t| ≤ ∥vt∥·∥∑ℓAℓvt−ℓ∥.
Next, by the triangle inequality and the submultiplicativity of the Frobenius norm, we have
∥∑ℓAℓvt−ℓ∥ ≤ ∑

ℓ ∥Aℓ∥ · ∥vt−ℓ∥. Now,

E
[
z4
A,t

]
≤
√
E
[

∥vt∥8
]√√√√√E

(∑
ℓ

∥Aℓ∥∥vt−ℓ∥
)8
≤

√
M

[∑
ℓ

∥Aℓ∥
(
E
[

∥vt∥8
]) 1

8

]4

≤ C̄4M.

The first relation uses Cauchy-Schwarz, the second uses Minkowski’s inequality and (i), and
the third uses (i) again and (ii).

Step 5 (fourth moments of zB,t). Since E
[
zB,t

]
= 0 by mean independence in (i),

E
[
z4
B,t

]
= Var

(
z2
B,t

)
+ E

[
z2
B,t

]2
= Var

(
z2
B,t

)
+ Var

(
zB,t

)2
.

We have shown in Step 3 that Var
(
z2
B,t

)
≤ ∑

k |Cov
(
z2
B,t, z

2
B,t−k

)
| ≤ C̄42d2

vd
2
u(K4 + K2

2).
We only need to show that Var

(
zB,t

)
is bounded by C̄2 times a constant that only depends

on (dv, du,M,K2, K3, K4). With similar algebra as above, we have

Var
(
zB,t

)
≤
(

max
1≤i≤N

∑
ℓ

∥Biℓ∥
)2

dvdu

 1
N2

N∑
i,j=1

sup
ℓ,m

∥∥∥Cov
(
quit,ℓ, q

u
jt,m

)∥∥∥
max


≤
(

max
1≤i≤N

∑
ℓ

∥Biℓ∥
)2

dvduK2

 1
N2

N∑
i,j=1

∥ρij∥

 ≤ C̄2dvduK2.

where the second relation uses (iii) and the last uses (ii).

Claim 3 (bounds for bilinear processes with time-varying coefficients). Consider
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zt = zA,t + zB,t, where zA,t = v′
t

∑∞
ℓ=−∞ At,ℓvt−ℓ and zB,t = zvuB,t + zuvB,t,

zvuB,t = v′
t

∞∑
ℓ=−∞

1
N

N∑
i=1

Bvu
it,ℓui,t−ℓ, zuvB,t = 1

N

N∑
i=1

u′
it

∞∑
ℓ=−∞

Buv
it,ℓvt−ℓ,

with dim(vt) = dv and dim(uit) = du. Assume conditions (i) and (iii) of Claim 2 hold, and
that there are matrix sequences {Aℓ} and {Biℓ} such that, for all t, i and ℓ,

∥At,ℓ∥ ≤ ∥Aℓ∥, ∥Bvu
it,ℓ∥ ≤ ∥Biℓ∥, ∥Buv

it,ℓ∥ ≤ ∥Biℓ∥.

Moreover, letting ρij = Cov
(
uit, ujt

)
, assume that

∞∑
ℓ=−∞

∥Aℓ∥ ≤ C̄,

√√√√√ 1
N2

N∑
i,j=1

∥ρij∥

 max
1≤i≤N

∞∑
ℓ=−∞

∥Biℓ∥

 ≤ C̄.

Then, there is a finite constant K̄ depending only on (dv, du,M,K2, K3, K4) such that

Var
(

T∑
t=1

z2
t√
T

)
≤ C̄4K̄, E

[
z4
t

]
≤ C̄4K̄.

Proof. The proof follows the same steps as the proof of Claim 2. The only modification is
that the coefficient vectors now depend on t, but every occurrence of their norms is bounded
uniformly by the envelopes ∥Aℓ∥ and ∥Biℓ∥. Hence all coefficient sums in Steps 1–5 of Claim
2 are bounded in exactly the same way by ∑ℓ ∥Aℓ∥ and max1≤i≤N

∑
ℓ ∥Biℓ∥.

The long-run variance bound for z2
B,t follows from the decomposition

z2
B,t = (zvuB,t)2 + 2zvuB,tzuvB,t + (zuvB,t)2.

The two squared terms are handled exactly as Step 3 of Claim 2. The cross term is handled by
the same covariance expansion and the same cumulant bound, again using only the envelope
bounds on ∥Bvu

it,ℓ∥ and ∥Buv
it,ℓ∥. This yields the same C̄4 result.

The fourth-moment bound for zB,t follows from Loève’s inequality,

z4
B,t ≤ 23

[
(zvuB,t)4 + (zuvB,t)4

]
.

Each component is treated as in Step 5 of Claim 2, with the same envelope bound.
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B Implementation details

B.1 Data-dependent lag selection

Here we show that information criteria deliver meaningful prescriptions for lag selection in
our panel data settings, as long as they are applied to the synthetic time-series representation
of the problem.

In particular, for a finite-order VAR(p0) model, both the Bayesian and Akaike Informa-
tion Criteria (BIC and AIC, respectively) select p0 or more lags with high probability in
large samples, and, in fact, the BIC selects exactly p0 lags asymptotically.

For simplicity, consider the stylized VAR model introduced in Section 2.2:

Yit = ρYi,t−1 + βiXt + Zt + uit, |ρ| < 1, (B.1)

where Xt, Zt, and uit are scalar shocks in the sense of Assumption 1. Iterating (B.1) gives
βiℓ = ρℓβi, γiℓ = ρℓ, and δiℓ = ρℓ. We specialize to idiosyncratic shocks that are independent
over i; in the notation of Assumption A.3, this implies ρij(P ) = 0 for i ̸= j. Thus As-
sumptions 1, A.1, and A.3, applied to this case deliver the shock orthogonality, stationarity,
nondegenerate primitive variances, summability, and cumulant bounds used below.

Write Ȳt = N−1∑N
i=1 Yit, with bars denoting analogous cross-sectional averages. Averag-

ing (B.1) gives

Ȳt = ρȲt−1 + β̄Xt + et, et = Zt + ūt. (B.2)

The lag-selection problem is therefore a time-series problem for the synthetic process (B.2).
Fix a maximal lag length p̄ ≥ 1. For 0 ≤ p ≤ p̄, let (âp, ϕ̂p,1, . . . , ϕ̂p,p) be the least squares
coefficients in

Ȳt = apXt +
p∑
ℓ=1

ϕp,ℓȲt−ℓ + r
(p)
t , t = p+ 1, . . . , T, (B.3)

with the sum omitted when p = 0. Let r̂(p)
t be the corresponding residuals and define

σ̂2
p = 1

T − p

T∑
t=p+1

(
r̂

(p)
t

)2
, ICT (p; gT ) = log σ̂2

p + p× gT , (B.4)

where {gT} is some deterministic scalar sequence. The coefficient on Xt is included in every
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candidate model and therefore plays no role in comparisons across p.

Proposition B.1. Fix ρ ̸= 0 and suppose that p̄ ≥ 1 is fixed. Along any sequence NT → ∞
and PT ∈ PT,NT

satisfying Assumptions 1, A.1, and A.3 under the model in (B.2) and for a
fixed autoregressive coefficient ρ ̸= 0, if

p̂ = argmin
0≤p≤p̄

ICT (p),

where ICT (p; gT ) is defined in (B.4), then the following holds:

(i) If gT → 0, then P T ( p̂ < 1) −→ 0.

(ii) If TgT → ∞, then P T ( p̂ > 1) −→ 0.

Proposition B.1 applies to both AIC (gT = 2/T ) and BIC (gT = log T/T ). In particular,
it implies P T ( p̂ = 1) −→ 1 (consistent lag selection) for the latter.

Proof. We work conditional on HNT
but omit it in our notation below; all probability orders

are under PT . By Assumptions 1 and A.3(i), et is orthogonal to Xt and to the past generated
by (B.2), and σ2

e ≡ Var( et ) > 0; nondegeneracy is immediate because the common shock Zt
has positive conditional variance and is orthogonal to ūt.

For any p ≥ 1, the population projection of Ȳt on (Xt, Ȳt−1, . . . , Ȳt−p) has coefficients
(β̄, ρ, 0, . . . , 0) and residual et. Hence σ2

p ≡ E
[

(r(p)
t )2

]
= σ2

e for all p ≥ 1. If p = 0, the
population coefficient on Xt is β̄, so r(0)

t = ρȲt−1 + et and

σ2
0 − σ2

1 = ρ2E
[
Ȳ 2
t−1

]
> 0. (B.5)

For each fixed p ≤ p̄, the variables in (B.3) are finite-dimensional linear processes in the
primitive shocks with summable coefficients. Assumptions 1, A.1, and A.3 (in particular the
cumulant and coefficient bounds in Assumption A.3(ii) and A.3(iv)) imply convergence in
probability and the usual T−1/2 rates. In particular, σ̂2

p
p−−−−−→
PT

σ2
p for all p ≤ p̄. It follows

from (B.5) that

ICT (0) − ICT (1) = log
(
σ̂2

0

σ̂2
1

)
− gT

p−−−−−→
PT

log
(
σ2

0

σ2
e

)
> 0.

Hence (i) is established and the information criterion rejects the underfitting model with
probability approaching one.
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Now fix p > 1 and compare the one-lag and p-lag regressions on the common sample
t = p+ 1, . . . , T . Let Rt = (Xt, Ȳt−1)′ and Qt = (Ȳt−2, . . . , Ȳt−p)′, stack these observations in
y, R, and Q, and let MR = I − R(R′R)−1R′. Write σ̂2

1|p = (T − p)−1y′MRy for the one-lag
residual variance on this sample. Frisch–Waugh–Lovell gives

σ̂2
1|p − σ̂2

p =
(
Q′MRy

T − p

)′ (
Q′MRQ

T − p

)−1 (
Q′MRy

T − p

)
. (B.6)

On the common sample, y = R(β̄, ρ)′ + e, with e = (ep+1, . . . , eT )′, so Q′MRy/(T − p) =
Q′MRe/(T −p) = OPT

(
T−1/2

)
. Similarly, (T −p)−1Q′MRQ converges to a nonsingular limit,

hence (B.6) is OPT

(
T−1

)
. Since removing the first p − 1 observations changes the one-lag

residual variance by OPT

(
T−1

)
, σ̂2

p − σ̂2
1 = OPT

(
T−1

)
for p > 1. As σ̂2

1
p−−−−−→
PT

σ2
e > 0, this

implies that, for every fixed p > 1,

ICT (p) − ICT (1) = OPT

(
T−1

)
+ (p− 1)gT .

When multiplied by T the stochastic term remains tight while the penalty diverges whenever
TgT → ∞. Hence, P T ( ICT (p) > ICT (1)) −→ 1 for each fixed p > 1 and (ii) follows. Note
that this also delivers consistent lag selection in the sense that P T ( p̂ = 1) −→ 1.

Remarks. A few remarks are in order. First, the same argument applies to any fixed finite
true lag length. Second, the result is deliberately pointwise. It justifies lag length selection for
the fixed DGP in (B.1); it does not by itself imply uniform validity of post-selection inference,
which is a separate question and can fail even with consistent lag selection criteria; see Leeb
and Pötscher (2005). Third, we conjecture that this approach to lag selection would still be
robust even if (B.1) (or any finite-order autoregressive model) was only an approximation, in
the local sense considered by Montiel Olea, Plagborg-Møller, Qian, and Wolf (2026, Section
C.3). Fourth, time aggregation in (B.4) is essential. To see this, consider a standard BIC
panel criterion with residual variance [N(T − p)]−1∑

i,t(v̂
(p)
it )2 and penalty p log(NT )/(NT ).

This delivers different predictions than in a standard time series setting; in particular, it does
not deliver consistent lag selection as it uses the wrong effective sample size: redundant lags
can improve fit at the time-series rate T−1, whereas the penalty is only o(T−1), asymptotically
too small to rule out overfitting.
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B.2 Finite-sample refinements

Finite-sample performance is a central concern in our setting, as many empirical applications
have as few as 30 or 50 time series observations, as documented in Section F.

Importantly, yet another advantage of t-LAHR inference is that it is easy to refine in small
samples. The reason is again the synthetic time-series representation — t-LAHR standard
errors coincide with heteroskedasticity-robust standard errors computed on the synthetic
time series. Consequently, refinements developed for heteroskedasticity-robust inference can
be transferred directly to our setting. In particular, we use the modifications proposed by
Bell and McCaffrey (2002) and popularized by Imbens and Kolesár (2016), which combine
an HC2 leverage adjustment with a Student-t critical value based on effective degrees of
freedom. Our simulations in Section B.3 suggest that these refinements add an additional
layer of robustness when T = 30, whereas they have smaller effects when T = 100. We
therefore recommend routinely including them when reporting t-LAHR confidence intervals,
and now briefly describe how to implement these refinements in our setting.9

Using the notation in the body of the paper, we denote residuals from the panel regression
in (2) as ξ̂it(h), and define the augmented regressor matrix Xit = (siXt,W

′
it)′, its two-way

within transformed counterpart as Ẍit(h) and the synthetic scores as Ŝt(h) = ∑
i Ẍit(h)ξ̂it(h).

The baseline t-LAHR variance estimator can then be written as

σ̂2
t-LAHR(h) = e′

1

∑
i,t

Ẍit(h)Ẍ ′
it(h)

−1 (∑
t

Ŝt(h)Ŝt(h)′
)∑

i,t

Ẍit(h)Ẍ ′
it(h)

−1

e1,

where e1 denotes the first canonical basis vector. The HC2 adjustment takes into ac-
count the fact that ξ̂it(h)2 are not unbiased estimators of the variance of the regression
errors. In order to proceed, define the synthetic augmented regression matrix as X̄t(h) =(∑

i ŝ
2
i

)−1∑
i ŝiẌit(h) and stack it as X̄(h) = (X̄1(h), . . . , X̄T−h(h))′ so that (one minus)

synthetic leverage for observation t corresponds to d̄t(h) = (M̄(h))tt, where

M̄(h) = IT−h − X̄(h)(X̄(h)′X̄(h))−1X̄(h)′.

When si = 1, X̄t(h) simply averages over i; with time-varying sit we use these period-by-

9These are included by default in our own software, available at https://github.com/TinchoAlmuzara/
PanelLocalProjections.
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period. The HC2 t-LAHR variance estimator is

σ̂2
t-LAHR(+)(h) = e′

1

∑
i,t

Ẍit(h)Ẍ ′
it(h)

−1 (∑
t

Ŝt(h)Ŝt(h)′

d̄t(h)

)∑
i,t

Ẍit(h)Ẍ ′
it(h)

−1

e1.

We also use critical values from a Student’s t distribution with effective degrees of freedom
ν(+)(h) chosen so as to account for the variability in σ̂2

t-LAHR(+)(h), which provides a better
approximation to the distribution of the t-statistic. The refined t-LAHR intervals are

Ĉα,+(h) =
[
β̂(h) ± t1−α/2(ν(+)(h))σ̂t-LAHR(+)(h)

]
.

Specifically, define the (T − h) × (T − h) matrix G(h) column by column as

G·t(h) = M̄·t(h)X̄ ′
t(h)(X̄(h)′X̄(h))−1e1√

d̄t(h)
.

If {λj(h)} are the eigenvalues of G(h)′G(h), then ν(+)(h) =
(∑

j λj(h)
)2
/
∑
j λj(h)2.

B.3 Simulation evidence

Here we report simulation evidence on the different implementation details of t-LAHR in-
ference discussed in this section. In particular, we consider simulations with different lag-
selection procedures and report results with and without finite-sample refinements.

Details. As discussed in Section 4, our benchmark specification uses the lag-selection rule

p̂(h) = max{1,min(h, p̂AIC)} (B.7)

and include the Imbens–Kolesár refinement described above. In the figures, we also report
alternative implementations with and without the Imbens–Kolesár refinement, and those
using alternative lag selection rules. In particular, we consider variants that use the BIC in
place of the AIC in (B.7), a more conservative, rule-of-thumb rule given by

p̂ROT1(h) = max{1,min(h,max{p̂AIC , ⌈(T − h)1/3⌉})}, (B.8)

where (T − h)1/3 is motivated by Xu (forthcoming, Remark 3) for fixed h and provides
quite generous lag length selection. We also consider the cruder alternative p̂ROT2(h) =
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⌈(T − h)1/3⌉, which does not exploit the information on the autocovariance of the scores.
Alternative rule-of-thumb-based criteria provide similar insights.

Results. Figures B.1 and B.2 report coverage and coverage-adjusted length of different
implementations of t-LAHR confidence intervals for T = 100, whereas Figures B.3 and B.4
do so for T = 30, respectively. Across designs, sample sizes and data-generating processes,
our benchmark t-LAHR implementation shows excellent performance, both unconditionally
and relative to the several variants considered here. (Whereas the results reported here are
for the baseline design considered in Section 4, these lessons are further reinforced across the
wide range of alternative specifications reported in Section D below.)

Two further lessons emerge. First, the Imbens-Kolesár adjustment proves important when
T = 30. This is extremely simple to implement and helps sustain a remarkable performance
of t-LAHR confidence intervals with small sample sizes, achieving close-to-nominal coverage
even at horizons where the effective number of observations is closer to 20.

Second, the rule in (B.7) delivers confidence intervals with great coverage and (coverage-
adjusted) length properties. Across specifications, AIC and BIC criteria end up choosing
between 1 and 5 lags, with small differences among them. These criteria also tend to choose
a higher number of lags and be less dispersed in the VAR DGP, which features higher
persistence (p̂AIC averages around 1.5 lags in the baseline DGP and around 2 lags in the VAR
DGP). We favor the slightly more conservative AIC-based rules (this is also in line with the
time series local projections literature, see Montiel Olea, Plagborg-Møller, Qian, and Wolf,
forthcoming), but emphasize that AIC and BIC often lead to the same prescriptions in our
simulations and in our empirical applications, which is to be expected for relatively small T .

On the other hand, the criteria based on (B.8) and the less sophisticated version that uses
⌈(T −h)1/3⌉ lags select up to 4 lags when T = 30 and up to 5 lags when T = 100. These rules
select a few more lags than our benchmark and also show reasonable performance, although
our simulations suggest caution with these more conservative rules in finite samples, which
is not surprising considering the limited sample sizes of most empirical applications. In
particular, despite possibly accounting for some non-zero autocovariance terms, a higher
number of lags also introduces finite-sample distortions, which might dominate in settings
with realistic sample sizes. This is the case in our simulations (even for T = 100), which
stresses the convenience of finite-sample refinements. Furthermore, whereas the different
rules deliver similar coverage guarantees in our simulations (the largest absolute coverage
distortion is about 5 points for all rules), these rule-of-thumb approaches deliver substantially

50



wider coverage-adjusted confidence intervals (up to 25-35% in our simulations).
We draw on this evidence, the results in the paper linking the leftover autocorrelation to

the horizon of interest h, and the results in Proposition B.1 to use the data-driven rule in
equation (B.7) together with the Imbens-Kolesár refinement as the benchmark for t-LAHR
evidence for the relatively small time series sample sizes that are common in empirical work.

51
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(b) LP. R̄2 = 0.66
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(c) LP. R̄2 = 0.33
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(d) LP-IV. R̄2 = 0.99
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(e) LP-IV. R̄2 = 0.66
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(f) LP-IV. R̄2 = 0.33
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(g) VAR DGP. R̄2 = 0.99
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(h) VAR DGP. R̄2 = 0.66
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(i) VAR DGP. R̄2 = 0.33
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FIGURE B.1. Coverage rates of 90% confidence intervals for T = 100.
Note: The panels report several implementation variants of t-LAHR confidence intervals, as described in
the text in detail. t-LAHR(+) denotes the benchmark specification with a lag-selection rule given by (B.7)
and with the Imbens and Kolesár (2016) finite-sample refinement. Variants that drop the Imbens-Kolesár
adjustment are indicated with (−) in the legend. Variants that use the BIC in place of the AIC in (B.7) are
indicated with (BIC), those based on the rule-of-thumb rule in (B.8) are indicated with (ROT1), and those
which use ⌈(T − h)1/3⌉ lags are referred to as (ROT2). The simulation design corresponds to the baseline
design described in Section 4.
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FIGURE B.2. Median coverage-adjusted length of 90% confidence intervals for T = 100.
Note: The panels report several implementation variants of t-LAHR confidence intervals, as described in
the text in detail. t-LAHR(+) denotes the benchmark specification with a lag-selection rule given by (B.7)
and with the Imbens and Kolesár (2016) finite-sample refinement. Variants that drop the Imbens-Kolesár
adjustment are indicated with (−) in the legend. Variants that use the BIC in place of the AIC in (B.7) are
indicated with (BIC), those based on the rule-of-thumb rule in (B.8) are indicated with (ROT1), and those
which use ⌈(T − h)1/3⌉ lags are referred to as (ROT2). The simulation design corresponds to the baseline
design described in Section 4.
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FIGURE B.3. Coverage rates of 90% confidence intervals for T = 30.
Note: The panels report several implementation variants of t-LAHR confidence intervals, as described in
the text in detail. t-LAHR(+) denotes the benchmark specification with a lag-selection rule given by (B.7)
and with the Imbens and Kolesár (2016) finite-sample refinement. Variants that drop the Imbens-Kolesár
adjustment are indicated with (−) in the legend. Variants that use the BIC in place of the AIC in (B.7) are
indicated with (BIC), those based on the rule-of-thumb rule in (B.8) are indicated with (ROT1), and those
which use ⌈(T − h)1/3⌉ lags are referred to as (ROT2). The simulation design corresponds to the baseline
design described in Section 4.
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FIGURE B.4. Median coverage-adjusted length of 90% confidence intervals for T = 30.
Note: The panels report several implementation variants of t-LAHR confidence intervals, as described in
the text in detail. t-LAHR(+) denotes the benchmark specification with a lag-selection rule given by (B.7)
and with the Imbens and Kolesár (2016) finite-sample refinement. Variants that drop the Imbens-Kolesár
adjustment are indicated with (−) in the legend. Variants that use the BIC in place of the AIC in (B.7) are
indicated with (BIC), those based on the rule-of-thumb rule in (B.8) are indicated with (ROT1), and those
which use ⌈(T − h)1/3⌉ lags are referred to as (ROT2). The simulation design corresponds to the baseline
design described in Section 4.
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C Size distortions of t-HAR alternatives

In principle, time-clustered heteroskedasticity and autocorrelation-robust (t-HAR) inference
procedures are a valid alternative to t-LAHR, as noted in Section 3.2. In practice, they are
sensitive to the choice of tuning parameters, are harder to refine, and display sizable finite-
sample distortions. An example is Driscoll and Kraay (1998) standard errors, for which we
documented substantial size distortions in our simulations.

Here we provide additional evidence on the source of these finite-sample distortions. In
particular, we argue that one should expect t-HAR estimators to inherit the well-documented
finite-sample issues identified for HAR/HAC estimators in the time series literature (for a
review, see Lazarus, Lewis, Stock, and Watson, 2018), and document this in simulations.

C.1 Derivations

Consider the panel local projection estimator without lag augmentation but with unit and
time fixed effects in

Yi,t+h = β̂(h)ŝiXt + âi(h) + λ̂t(h) + ξ̂it(h), (C.1)

where ŝi = si −N−1∑N
j=1 sj. Furthermore, let x̂it(h) be the residual from projecting ŝiXt on

unit and time fixed effects, which can be written as x̂it(h) = ŝi
(
Xt − X̄0(h)

)
with X̄0(h) =

(T − h)−1∑T−h
t=1 Xt, and define the synthetic scores

ĝt(h) = 1
N

N∑
i=1

x̂it(h)ξ̂it(h), t = 1, . . . , T − h.

A generic t-HAR variance estimator with bandwidth M is

V̂tHAR(h;M) = Γ̂0(h) + 2
T−h−1∑
ℓ=1

k

(
ℓ

M

)
Γ̂ℓ(h), Γ̂ℓ(h) = 1

T − h

T−h∑
t=ℓ+1

ĝt(h)ĝt−ℓ(h), (C.2)

where k(·) is a symmetric kernel with k(0) = 1,10 and from where the connection to time-
series HAC inference becomes clear. The associated standard error and t-statistic are

σ̂tHAR(h;M) =
(
V̂tHAR(h;M)
(T − h)Ĵ(h)2

)1/2

, ttHAR(h;M) = β̂(h) − β̃(h)
σ̂tHAR(h;M) ,

10For instance, the Bartlett kernel used in Driscoll and Kraay (1998) is k(x) = (1 − |x|)1{|x| ≤ 1}.

56



where Ĵ(h) = (N(T − h))−1∑T−h
t=1

∑N
i=1 x̂it(h)2 is the least squares denominator matrix and

β̃(h) denotes the finite-population estimand β̃(h) =
(∑N

i=1 ŝ
2
i

)−1∑N
i=1 ŝiβih.

We now obtain approximations to the finite-sample distribution of ttHAR(h;M). We keep
the derivation deliberately at the level needed for the argument. Let ξit(h, P ) denote the
population residual corresponding to (C.1) (as in equation (A.4)), and define

ξt(h, P ) = 1
N

N∑
i=1

ŝiξit(h, P ), gt(h, P ) = Xtξt(h, P ).

Then, mirroring the derivation in the proof of Proposition 1 in Section A.2,

Ĵ(h)
(
β̂(h) − β̃(h)

)
= 1
T − h

T−h∑
t=1

(
Xt − X̄0(h)

)
ξt(h, P )

= 1
T − h

T−h∑
t=1

gt(h, P ) − X̄0(h)
T − h

T−h∑
t=1

ξt(h, P ),

where X̄0(h) = Op

(
(T − h)−1/2

)
, which implies

ttHAR(h;M) = V̂tHAR(h;M)−1/2
(

1√
T − h

T−h∑
t=1

gt(h, P ) + rT,h(P )
)

(C.3)

where rT,h(P ) = Op

(
(T − h)−1/2

)
. The next step is to map the variance estimator V̂tHAR(h;M)

into the corresponding HAC estimator for the synthetic population scores gt(h, P ). Write
M = b(T − h) and let Kb(a, c) denote the HAC bilinear form in (C.2) applied to generic
sequences {at} and {ct}; in particular, Kb(ĝ, ĝ) = V̂tHAR(h;M). The arguments in Sun (2014,
p. 676) deliver the following:

V̂tHAR(h;M) = Kb(g − ḡ, g − ḡ) + (T − h)−1/2Ψ1T (h)
+ (T − h)−1/2{

√
b+ (b(T − h))−q}Ψ2T (h) +Op

(
(T − h)−1

)
,

where ḡ = (T − h)−1∑T−h
t=1 gt(h, P ), q is the Parzen characteristic exponent of the kernel,

Ψ1T (h) = Op(1) and does not depend on b, and Ψ2T (h) = Op(1). Back to (C.3), we can write

ttHAR(h;M) = t̃tHAR(h;M) + Ψ̃T (h) + Ψ∗
T (h),

where t̃tHAR(h;M) = (Kb(g − ḡ, g − ḡ))−1/2 1√
T−h

∑T−h
t=1 gt(h, P ), Ψ̃T (h) = Op

(
(T − h)−1/2

)
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and
Ψ∗
T (h) = Op

(√
b+ (b(T − h))−q

(T − h)1/2 + 1
T − h

)
.

Now, define the location model yt ≡ β(h) + gt(h, P ) for some constant β(h). For a given
h, β(h) is estimated via (T − h)−1∑T−h

t=1 yt. It is then immediate that the t-ratio for testing
H0 : β(h) = 0 in this model using a HAR variance estimator corresponds to t̃tHAR(h;M).

Under the assumption that gt(h, P ) is a Gaussian process, we can use the results in
the literature (Sun, Phillips, and Jin, 2008; Sun, 2014) to approximate the finite-sample
distribution of ttHAR(h;M) as b → 0. Consider first the fixed-b approximation. Let b =
M/(T −h) ∈ (0, 1] be fixed. Under our maintained assumptions, the normalized partial-sum
process for gt(h, P ) satisfies the usual functional CLT with positive long-run variance, which
implies a nonstandard limit given by

ttHAR(h;M) =⇒ Tb ≡ W (1)
{∫ 1

0

∫ 1

0
k
(
r − s

b

)
dW ◦(r)dW ◦(s)

}−1/2
,

where =⇒ denotes weak convergence, W is standard Brownian motion and W ◦(r) = W (r)−
rW (1) is the associated Brownian bridge (cf. Kiefer and Vogelsang, 2005). Define

Fb(z) = P ( |Tb| ≤ z) , c1 =
∫ ∞

−∞
k(x) dx, c2 =

∫ ∞

−∞
k(x)2 dx.

Then it follows from Sun et al. (2008, Theorem 1) that the size distortion of using standard
normal critical values is transparent from the small-b expansion of this fixed-b limit:

Fb(z) = 2Φ(z) − 1 − zϕ(z)
{
c1 + c2

2 (1 + z2)
}
b+ o(b), (C.4)

where we use ϕ(·) to denote the standard normal density. The term proportional to c2

captures randomness in the long-run variance estimator; the term proportional to c1 is the
fixed-b centering/bias term. Both reduce the coverage probability of a two-sided interval
based on the normal critical value. The finite-sample expansion adds the usual nonparametric
HAC-bias term, which in our case has the finite h-dependent form

dq,h(P ) =
2∑h

j=1 j
qCovP

(
gt(h, P ), gt−j(h, P )

)
VarP ( gt(h, P ) ) + 2∑h

j=1 CovP
(
gt(h, P ), gt−j(h, P )

) . (C.5)

Finally, let zα = Φ−1(1 − α/2) and gq = limx→0
1−k(x)

|x|q . Combining (C.4) with the finite-
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sample expansion in Sun (2014, Theorems 2–3), the two-sided rejection probability based on
normal critical values can be written as

P ( |ttHAR(h;M)| > zα) = α+ zαϕ(zα)
{
c1 + c2

2 (1 + z2
α)
}
b+ zαϕ(zα) gqdq,h(P )

(b(T − h))q

+Rlin
T,h(P ; b) + o(b) + o{(b(T − h))−q}. (C.6)

The remainder Rlin
T,h(P ) is the higher-order local-linearization term from mapping the panel

estimator into the Gaussian/location expansion. In the GMM expansion of Sun (2014), this
term is of order O((T −h)−1/2 log(T −h)) and does not depend on the bandwidth at leading
order. Equation (C.6) isolates the part of the distortion that is specific to the HAR choice
of kernel and bandwidth. For the Bartlett kernel used in Driscoll and Kraay (1998) we have
that k(x) = (1 − |x|)1{|x| ≤ 1}, q = 1, gq = 1, c1 = 1 and c2 = 2/3, so (C.6) specializes to

P ( |ttHAR(h;M)| > zα) ≈ α+ zαϕ(zα)
{

4 + z2
α

3 b+ d1,h(P )
b(T − h)

}
, (C.7)

up to remainder terms and ignoring the location model approximation. This is the expression
that we target below in simulations.

C.2 Simulation evidence

We now complement the derivations above with simulation evidence showing that a substan-
tial portion of the actual coverage distortions of t-HAR/HAC estimators (including Driscoll
and Kraay, 1998) can be accounted for by mapping the inferential problem to those in the
HAC/HAR time-series literature.

In particular, we target the expected distortions in equation (C.7); its first term captures
the fixed-b bias and randomness in the long-run variance estimator and is always positive
when standard normal critical values are used. Its second term is the usual nonparametric
HAC-bias term that depends on the autocovariance of the scores. In economically realistic
designs where (C.5) is positive, both terms would push towards overrejection (and under-
coverage of confidence intervals).

Figure C.1 reports results corresponding to the baseline design and the general DGP
considered in Section 4 in the body of the paper for T = 100. We compare four Bartlett
implementations that differ only in bandwidth: the Newey and West (1994) rule correspond-
ing to Mh = ⌈4((T − h)/100)2/9⌉ (used in the default implementation of Driscoll and Kraay
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(1998) in Stata command xtscc), the long-bandwidth choice Lh = (T − h) − 2 (used in the
default implementation of Driscoll and Kraay (1998) in Stata command xtreg), the rule-of-
thumb rule in Andrews (1991) given by Mh = ⌈1.4(T − h)1/3⌉, and the loss-minimizing rule
Mh = ⌈1.3(T−h)1/2⌉ in Lazarus et al. (2018). Using these choices with normal critical values
is suboptimal in light of the large body of evidence developed in the time series literature:
precisely, the objective of this exercise is to illustrate that these lessons are also applicable
to inference for panel regression models with aggregate shocks. In the figure, we report both
empirical size (solid lines) and expected size (dashed lines) according to the approximation in
equation (C.7). We choose bh = Mh/(T −h) and approximate d1,h(P ) in (C.5) by simulating
data from the DGP.

All four t-HAR/HAC procedures show substantial size distortions, even for T = 100.
The long-bandwidth choice sets bh ≈ 1 for all h and is the worst performer, followed by the
implementation using Mh = ⌈1.3(T − h)1/2⌉, which tends to estimate more autocovariances
than the Newey-West and Andrews rules. Most importantly for our purposes, equation (C.7)
can account both for a substantial fraction of these distortions and for the level differences
across methods. It explains around half of the actual distortions for the bandwidth rules
motivated by Newey and West (1994), Andrews (1991) and Lazarus et al. (2018).

Moreover, note that here we have focused on the bandwidth choice by fixing the (Bartlett)
kernel. Kernel considerations add an additional margin of variation; see, for example, how
this changes the constants in the fixed-b term in equation (C.6) or the substantial distortions
documented for the t-HAC estimator in Section 4, which uses a uniform kernel.

These results also clarify the role and limits of refined t-HAR alternatives considered
in Section 4, which build on our derivations above to (partially) internalize some of these
finite-sample distortions. For example, the equally-weighted cosine approach that we con-
sider in the text (as recommended by Lazarus et al., 2018) is precisely designed to improve
over conventional HAC inference by using critical values and tuning parameters motivated
by the fixed-b literature. Whereas these deliver noticeable improvements, they remain far
from nominal coverage in our simulations. The results here illustrate why — fixed-b alter-
natives can partially remove the predicted (first-order) distortions, but a significant amount
of overrejection remains for the realistic sample sizes we consider. This is also a practical
reason why we favor t-LAHR: by using lag augmentation to account for the leftover serial
dependence and then simply relying on heteroskedasticity-robust inference, we avoid the
hardest part of the HAC/HAR problem.

These results complement the derivations above and provide further evidence that we
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(a) T = 100. R̄2 = 0.99
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(c) T = 100. R̄2 = 0.33
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FIGURE C.1. Size distortions under different implementations of t-HAR standard errors
Note: Empirical (solid lines) and expected (dashed lines) rejection rates for 90% confidence intervals under
different implementations of Driscoll and Kraay (1998). Expected rejection rates are calculated based on
results for HAR estimators in the time series literature. See the text for additional details.

can rely on recent results in the time-series HAC/HAR literature to shed light on the sizable
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coverage distortions that we document for Driscoll and Kraay (1998) and other methods
based on estimating the long-run variance of the (synthetic) scores.

D Additional simulation evidence

This section provides extensive simulation evidence on the performance of t-LAHR inference.
We first discuss the calibration of the baseline simulations reported in Section 4 and then
present additional results.

D.1 Details of simulation study

Here we describe in detail the simulation study presented in Section 4. First, we describe
how we simulate the heterogeneity; second, we specify the calibration of our DGPs.

Simulation of observable and unobservable heterogeneity. A primary feature is the
correlation between si and {βi, γi, δi}.11 We begin by drawing the vector

(si, sγ,i, sδ,i)′ ∼ N (13×1, (1 − ρ)I3 + ρ13×3)

for some ρ ̸= 0. Next, we set a very large L̄ and compute

βiℓ = siβ̆iℓ, γiℓ = sγ,iγ̆iℓ, δiℓ = sδ,iδ̆iℓ,

where {β̆iℓ, γ̆iℓ, δ̆iℓ}L̄ℓ=0 are obtained by (a) drawing the roots of ARMA polynomials from
Beta distributions, (b) computing their MA(∞) representations, (c) truncating them at L̄,
and (d) normalizing them so that ∑L̄

ℓ=0 β̆
2
iℓ = ∑L̄

ℓ=0 γ̆
2
iℓ = ∑L̄

ℓ=0 δ̆
2
iℓ = 1.12

11Instead, µi (and mi in the VAR setup) does not play a big role and we simply draw it as N (0, 1).
12The advantage of this representation is that it separates the scale and persistence. For example, if Xt is

white noise with unit variance conditional on {βiℓ}
L̄
ℓ=0, the variance of

∑L̄
ℓ=0 βiℓXt−ℓ is

∑L̄
ℓ=0 β

2
iℓ = s2

i while
the ratio of long-run variance to variance of

∑L̄
ℓ=0 βiℓXt−ℓ (a measure of persistence) is(∑L̄

ℓ=0 βiℓ

)2

∑L̄
ℓ=0 β

2
iℓ

=

(∑L̄
ℓ=0 β̆iℓ

)2

∑L̄
ℓ=0 β̆

2
iℓ

,

which does not depend on si.
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Finally, in the VAR DGP, we set

Biℓ = siB̆iℓ, Ci0 = sγ,i, Di0 = sδ,i.

where {B̆iℓ}L̄ℓ=0 are obtained in the same way as {β̆iℓ}L̄ℓ=0 above. This approach does not
satisfy Assumption A.3(iv), although responses are bounded with sufficiently high probability
that it does not seem to make a difference.

DGP calibration. In the general DGP, we set ρ = 0.5, and generate {β̆iℓ, γ̆iℓ, δ̆iℓ}L̄ℓ=0 from
ARMA(4, 2) processes with the following expected AR and MA roots:

• (0.7, 0.3, 0.2, 0.1) and (0, 0) for β̆iℓ,

• (0.7, 0.2, 0.1,−0.2) and (0.2,−0.2) for γ̆iℓ, and

• (0.9, 0.3, 0.1, 0.1) and (0.5, 0.2) for δ̆iℓ.

We draw each root as sign(λ̄) × Beta(|λ̄|ν, (1 − |λ̄|)ν) where λ̄ is the mean listed above and
ν = 10, and we truncate polynomials at L̄ = 2T lags.

In the LP-IV case, we use a similar method for {bℓ, cℓ}L̄ℓ=0. We obtain bℓ from an ARMA(1,
1) with roots 0.3 and −0.2 (and imposing the normalization b0 = 1), and cℓ from an ARMA(2,
2) with roots (0.4, 0.2) and (0.1,−0.1). We also set a0 = 10 to be safely above standard
weak IV thresholds. Finally, for the VAR DGP, we draw {B̆iℓ}pℓ=0 from an MA(2) with roots
(0.8,−0.5) and ν = 10, and we set {Aℓ}pℓ=1 to an AR(2) with roots (1 − 5/T, 0.5).

The mean and quantiles of responses for each horizon can be seen in Figure D.1.
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FIGURE D.1. Distributions of impulse responses for general and VAR DGPs.

D.2 Time-varying covariates sit
Our framework naturally extends to setups where the aggregate shocks of interest are inter-
acted with time-varying covariates sit, as discussed in Remark 3 in the paper.

Figures D.2 and D.3 present coverage rates of 90% confidence intervals in the general DGP
for panel LPs on Xt (panels (a)-to-(c)) and on sitXt (panels (d)-to-(f)).13 As mentioned in
the paper, the estimands are different: LPs on Xt recover the mean impulse response while
LPs on sitXt recover their projection on sit. Yet, the observations we made about inference
from Section 4 are unchanged. In particular, t-LAHR inference dominates all the alternatives
in delivering correct coverage for the nonparametric panel local projection estimand.

13For panel LPs on Xt time effects are excluded from the vector of controls. Otherwise, the estimation
and inference procedures are the same as in Figure 1 in the paper.
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Design. Relative to our baseline design, to generate time-varying heterogeneity we set sit =
si + ζit with ζit ∼ N (0, 1), i.i.d. over units and time, and independent of si and everything
else. This ensures sit remains exogenous with respect to aggregate and idiosyncratic shocks.
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(c) LP on Xt. R̄
2 = 0.33
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(d) LP on sitXt. R̄
2 = 0.99
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(e) LP on sitXt. R̄
2 = 0.66
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(f) LP on sitXt. R̄
2 = 0.33
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FIGURE D.2. Coverage rates of 90% confidence intervals for T = 100.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.
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(b) LP on Xt. R̄
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(c) LP on Xt. R̄
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(d) LP on sitXt. R̄
2 = 0.99
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(e) LP on sitXt. R̄
2 = 0.66
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(f) LP on sitXt. R̄
2 = 0.33
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FIGURE D.3. Coverage rates of 90% confidence intervals for T = 30.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.

D.3 Conditional heteroskedasticity

This section considers simulations with conditionally heteroskedastic innovations.

Design. We modify the benchmark general DGP by replacing the i.i.d. Gaussian shocks
with conditionally heteroskedastic (ARCH-type) innovations, which are allowed for under
Assumption 1, while keeping their unconditional variances equal to one. For each shock
ϵt ∈ {Xt, Zt, uit} we draw i.i.d. zt ∼ N (0, 1) and set

ht = (1 − αϵ) + αϵz
2
t−1, ϵt =

√
ht zt,
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which ensures that E
[
ϵ2
t

]
= 1 while introducing persistence in second moments. We set

αX = αZ = 0.8, and allow for heterogeneity in volatility persistence by letting

α1,i = αmin + (αmax − αmin) Φ(δi0), (αmin, αmax) = (0.4, 0.99),

so that units with larger micro-level responses δi0 exhibit stronger patterns of volatility.

(a) T = 100. R̄2 = 0.99
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(b) T = 100. R̄2 = 0.66
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(c) T = 100. R̄2 = 0.33
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(d) T = 30. R̄2 = 0.99

0 1 2 3 4 5
h

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
ov

er
ag

e 
ra

te
 o

f 9
0%

 C
I

t-HR
t-HAC
t-HAR
t-LAHR

1W(i)
2W
DK98

(e) T = 30. R̄2 = 0.66
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(f) T = 30. R̄2 = 0.33
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FIGURE D.4. Coverage rates of 90% confidence intervals in the heteroskedastic design.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.

D.4 Non-Gaussianity

Our baseline DGP draws all shocks as Gaussian innovations. Here we report results with
shocks drawn from distributions featuring skewness and heavy tails.

67



Design. For each shock we draw tt ∼ tν and ct ∼ χ2
k, where tν and χ2

k denote the Student’s
t distribution with ν degrees of freedom and the chi-squared distribution with k degrees of
freedom, and standardize them as

t̃t = tt

/√
ν/(ν − 2), c̃t = (ct − k)

/√
2k.

Then, we draw ϵt ∈ {Xt, Zt, uit} via the convolution

ϵt =
√

1 − p t̃t + √
p c̃t.

We take (ν, k, p) = (3, 3, 0.5), which yields shocks with pronounced kurtosis (from the t
component) and skewness (from the χ2 component), while maintaining unit variance by
construction. (Note that ν = 3 is ruled out by our regularity conditions in Assumption
A.3(ii), but this does not seem to be problematic in this particular design.)
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(a) T = 100. R̄2 = 0.99
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(b) T = 100. R̄2 = 0.66
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(c) T = 100. R̄2 = 0.33
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(d) T = 30. R̄2 = 0.99
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(e) T = 30. R̄2 = 0.66
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(f) T = 30. R̄2 = 0.33

0 1 2 3 4 5
h

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
ov

er
ag

e 
ra

te
 o

f 9
0%

 C
I

t-HR
t-HAC
t-HAR
t-LAHR

1W(i)
2W
DK98

FIGURE D.5. Coverage rates of 90% confidence intervals in the non-Gaussian design.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.

D.5 Spatially correlated micro shocks

The baseline simulation design in Section 4 draws uit and unit-level heterogeneity i.i.d. for
simplicity, but our regularity conditions (see Assumptions A.2 and A.3) allow for rich forms
of cross-sectional dependence.

We illustrate this in simulations in Figure D.6, which shows similar patterns to those in
the baseline design. In particular, t-LAHR performs best across horizons, sample sizes and
macro–micro regimes. The main difference is in the behavior of one-way clustering (1W(i)),
which also shows large coverage distortions even in low-signal environments, in line with the
fact that idiosyncratic shocks are now correlated across units.
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Design. We consider weak cross-sectional dependence by spatial correlation as follows.
Fix an ordering of units i = 1, . . . , N and a parameter |ρcs| < 1 (we use ρcs = 0.5). For
each t, we generate i.i.d. innovations {ϵit}Ni=1 ∼ N (0, 1) and define the micro shocks by the
cross-sectional recursion

u1t = ϵ1t, uit = ρcsui−1,t +
√

1 − ρ2
csϵit (i ≥ 2),

so that Corr
(
uit, ujt

)
= ρ|i−j|

cs and dependence decays geometrically with cross-sectional
distance. We introduce the same form of dependence in the draws of observable and unob-
servable heterogeneity by generating the Gaussian innovations underlying (si, sγ,i, sδ,i) and
µi via the recursion above. Finally, because cross-sectional dependence inflates the variance
of cross-sectional averages of uit by a constant factor, we rescale the size of idiosyncratic
shocks by

√
(1 − ρcs)/(1 + ρcs) so that the macro–micro error calibration based on R̄2 re-

mains comparable across designs.14

14Given Corr
(
uit, ujt

)
= ρ|i−j|

cs and Var(uit ) = 1, Var
(
N−1∑N

i=1 uit

)
= N−2[N+2

∑N−1
k=1 (N−k)ρk

cs
]

≈
1
N

1+ρcs
1−ρcs

for large N .
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(a) T = 100. R̄2 = 0.99
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(b) T = 100. R̄2 = 0.66
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(c) T = 100. R̄2 = 0.33
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(d) T = 30. R̄2 = 0.99
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(e) T = 30. R̄2 = 0.66
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(f) T = 30. R̄2 = 0.33
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FIGURE D.6. Coverage rates of 90% confidence intervals in the spatially correlated design.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.

D.6 Additional persistence

Here we illustrate the discussion in Section 4 regarding the relative performance of t-
HAR/HAC vs t-LAHR with (near) unit roots by considering designs with higher persistence
than those in the baseline calibration.

In particular, we set the expected AR roots for both β̆iℓ and γ̆iℓ to (0.9, 0.6, 0.1,−0.2) and
the expected MA roots to (0.2,−0.2), and those for δ̆iℓ to (0.95, 0.7, 0.1, 0.1) and (0.5, 0.2),
respectively. All other features of the DGP are kept unchanged. On top of T = 30 and
T = 100, we also report results for T = 300 here in Figure D.7.
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(a) LP. R̄2 = 0.99
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(b) LP. R̄2 = 0.66
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(c) LP. R̄2 = 0.33
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(d) LP-IV. R̄2 = 0.99
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(e) LP-IV. R̄2 = 0.66
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(f) LP-IV. R̄2 = 0.33
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FIGURE D.7. Coverage rates of 90% confidence intervals in the alternative persistence design for
T = 300 and N = 15, 000.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.
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(a) LP. R̄2 = 0.99
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(b) LP. R̄2 = 0.66
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(c) LP. R̄2 = 0.33
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(d) LP-IV. R̄2 = 0.99
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(e) LP-IV. R̄2 = 0.66
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(f) LP-IV. R̄2 = 0.33
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FIGURE D.8. Coverage rates of 90% confidence intervals in the alternative persistence design for
T = 100.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.
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(a) LP. R̄2 = 0.99
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(b) LP. R̄2 = 0.66
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(c) LP. R̄2 = 0.33
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(d) LP-IV. R̄2 = 0.99
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(e) LP-IV. R̄2 = 0.66

0 1 2 3 4 5
h

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
ov

er
ag

e 
ra

te
 o

f 9
0%

 C
I

t-HR
t-HAC
t-HAR
t-LAHR

1W(i)
2W
DK98

(f) LP-IV. R̄2 = 0.33
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FIGURE D.9. Coverage rates of 90% confidence intervals in the alternative persistence design for
T = 30.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.
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D.7 Shocks from (approximate) SVARs

We also expand the baseline design in Section 4 by considering the case where the shock of
interest is not directly observed, but retrieved from a structural VAR.

Design. Let εt = (Xt, Zt)′ so that Xt is ordered first. We generate an observed two-
dimensional macro system Rt from the process

Rt = ARRt−1 +HR

(
εt + T−ζ

SVAR

∞∑
ℓ=1

αℓεt−ℓ

)
,

where AR = 0.60 0.10
0.05 0.50 and HR = 1.00 0.00

0.40 1.00 . We also define αℓ = 2aℓA0/∥A0∥F , where A0 =(
0.70 0.25

−0.20 0.50

)
and aℓ is proportional to 0.70ℓ−1, satisfying ∑ℓ≥1 a

2
ℓ = 1. We set ζ = 0.75.

In this way, the DGP is a VARMA(1,∞) that lies in a shrinking neighborhood of an
SVAR(1), in the spirit of the local-to-SVAR sequences in Montiel Olea et al. (2026, Section
C.3). The econometrician only observes Rt and recovers the shock as the residual from the
first equation of a (misspecified) VAR(1), as in

R1t = c+ π′Rt−1 + X̂t (D.1)

using time series observations t = 1, . . . , TSVAR, with TSVAR potentially larger than the panel
time-series dimension T . In our results below, we choose TSVAR = 3 × T .15 Then, panel LPs
are estimated using X̂t in place of Xt.

Implementation. We report results using three different implementations of t-LAHR in
Figure D.10 (coverage) and Figure D.11 (coverage-adjusted length). The baseline t-LAHR
implementation selects the number of lags of the shock, the outcome and Rt according to
our default rule in (B.7), whereas we also include a variant using the more conservative
rule-of-thumb approach in (B.8). We also include a variant that fixes the number of lags of
Rt to one — as many as those used in the preliminary VAR in (D.1).

As discussed in Section 3.3, the inclusion of lags of Rt is needed in order to account for
generated regressor bias, at least insofar as TSVAR is not much larger than T . In this design,

15This is motivated based on Drechsel (2023), which is part of our survey of empirical applications
and follows this strategy to recover investment-specific technology shocks from a SVAR by imposing the
restriction that Xt is the only long-run driver of the relative price of aggregate investment. In his application,
TSVAR = 264 and T = 96.
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however, this is not exact, as the first-step VAR in (D.1) is misspecified. Nonetheless, t-
LAHR performs reasonably well, with coverage close to nominal for T = 100 but some
distortions in smaller samples. Still, it does better than the alternatives and shows little
differences across the implementation variants we consider. If anything, the variant that
uses the more conservative rule has slightly better coverage with T = 30, although it delivers
wider (coverage-adjusted) confidence intervals.

(a) T = 100. R̄2 = 0.99

0 5 10 15
h

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
ov

er
ag

e 
ra

te
 o

f 9
0%

 C
I

t-HR
t-HAC
t-HAR
t-LAHR
t-LAHR(*)
t-LAHR(ROT)

1W(i)
2W
DK98

(b) T = 100. R̄2 = 0.66
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(c) T = 100. R̄2 = 0.33
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(d) T = 30. R̄2 = 0.99
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(e) T = 30. R̄2 = 0.66

0 1 2 3 4 5
h

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
ov

er
ag

e 
ra

te
 o

f 9
0%

 C
I

t-HR
t-HAC
t-HAR
t-LAHR
t-LAHR(*)
t-LAHR(ROT)

1W(i)
2W
DK98

(f) T = 30. R̄2 = 0.33
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FIGURE D.10. Coverage rates of 90% confidence intervals when shocks are recovered from approx-
imate SVARs.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text. t-LAHR(ROT)
uses the lag selection rule in (B.8) and t-LAHR(∗) fixes the number of lags of Rt to 1.
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(a) T = 100. R̄2 = 0.99
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(b) T = 100. R̄2 = 0.66
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(c) T = 100. R̄2 = 0.33
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(d) T = 30. R̄2 = 0.99
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(e) T = 30. R̄2 = 0.66
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(f) T = 30. R̄2 = 0.33
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FIGURE D.11. Median coverage-adjusted length of 90% confidence intervals when shocks are
recovered from approximate SVARs.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text. t-LAHR(ROT)
uses the lag selection rule in (B.8) and t-LAHR(∗) fixes the number of lags of Rt to 1.

D.8 Longer horizons

Below, we report results for 0 ≤ h ≤ 0.25T for the baseline design in Section 4.
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(a) T = 100. R̄2 = 0.99
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(b) T = 100. R̄2 = 0.66
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(c) T = 100. R̄2 = 0.33

0 5 10 15 20 25
h

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
ov

er
ag

e 
ra

te
 o

f 9
0%

 C
I

t-HR
t-HAC
t-HAR
t-LAHR

1W(i)
2W
DK98

(d) T = 30. R̄2 = 0.99

0 2 4 6 8
h

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
ov

er
ag

e 
ra

te
 o

f 9
0%

 C
I

t-HR
t-HAC
t-HAR
t-LAHR

1W(i)
2W
DK98

(e) T = 30. R̄2 = 0.66
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(f) T = 30. R̄2 = 0.33
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FIGURE D.12. Coverage rates of 90% confidence intervals for longer horizons.
Note: The maximum horizon is set to one quarter of the sample length. 1W refers to one-way (unit-level)
clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and t-HR/t-LAHR/t-HAR/t-HAC to the
time-level clustering approaches discussed in the text.

D.9 Length of confidence intervals

Below we report length of confidence intervals for the baseline design in Section 4. We report
both coverage-adjusted (Figures D.13 and D.14) and median unconditional length (Figures
D.15 and D.16).

D.9.1 coverage-adjusted length

Note that whenever a variance estimator is negative, we set the corresponding standard error
to zero and ignore it in the coverage-adjusted length calculation. This is a concern for two-
way clustering, as shown in Table D.1, and reinforces our results that the extra clustering
step is superfluous and can in some cases actively hurt finite-sample performance. This is
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(b) LP. R̄2 = 0.66
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(c) LP. R̄2 = 0.33
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(d) LP-IV. R̄2 = 0.99
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(e) LP-IV. R̄2 = 0.66
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(f) LP-IV. R̄2 = 0.33
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(g) VAR DGP. R̄2 = 0.99
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(h) VAR DGP. R̄2 = 0.66
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(i) VAR DGP. R̄2 = 0.33
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FIGURE D.13. Median coverage-adjusted length of 90% confidence intervals for T = 100.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.
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(b) LP. R̄2 = 0.66
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(c) LP. R̄2 = 0.33
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(d) LP-IV. R̄2 = 0.99
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(e) LP-IV. R̄2 = 0.66
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(f) LP-IV. R̄2 = 0.33
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(g) VAR DGP. R̄2 = 0.99
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(h) VAR DGP. R̄2 = 0.66
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(i) VAR DGP. R̄2 = 0.33
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FIGURE D.14. Median coverage-adjusted length of 90% confidence intervals for T = 30.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.
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particularly acute for T = 30 and for more persistent designs (VAR DGP) and is behind the
significant (coverage-adjusted) length differences for the corresponding confidence intervals
reported in the figures.

TABLE D.1. Non-positive semidefinite two-way clustered variance estimators

T = 100 T = 30
R̄2 0.99 0.66 0.33 0.99 0.66 0.33
LP 0.00 0.01 0.15 0.00 0.53 1.80
LP-IV 0.00 0.01 0.12 0.00 0.46 1.60
VAR DGP 0.00 5.14 7.99 0.00 7.26 10.79

Note: For each configuration, the table reports the average frequency across horizons of non-positive semidef-
inite two-way clustered variance estimators in our baseline simulation design.

D.9.2 Median (unconditional) length
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(b) LP. R̄2 = 0.66
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(c) LP. R̄2 = 0.33
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(d) LP-IV. R̄2 = 0.99
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(e) LP-IV. R̄2 = 0.66
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(f) LP-IV. R̄2 = 0.33
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(g) VAR DGP. R̄2 = 0.99
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(h) VAR DGP. R̄2 = 0.66
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(i) VAR DGP. R̄2 = 0.33
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FIGURE D.15. Median length of 90% confidence intervals for T = 100.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.
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(b) LP. R̄2 = 0.66
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(c) LP. R̄2 = 0.33
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(d) LP-IV. R̄2 = 0.99
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(e) LP-IV. R̄2 = 0.66
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(f) LP-IV. R̄2 = 0.33
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(g) VAR DGP. R̄2 = 0.99
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(h) VAR DGP. R̄2 = 0.66
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(i) VAR DGP. R̄2 = 0.33
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FIGURE D.16. Median length of 90% confidence intervals for T = 30.
Note: 1W refers to one-way (unit-level) clustering, 2W to two-way clustering, DK98 to Driscoll–Kraay, and
t-HR/t-LAHR/t-HAR/t-HAC to the time-level clustering approaches discussed in the text.
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D.10 Finite-sample bias and RMSE

We now report mean bias and RMSE across simulations for both non-lag-augmented and
lag-augmented estimators (such as t-LAHR) for the baseline design in Section 4.

Tables D.2 and D.3 report bias for T = 100 and T = 30, respectively. For example,
for T = 100 and at h = 0, the lag-augmented LP estimator has biases around -0.0015
across the three R̄2 (around 0.4% the size of the true value), whereas the corresponding non
lag-augmented LP estimator displays biases around -0.02 (around 5%); around an order of
magnitude difference. We see similar patterns for LP-IV and for the VAR DGP and over
other short horizons, whereas differences are minor at longer horizons.

TABLE D.2. Bias with and without lag augmentation for T = 100

Horizon

DGP R̄
2 Estimator 0 1 2 5 10 15

LP

0.99 Lag aug. -0.002 -0.005 -0.006 -0.016 -0.026 -0.030
No lag -0.021 -0.021 -0.022 -0.026 -0.030 -0.031

0.66 Lag aug. -0.002 -0.004 -0.004 -0.018 -0.027 -0.031
No lag -0.021 -0.021 -0.020 -0.028 -0.031 -0.032

0.33 Lag aug. -0.001 -0.003 -0.002 -0.018 -0.028 -0.032
No lag -0.021 -0.020 -0.019 -0.028 -0.032 -0.032

LP–IV

0.99 Lag aug. 0.000 -0.005 -0.008 -0.018 -0.029 -0.031
No lag -0.023 -0.022 -0.022 -0.029 -0.034 -0.033

0.66 Lag aug. 0.001 -0.004 -0.007 -0.019 -0.029 -0.032
No lag -0.020 -0.021 -0.022 -0.029 -0.034 -0.033

0.33 Lag aug. 0.002 -0.004 -0.007 -0.019 -0.029 -0.032
No lag -0.018 -0.020 -0.021 -0.028 -0.034 -0.031

VAR DGP

0.99 Lag aug. 0.009 0.005 -0.027 -0.049 -0.079 -0.093
No lag -0.073 -0.073 -0.080 -0.089 -0.101 -0.100

0.66 Lag aug. 0.010 0.009 -0.021 -0.045 -0.083 -0.096
No lag -0.077 -0.073 -0.079 -0.091 -0.109 -0.106

0.33 Lag aug. 0.012 0.012 -0.015 -0.039 -0.082 -0.095
No lag -0.078 -0.071 -0.077 -0.089 -0.110 -0.108
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TABLE D.3. Bias with and without lag augmentation for T = 30

Horizon

DGP R̄
2 Estimator 0 1 2 5

LP

0.99 Lag aug. -0.018 -0.035 -0.051 -0.097
No lag -0.070 -0.073 -0.080 -0.095

0.66 Lag aug. -0.016 -0.032 -0.051 -0.096
No lag -0.069 -0.072 -0.084 -0.098

0.33 Lag aug. -0.010 -0.028 -0.052 -0.097
No lag -0.065 -0.071 -0.087 -0.102

LP–IV

0.99 Lag aug. -0.017 -0.032 -0.048 -0.098
No lag -0.077 -0.075 -0.081 -0.101

0.66 Lag aug. -0.018 -0.034 -0.049 -0.091
No lag -0.079 -0.078 -0.084 -0.100

0.33 Lag aug. -0.019 -0.036 -0.049 -0.087
No lag -0.080 -0.081 -0.086 -0.097

VAR DGP

0.99 Lag aug. 0.034 0.012 -0.079 -0.134
No lag -0.066 -0.070 -0.090 -0.113

0.66 Lag aug. 0.032 0.008 -0.073 -0.135
No lag -0.070 -0.077 -0.094 -0.121

0.33 Lag aug. 0.030 0.002 -0.076 -0.141
No lag -0.077 -0.088 -0.100 -0.131

TABLE D.4. RMSE with and without lag augmentation for T = 100

Horizon

DGP R̄
2 Estimator 0 1 2 5 10 15

LP

0.99 Lag aug. 0.036 0.058 0.081 0.098 0.107 0.115
No lag 0.096 0.108 0.120 0.122 0.113 0.114

0.66 Lag aug. 0.079 0.100 0.117 0.138 0.149 0.158
No lag 0.138 0.147 0.156 0.159 0.153 0.156

0.33 Lag aug. 0.147 0.172 0.190 0.217 0.233 0.245
No lag 0.223 0.228 0.234 0.237 0.234 0.241

LP–IV

0.99 Lag aug. 0.026 0.064 0.086 0.102 0.110 0.115
No lag 0.075 0.089 0.106 0.120 0.116 0.115

0.66 Lag aug. 0.075 0.105 0.125 0.144 0.154 0.161
No lag 0.124 0.135 0.147 0.157 0.156 0.159

0.33 Lag aug. 0.144 0.179 0.200 0.226 0.239 0.254
No lag 0.212 0.223 0.229 0.236 0.238 0.246

VAR DGP

0.99 Lag aug. 0.070 0.146 0.194 0.268 0.330 0.360
No lag 0.321 0.334 0.353 0.359 0.364 0.365

0.66 Lag aug. 0.150 0.268 0.340 0.511 0.654 0.706
No lag 0.656 0.664 0.676 0.684 0.705 0.702

0.33 Lag aug. 0.274 0.472 0.590 0.907 1.170 1.264
No lag 1.186 1.192 1.202 1.214 1.252 1.250
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TABLE D.5. RMSE with and without lag augmentation for T = 30

Horizon

DGP R̄
2 Estimator 0 1 2 5

LP

0.99 Lag aug. 0.074 0.122 0.169 0.224
No lag 0.164 0.194 0.217 0.217

0.66 Lag aug. 0.154 0.197 0.234 0.282
No lag 0.230 0.254 0.272 0.273

0.33 Lag aug. 0.280 0.333 0.368 0.421
No lag 0.361 0.382 0.393 0.403

LP–IV

0.99 Lag aug. 0.053 0.117 0.169 0.226
No lag 0.143 0.166 0.197 0.217

0.66 Lag aug. 0.145 0.198 0.240 0.298
No lag 0.217 0.233 0.257 0.279

0.33 Lag aug. 0.275 0.341 0.380 0.471
No lag 0.356 0.368 0.383 0.413

VAR DGP

0.99 Lag aug. 0.137 0.269 0.358 0.441
No lag 0.324 0.364 0.390 0.393

0.66 Lag aug. 0.282 0.480 0.622 0.807
No lag 0.650 0.669 0.689 0.725

0.33 Lag aug. 0.509 0.836 1.078 1.419
No lag 1.180 1.191 1.212 1.281
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E Additional results on the applications

Figure E.1 reports the synthetic time series form of the microdata for sit = young, non-
dividend-paying firms in Cloyne, Ferreira, Froemel, and Surico (2023) and sit = low liquidity
firms in Jeenas and Lagos (2024). This complements Figure 3 in the main body of the paper,
which only reports the results based on Ottonello and Winberry (2020).

FIGURE E.1. Synthetic time series representations.
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(a) Young, non-dividend-paying firms, Cloyne et al. (2023)
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(b) Low liquidity firms, Jeenas and Lagos (2024)

Note: Panel (a) corresponds to the first panel in Figure 3 in Cloyne et al. (2023); panel (b) corresponds to
low liquidity firms in Figure 2C in Jeenas and Lagos (2024). Grey areas are NBER-dated recessions. Xt,
Yt and Xendo,t are standardized to zero mean and unit variance. Xendo,t is the endogenous state variable in
Section 3.4. Xt > 0 indicates a surprise increase in the Fed Funds rate.
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F A survey of empirical applications

Below, we survey empirical applications by the method used to calculate standard errors. In
otherwise comparable empirical designs, we document large dispersion in the way standard
errors are calculated and thus on practitioners’ views on the dominant sources of estima-
tion uncertainty: among 61 different papers, 27 compute two-way clustered standard errors
(within units and time), 23 cluster within units only, 10 use Driscoll and Kraay (1998) and
1 clusters within time only.

The list reflects the recent surge in applications (with the oldest paper dated 2018)
and includes both published work and working papers. We have aimed to make the list
comprehensive, but it is possible that some might have been inadvertently omitted. When
different methods were used, we favored the one used in the main specification and the
one used in the estimation of dynamic effects (non-zero horizons). We classified as one-
way clustering (within units) applications that cluster at a higher level of aggregation than
primary units; say, at the industry (or industry-time) level when units are firms. While
allowing for sector-level shocks, these still rule out economy-wide spatial dependence.

Figure F.1 plots a histogram of the time-series sample sizes T reported in these papers.
This should be interpreted as an upper bound on effective sample sizes — that is, for unbal-
anced panels, we report the maximum across the sample; for impulse responses at horizons
h > 0, the effective time-series length is further reduced.16

16In these applications, the cross-sectional dimension is usually orders of magnitude larger than the
effective time-series dimension. In our review we leave out empirical work with very small cross-sections
where entities are meaningful and a unit-by-unit treatment is feasible. Nonetheless, when these units are
pooled together, as in Fukui, Nakamura, and Steinsson (2023), our results still apply.
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By method

Two-way clustering (within
units and time)

Ippolito, Ozdagli, and Perez-Orive (2018), Jeenas (2019), Ottonello and Winberry
(2020), Amberg, Jansson, Klein, and Rogantini Picco (2022), Palazzo and Ya-
marthy (2022), Paz (2022), Bellifemine, Couturier, and Jamilov (2025), Vukotić,
Zubairy, and Cascaldi-Garcia (2025), Drechsel (2023), Durante, Ferrando, and Ver-
meulen (2022), Duval, Furceri, Lee, and Tavares (2023), Ferreira, Ostry, and Rogers
(2025), González, Nuño, Thaler, and Albrizio (2023), Lakdawala and Moreland
(2023), Singh, Suda, and Zervou (2025), Thürwächter (2023), Zhou (2026), An-
derson and Cesa-Bianchi (2024), Berthold, Cesa-Bianchi, Di Pace, and Haberis
(2024), Caglio, Darst, and Kalemli-Özcan (2024), Camêlo (2024), Gulyas, Meier,
and Ryzhenkov (2024), Lakdawala and Moreland (2026), Lim (2025), Mangiante
(2026), Patterson (2023), Varraso (2025)

Clustering within units Wu (2018), Ozdagli (2018), Crouzet and Mehrotra (2020), Singh, Suda, and Zervou
(2022), Albrizio, González, and Khametshin (2026), Andersen, Johannesen, Jør-
gensen, and Peydró (2023), Camara and Ramirez Venegas (2023), Ghomi (2023),
Indarte (2023), Bardóczy, Bornstein, and Salgado (2025), Jeenas (forthcoming),
Jeenas and Lagos (2024), Lo Duca, Moccero, and Parlapiano (2024), Paranhos
(2025), Ruzzier (2025), Altavilla, Boucinha, Pagano, and Polo (2025), Bobasu and
Repele (2025), Cao, Dubuis, and Liaudinskas (2025a), di Giovanni, Levchenko, and
Méjean (2024), Ferrante and Kocabaş (2025), Kwan, Ulate, and Voutilainen (2025),
Popov and Steininger (2023), van Binsbergen and Grotteria (2024)

Driscoll and Kraay (1998)
standard errors

Holm, Paul, and Tischbirek (2021), Bahaj, Foulis, Pinter, and Surico (2022), Cloyne
et al. (2023), Fagereng, Gulbrandsen, Holm, and Natvik (2023), Gorea, Kryvtsov,
and Kudlyak (2026), Bilal and Känzig (2026), Cao, Hegna, Holm, Juelsrud, König,
and Riiser (2025b), Adrian, Gelos, Lamersdorf, and Moench (2024), Hensel, Man-
giante, and Moretti (2024), König (2025)

Clustering within time Gürkaynak, Karasoy-Can, and Lee (2022)

FIGURE F.1. Time series sample sizes in our own survey of empirical applications.
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Note: The figure shows a histogram of the number of time periods reported in each of the papers documented
in this section. For unbalanced panels, this is the maximum across the sample. We exclude two outliers with
larger sample sizes, Gorea et al. (2026) and Adrian et al. (2024).
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