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Abstract

This paper introduces ordinal complementarity: a feature of stochastic production functions that is robust
to monotonic transformations of inputs X and output Y. It has two equivalent definitions: supermodularity
of the conditional survival function under a first-order stochastic dominance ordering, and
supermodularity of E[Q(Y )| X] for all non-decreasing valuations Q. Relative to existing conventions, this
definition offers a strengthening with more robust policy implications. Ordinal complementarity is
necessary and sufficient for a number of social planner problems to have monotone solutions for all Q,
including those with arbitrarily strong redistributive preferences. It is also testable—along with a number
of related but weaker production properties—because it can be represented as a set of moment
inequalities. An empirical application to the technology of cognitive skill formation for children finds
different combinations of these properties at different ages, leading to new insights.
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1 Introduction

This paper develops and empirically tests a notion of production complementarity (a higher
value of one input raising the return to another) that is ordinal, meaning that it holds across
all valuations of the output. An alternative definition, based on increasing differences in
average production outcomes, has become the standard in the education and human capital
literature. It has also become a key organizing concept and empirical focal point, because
higher (or lower) returns to investment for individuals with higher initial conditions, such as
current skills or genetic endowments, are suggestive of general policy implications (Cunha and
Heckman, 2007). The robustness of these implications is illusory for the standard definition,
however, because it is not consistent across equally plausible monotonic transformations of
the outcome. The version of ordinal complementarity that this paper introduces strengthens
the traditional definition to obtain more generalizable policy content: in two broad classes
of planning problems it is both a necessary and sufficient condition for optimal allocations
to be monotone. An empirical application to the production of cognitive skills in childhood,
following Cunha, Heckman, and Schennach (2010), tests for ordinal complementarity and
traces out its policy implications.

Consider a production process in which Y is the outcome of interest and X is a vector of
inputs. In empirical settings production is inherently stochastic, so the production function
is a conditional distribution Fy|x, or equivalently a survival function Fy| x = 1— Fyx.
In search of a condition that guarantees, for any non-decreasing @, that F[Q(Y) | X] is
supermodular in X, this paper defines ordinal complementarity as supermodularity of Fy‘ ¥

under a stochastic dominance ordering:

1 1

1 1— f _
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where A and V denote the componentwise minimum and maximum. The first set of results
establishes the equivalence between this property and the supermodularity of E[Q(Y) | X]
for every non-decreasing ) (Athey, 1998). Supermodularity generally implies monotone
allocations (Galichon, 2016; Topkis, 1978), and ordinal complementarity guarantees super-
modularity for all (), validating that this is a natural condition for generalizable policy
conclusions. The paper therefore has tight connections to the literature on monotone com-
parative statics, where the central exercise is also to establish properties of objective functions

that imply monotone solutions (Topkis, 1978). While ordinal results are available in that



literature (Milgrom and Shannon, 1994), ' two gaps separate that setting from the one stud-
ied here. First, the comparative statics literature works directly with objective functions,
whereas in the class of problems considered here the production function defines only part
of the objective. Second, the present interest is in bringing the concept to quantitative
work, which means working with stochastic production functions rather than deterministic
objectives. Athey (2002) bridges the second gap by considering stochastic optimization prob-
lems and giving conditions on distributions and objectives that generate cardinal or ordinal
monotone comparative statics. This paper does the same for a specific class of problems
suited to its conceptual and quantitative application, and for that class it establishes that
supermodularity—rather than quasi-supermodularity or single crossing—is necessary and
sufficient to guarantee monotone solutions.

The paper finds its motivating application in the education and human capital literatures,
where complementarities are a common empirical focal point. In that application, Y is a
vector of future skills or other human capital outcomes, 6 is the current stock of skills, and

I is an input. In quantitative work® the preferred approach specifies production as

where 7 is a structural error. Overwhelmingly, the literature”® equates complementarity with
f exhibiting increasing differences in 6 and I. While this property is of genuine interest, its
content is limited to settings in which E[Y | 6,1] is inherently and exclusively the policy
objective. Complementarity of the structural function f does not generalize to objectives of
the form E[Q(Y) | 6,1], and it can be reversed for sufficiently concave transformations @,

which prohibits drawing any truly general policy conclusion from the shape of f.* Further-

1Milgrom and Shannon (1994) relax the conditions on objective functions to a pair of ordinal ones—
quasi-supermodularity and a single-crossing property.

®See, for example, Cunha et al. (2010), Agostinelli and Wiswall (2016), Agostinelli and Wiswall (2025),
and Caucutt, Lochner, Mullins, and Park (2026).

*Some prominent examples include Cunha and Heckman (2007), Agostinelli and Wiswall (2025), Meghir,
Attanasio, Jervis, Day, Makkar, Behrman, Gupta, Pal, Phimister, Vernekar et al. (2023), and Chetty,
Friedman, and Rockoff (2014). Other recent examples include Hollenbach, Schmitz, and Westphal (2026);
Muslimova, van Kippersluis, Rietveld, von Hinke, and Meddens (2026); Gallegos and Garcia (2024); Johnson
and Jackson (2019); Heckman, Tian, Zhang, and Zhou (2026); Kinsler (2016); Moroni, Nicoletti, and Tominey
(2025); Bolt, French, Hentall-MacCuish, and O’Dea (2026). This is by no means an exhaustive list.

A concrete illustration is the canonical CES technology 0, = [a 67 + (1 — a)If]"? with p € (0,1): its
cross-partial is positive, yet the cross-partial of log 6, in (;, I;) is negative. The same technology delivers
complementarity under one anchor and substitutability under a monotone relabelling of the very same latent
output.



more, Section 2.3 establishes under which conditions additive specifications exhibit ordinal
complementarity.

By contrast, Section 3 shows that when the production function Fy x exhibits ordinal
complementarity, one can draw policy conclusions that are consistent for all non-decreasing
valuations (). In particular, ordinal complementarity implies that optimal planner allocations
of investment are non-decreasing in initial skills or endowments, with the converse holding
under ordinal substitutability. These prescriptions are invariant to the choice of anchor @)

and therefore hold no matter how strong the planner’s redistributive motive.

A motivating example. To clarify the point, suppose 6 € {6;,0y} is cognitive skill,

I € {0, Iy} is investment, and Y is cognitive skill next period, with
Y=0+I+n  n~N(00d. (3)

Two education outcomes—Q); and (),, indicating completion of high school and of college—
depend on cognitive skill through thresholds, @Q; = 1{Y > ¢;} and @, = 1{Y > ¢,} with
¢; < ¢y. Education then follows an ordered probit. The latent technology (3) exhibits
no complementarity in the traditional sense: E[Y | 6, 1] has constant differences. Yet the
implications for the two binary outcomes diverge. When 6y lies well above the high-school

cutoff ¢; and #;, lies just below it, the nonlinearity of the normal CDF delivers

E[Ql | -[HaeL] _E[Ql | 079[/] > E[Ql | IH70H] _E[Ql | 079H]a

i.e. decreasing differences (substitutability) in high-school completion. Conversely, when 6,

lies far below the college cutoff ¢, and 0y lies just below it,

ElQy | Iy,0n] — E[Q2]0,0y] > E[Qy| Iy,0L] — E[Qs | 0,0;],

i.e. increasing differences (complementarity) in college completion. Figure 1 illustrates it.
The story is intuitive. High-school completion is all but guaranteed for individuals who
have already reached a high skill level, and the resulting ceiling on returns creates substi-
tutability when high-school completion is the outcome of interest. College completion is
nearly impossible for low-skill individuals regardless of investment, and the resulting floor
creates complementarity. Substitutability or complementarity can therefore arise for out-

comes that correspond to different nonlinear transformations of the same latent skill, despite



there being no underlying complementarity in the technology of skill formation.

High school (¢): substitutability College (¢9): complementarity
cutoff cutoff
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FIGURE 1. The same latent technology Y = 0+ I+ yields substitutability for one binary outcome
and complementarity for another. Each segment connects low to high investment at a fixed skill
level; its slope is the return to investment. Left: high-school completion (c¢;), where the high-skill
type sits on the flat upper tail of ® (ceiling effect) and the return to investment is larger for the
low-skill type. Right: college completion (¢y), where the low-skill type sits on the flat lower tail
(floor effect) and the return is larger for the high-skill type.

The example invites two comments. First, a researcher interested solely in maximizing
() or solely in maximizing (),, and making complementarity statements exclusively with
respect to that outcome, needs no additional generality; standard results then character-
ize how investment should be allocated across skill to maximize the average of that single
outcome. This paper is at least partially predicated on the desire for properties that can
generalize across multiple valuations or anchors. Second, the example shows that ordinal
complementarity is a demanding property for production functions to satisfy in practice, as
Section 2.3 shows for additive models.

Motivated by the second observation, one may ask whether there are weaker properties
than ordinal complementarity that can still at least partially guarantee policy content. Sec-
tion 2.2 proposes two weakenings based on how a technology may partition the space of
-valuations into regions that are strictly super- or submodular. For example, while ordinal
complementarity guarantees supermodular expectations for all (), if this condition fails one
may ask whether there exists any function @ such that E[Q(Y)|X] is sub- or supermod-
ular. If such a @ cannot be found, then Fy|x is ordinally non-substitutable or ordinally

non-complementary. The second weakening starts from the observation that concave @)



functions can exacerbate substitution forces while convex () functions do the opposite. If all
convex @ lead to supermodular expectations, then Fyx is convez-ordinally complementary
and conversely concave-ordinally substitutable if every concave () generates submodular ex-
pectations. These conditions both form strict supersets over the set of technologies that are
ordinally complementary (or substitutable) and allow for more moderate generalizability.

For tractability, the paper’s empirical application focuses on the case where output Y
and inputs X have finite support. Section 4 advances the theory toward this application
by outlining statistical tests for each of the above properties. In the main case of interest,
Ordinal Complementarity implies a set of moment inequalities based on (1): the difference
in differences of survival probabilities with respect to two comparison points in the domain
of inputs X. The linearly independent set of these forms the basis of a test. In practice,
the moment selection procedure of Romano, Shaikh, and Wolf (2014) can help improve
testing power when the number of inequalities under the null becomes large. Section 4 also
develops an alternative test based on the observation that the set of ordinally complementary
conditional distributions lives inside a convex cone, which means that one can employ the
projection based test of Fang and Seo (2021).

In the economics of child development dynamic complementarity — defined as comple-
mentarity between inputs at different stages of childhood — has become an empirical focal
point and an organizing concept since its introduction by Cunha and Heckman (2007). The
concept is particularly compelling because it emphasizes the policy content of skill forma-
tion in childhood: if current inputs are complementary with past inputs then there is an
equity-efficiency trade-off. If the converse holds then equity and efficiency align: returns to
investment are higher for children with lower skills and more disadvantage. Because of this,
among papers that seek to estimate the technology of skill formation, there is understandably
an emphasis on whether such complementarities exist (Cunha and Heckman, 2007; Cunha
et al., 2010; Heckman et al., 2026).°

Sections 5 and 6 use panel data from the CNLSY® to ask whether cognitive skill formation
exhibits any of the ordinal properties outlined in Section 2. At stake is the possibility of
uncovering a strengthened version of dynamic complementarity with policy implications that

generalize across different anchors of final cognitive skill. The CNLSY data have informed

These exercises estimate and test the interaction between early and late investments implicitly by looking
at the interaction between investment and current skills. Heckman et al. (2026) provide an exception: they
directly test for the complementarity of current and lagged inputs using variation in the timing of entry to
a randomized home visiting program in China.

The Children of the 1979 cohort of the National Longitudinal Survey of Youth



related parametric estimation exercises (Cunha et al., 2010; Agostinelli and Wiswall, 2025)
and are a useful testing ground for these concepts. With the exception in this case of having
a technology with discrete inputs and outputs, the modeling and estimation approach closely
follows Cunha et al. (2010): a dynamic latent factor model where identification hinges on
multiple measurements of both latent skills and latent investments (Garcia-Vazquez, 2021;
Hu and Schennach, 2008; Bonhomme and Robin, 2009).

The results of the estimation and testing exercise yield a number of important and
new insights. First, cognitive skill formation in early childhood does not appear to ex-
hibit either ordinal complementarity or substitutability. This implies that knowledge of the
complementarity properties of the skill formation technology are not sufficient to conclude
whether optimal investment allocations will be increasing or decreasing in children’s skills,
and those conclusions will likely depend on the outcome of interest and societal prefer-
ences for redistribution. Furthermore, it is both ordinally non-substitutable and ordinally
non-complementary: no increasing () exists that can deliver sub- or supermodularity in ex-
pectations. Second, cognitive skill formation for school aged children appears to be very
close to ordinally substitutable, meaning that the highest investments at school ages should
be targeted to the lowest skill children no matter the anchor (). Third, moment inequality
tests cannot reject the null hypothesis that skill formation in early childhood exhibits both
convex-ordinal complementarity and concave-ordinal substitutability.

Having analyzed interactions between investment and skills in the technology, Section
6 next analyzes the properties of induced transition equations when investment cannot be
manipulated directly, but only indirectly through income, which shapes investment choices
through estimated parental investment policies. Here the pattern of results is identical to
the case with investment: ordinal non-substitubality and non-complementarity for young
children, substitutability for older children. This suggests optimal reallocations of income
should also be counter-monotone, targeting lower skilled children.”

A final set of counterfactuals solves two expository social planner problems to demon-
strate the properties of the technology and look for consistent patterns in optimal allocations
when the planner’s objective employs different anchors (). These two exercises seek to re-
allocate latent investment and household income in order to maximize a number of different
adult outcomes (high school graduation, college graduation, employment, and earnings).

Consistent with the testing evidence, which suggested that all anchors @) produce expecta-

TOf course this prescription is purely illustrative about the properties of the technology. These stylized
optimization problems do not consider the perverse incentive effects of such an allocation.



tions that are neither super- nor submodular everywhere, optimal allocations of investment
in early childhood are non-monotone for all choices of (). Furthermore, and consistent with
the finding that the technology is very close to ordinally substitutable at older ages, optimal
policies are consistently countermonotone across all anchors.

Section 2 defines ordinal complementarity and establishes its invariance and equivalence
properties, treats additive models and multiple outcomes, and develops some natural weak-
enings of ordinal complementarity. Section 3 draws out the efficiency content—static and
dynamic—through optimal transport. Section 4 constructs a number of asymptotically valid
tests for each of the conditions in Section 2. Section 5 describes identification and estimation
of the technology of skill formation. Section 6 reports the empirical results and the counter-

factuals. Section 7 concludes. Proofs not given in the text are collected in Appendix A.

2 Ordinal complementarity

This paper defines ordinal complementarity in pursuit of a condition on the conditional
distribution Fy |y that guarantees E[Q(Y) | X] is supermodular in X; and X, for any non-
decreasing (). Section 2.1 defines ordinal complementarity and establishes an equivalence
class between it and ordinally invariant supermodularity of the expectation operator (in
other words, it is both sufficient and necessary for this condition on expectations).

Section 2.2 then introduces two weaker notions, used in the application when fully or-
dinal conditions fail: ordinal non-substitutability, which only excludes substitutability, and
the curvature-restricted convex complementarity and concave substitutability. Two further
questions occupy the rest of the section. First, do commonly specified empirical production
functions satisfy ordinal complementarity? Section 2.3 gives a mostly negative answer, ruling
out large classes of specifications—a finding that shapes the paper’s approach to estimation
and testing in Section 5. Second, what extension is appropriate when Y is vector-valued?

Section 2.4 offers two.

2.1 Setup and main definition

There are inputs X = (X,...,X,) and an outcome Y, with n > 2. Inputs and outcome
have an ordinal but not necessarily cardinal interpretation, and the relationship between X
and Y may be stochastic. Let &; and Y (subsets of R) denote the supports of X; and Y,
and let the conditional CDF of Y given X be Fy|x(y |z) =P(Y <y | X =z) for y € Y and

r€X =X x---xX,. For vectors x,2', x Az’ and x V 2’ denote the elementwise minimum



and maximum. Of course, if # and 2" agree off the first two coordinates but are ordered in
those coordinates as well, then {x A 2’, x V 2’} = {z,2'}, so supermodularity has content
only outside the set of such pairs.

Our definition of ordinal complementarity involves the conditional survival function,

which is given byFy x(y | ) =1 — Fyx(y | ).

Definition 1 (Ordinal complementarity). X; and X, are ordinal complements in Y if

and only if, for all y € Y and all z, 2" € X such that T; = :v; whenever j > 2,

Fyix(y |z ANa') + Fyix(y |z va') < Fyix(y | o) + Fyix (v | ). (4)

In words, X; and X, are ordinal complements if the conditional survival function Fy| x|
x) is supermodular in (z, z,), holding the remaining coordinates fixed—if X; and X, act as
complements in raising the probability of high outcomes. Definition 1 extends to any pair
of coordinates by reordering, and if every pair is ordinally complementary then Fy x(y | x)
is supermodular in x.

Two properties justify Definition 1 in an ordinal setting. The first is invariance.

Proposition 1 (Invariance to monotone relabellings). For measurable, strictly increas-
ing, real-valued functions G, g, and gy, X, and Xy are ordinal complements in'Y if and only

if 1(X1) and g2(X5) are ordinal complements in G(Y').

Proposition 1 (proved in Appendix A) is the precise sense in which the property is ordinal
rather than cardinal: it addresses the anchoring problem of the introduction. Testing (4)
is a test of complementarity in any system of measurement for the inputs and outcome,
so a researcher need not take a stand on the cardinal scale of latent variables. The second
property connects the definition to the full class of monotone valuations. Proposition 2 below
establishes an equivalance class between Fy|x being ordinally supermodular and E[Q(Y")|X]

being supermodular for all non-decreasing functions Q).

Proposition 2 (Supermodularity of expectations). X, and X, are ordinal complements
in Y if and only if, for every measurable, increasing, integrable Q and all x,x" € X with

! .
x; = x; whenever j > 2,

BRY) [zA2 ]+ EQY)|zva] = EQY) | ]+ EQY) | . (5)

Proposition 2 reflects what Athey (2002) calls the closed convex cone property of super-

modular functions—the class of supermodular functions is closed under the non-negative



combinations and limits that taking expectations performs—and is also implied by a result
in Athey (1998); Appendix A gives a standalone proof for completeness. The proof rests
on the link between supermodularity and first-order stochastic dominance: Definition 1 is
exactly the statement that the average I[Fyx(- | # A 2’) + Fy|x(- | = V 2')] dominates
$[Fyix (- | ) + Fyx (- | 2)], and integrating a non-decreasing @ against a dominated distri-
bution preserves the inequality. An equivalent reading of ordinal complementarity is there-
fore complementarity in producing expected values of every monotone transformation of the
outcome. Combined with Proposition 1, the conclusion (5) is moreover unaffected by any
relabelling that respects the ordering. By contrast, approaches that rest on supermodularity
of a production function are sensitive to the scale of X and Y, and so are unsuitable for the

ordinal setting studied here.

2.2 Weaker notions of complementarity

The “for every Q7 condition in Proposition 2 invites alternative classifications of the pro-
duction technology based on classes of @), either by asking only that substitutability be
excluded for all @) or by looking for complementarity on restricted classes of ). Both arise
in the upcoming application.

The first weakening replaces the universal condition on () with a negation: rather than
asking that every valuation rate the inputs as complements, it asks only that no valuation

rate them as substitutes.

Definition 2 (Ordinal non-substitutability). X; and X, are ordinal non-substitutes in
Y if there is no measurable, increasing, integrable ) for which E[Q(Y) | z] is submodular in

(71, 25); that is, for every such Q there is a pair z, 2’ with T; = x; whenever 5 > 2 at which
EQY) |z AT+ EQY) |z Va] > EQ(Y)|z]+ EQ(Y) | 2'].

If such a @ exists, then the technology is submodular-rationalizable. Symmetrically, they are
ordinally non-complementary if no such @ makes F[Q(Y) | x] supermodular and supermodular-

rationalizable if such a @) exists.

By Proposition 2, ordinal complementarity implies ordinal non-substitutability—if every
valuation is supermodular then none is submodular—and the inclusion is strict: a technology
whose local interactions change sign across the support can violate (5) for some () yet admit

no submodular valuation at all. The property does not certify complementarity; it only rules

10



out substitutability, and it is the relevant hypothesis when the goal is to exclude substitute-
like behaviour. Non-substitutability and non-complementarity are not nested: they can hold

together, singly, or neither.

Definition 3 (Convex complementarity, concave substitutability). X; and X, are
convez-ordinally complementary in Y if E[Q(Y) | x| is supermodular in (x,z,) for every
non-decreasing convex ), and concave-ordinally substitutable if E[Q(Y) | z| is submodular

for every non-decreasing concave ).

Since the convex (concave) valuations are a subclass of all non-decreasing ones, ordinal
complementarity implies convex-ordinal complementarity and ordinal substitutability implies
concave-ordinal substitutability, both strictly. Convex complementarity is the pertinent
property when the outcomes that matter for policy load on the top of the distribution—as

college completion does in the application, its value concentrated in the highest skill step.

2.3 Production functions with additive shocks

The motivating models of the human capital literature are additive, as in (2). When does
ordinal complementarity hold in that class? In the absence of shocks, Definition 1 forces
Y = f(X) with f supermodular and G(f(X)) supermodular for every monotone G. No
strictly increasing f can meet this requirement, which already signals that ordinal invariance
is too strong in a deterministic world.®

With additive shocks Y = f(X) + ¢, where ¢ 1. X has CDF H and density h, the
conditional CDF is Fy|x(y | ) = H(y — f(x)) and ordinal complementarity reduces to a
sign condition on a cross-partial derivative (Appendix A records two convenient criteria).
Applied to standard shock distributions, with f strictly increasing and supermodular, they

deliver the following.
(i) If € ~ N(p,0%), ordinal complementarity fails for every such f.

(ii) It also fails if € ~ Uniform(a, b), and more generally whenever the conditional support

of Y given X depends on (x;, z5).

$This is easy to see for the case of f strictly increasing and twice continuously differentiable, but true
more generally for all strictly increasing f. If Y is measurable with respect to X then Y = f(X) for some
measurable f. Applying Proposition 2 with Q(Y) = Y delivers supermodularity of f, and with Q(Y) =
G(Y) delivers supermodularity of G(f(-)) for all monotone G. For twice continuously differentiable strictly
increasing f and G(y) = 1 — e~ Y, supermodularity of G(f) requires ¢ < Bil%f/(axlfé)%f) everywhere,
which fails for ¢ large enough.

11



(iii) If f(zq,29) = Au(z)v(xe) With 0 < u,v < 1, and ¢ is Laplace, Logistic, or reflected

Gumbel with scale o, ordinal complementarity holds whenever o > A.

The general pattern, made precise by Proposition 8 in the appendix, is that ordinal comple-
mentarity in additive models requires the shock to have a tail that is not too thin: it fails for
any shock whose density has a score h’/h unbounded above (case (i)), and holds only once the
shock is heavy enough to absorb the curvature of f (case (iii), illustrated in Example 1). Two
messages follow for empirical practice. First, the workhorse specifications—Cobb-Douglas or
CES production with Gaussian shocks—do not satisfy ordinal complementarity for any su-
permodular f. Second, in case (iii) ordinal complementarity may hold even when there exists
a monotone G with G(f) not supermodular; all that is needed is one additive representation

for which a criterion of Lemma 1 holds.

2.4 Multiple outcomes

Many applications feature a vector outcome Y = (Y),...,Y,)—for instance cognitive and
non-cognitive skills. There is no unique extension of Definition 1; two are natural. Write

Fyix(y|z)=PY >y | X = z) for the joint survival function.

Definition 4 (Multivariate ordinal complementarity). X; and X, are ordinal comple-

ments in Y in the weak sense if, for all y and all x, 2’ with ;= x; for j > 2,
Fyix(yleAa)+Fyix(ylzva') > Fyix(y| o) + Fyix(y | ).

They are ordinal complements in the strong sense if the same inequality holds with Fyl x|

replaced by P(Y € V' | -) for every upper set V' C R".

Since the orthant {y' > y} is an upper set, the strong sense implies the weak sense; the
two coincide when r = 1 and reduce to Definition 1. They correspond to different valu-
ation classes in the supermodularity-of-expectations equivalence—the weak sense to prod-
ucts of monotone functions of each coordinate, the strong sense to every monotone vector
valuation—and both remain testable whenever the conditional distributions are identified.
Proposition 9 (Appendix A) records the equivalences and a sufficient condition for the strong

sense: that the conditional copula of Y given X not depend on (zq,z5).

12



3 The policy content of ordinal complementarity

Ordinal complementarity has almost immediate policy content because of the role played
by supermodularity in monotone comparative statics and optimal transport (Topkis, 1978;
Galichon, 2016). This section formalizes this content by posing two social planning problems
and showing that ordinal complementarity makes assortative allocations optimal for every
non-decreasing valuation of the outcome, and is the weakest property that does so: it is
necessary and sufficient for this guarantee in both problems. Throughout, X; and X, are the
two inputs and Y the outcome, with planner valuation q(x,z,) = E[Q(Y) | X; = x1, X, =
To]; in the application X is current skill, X, investment, and Y future skill. Section 3.1
establishes the main results, while Section 3.2 extends them to a dynamic problem where

allocations must be chosen over multiple periods.

3.1 Two static planning problems

A planner allocates input X, across a population indexed by X, choosing a possibly ran-
domized rule—a coupling v of X; and X, with the given marginal Fy,—to maximize the

expected valuation of the outcome,

W(v) = // q(z1, x9) y(dxy, dxy).

Two constraints define the two problems. In the fixed-marginal problem, the distribution of

X is held at a target Fy, and the planner only re-couples it to ability:

max W(), P1
el (Fx, . Fx,) (7) ( )
where I'(Fly, , Fx,) is the set of couplings with marginals Fx, and F,. In the budget problem,
only an aggregate resource constraint binds, at a non-decreasing unit cost function b(z,) and
budget B:
max  W(v) s.t. /b(xQ) v(dxy,dxs) < B, (P2)

yel(Fx,)
where I'(Fx,) is the set of couplings whose X;-marginal is Fx , the Xy-marginal being free.
A coupling is comonotone if it places higher X5 with higher X;—equivalently X; = F )le(U ),
Xo=F )};(U ) for a common U ~ Uniform(0, 1)—which reflects positive assortative matching

of investment to ability.
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Throughout, the technology is assumed productive, in the sense that more investment

shifts the outcome distribution upward.

Assumption 1 (Monotone technology). For everyy € Y, the survival function Fy x(y |
x1,Ty) @S non-decreasing in xy: higher investment raises the outcome in the first-order

stochastic dominance sense.

Under Assumption 1 the surplus of every non-decreasing valuation is non-decreasing in
investment. The fixed-marginal result below does not use the assumption; the budget result
does, since without it a supermodularity failure could hide behind investment levels that
no planner facing non-decreasing costs would purchase. Two propositions then characterize
assortative optimality: supermodularity of the surplus is necessary and sufficient in both

problems.

Proposition 3 (Assortativity in the fixed-marginal problem). Let () be non-decreasing
and integrable. The surplus q is supermodular if and only if, for every pair of marginals

(Fx,, Fx,), the comonotone coupling solves (P1).

This is the classical optimal-transport result, stated here without proof (Galichon, 2016,
Th. 4.3): (P1) is an optimal transport problem on totally ordered supports, for which a
supermodular surplus makes positive assortative matching optimal at any marginals, and
optimality at every pair of marginals in turn forces supermodularity.

An interesting corollary of this proposition is that co-monotone couplings always yield
better distributions of future output in a FOSD sense. To see why, fix ¥ € ) and take
Q(y) =1 - 1{y < 7}. From Proposition 3, P[Y < ] is minimized over all marginals that
result from integrating the CDF F of Y given X = (X, X;) against the joint distribution
Fx x, € '(Fx,, Fx,). But since § was arbitrary, we get the following:

Corollary 1. X, and X, are ordinal complements for Y if and only if for each pair of
marginal CDFs Fy, and Fx,, the marginal of Y implied by a comonotone solution first-
order stochastically dominates Fy(y) = Jxe, %, F(yley, xo) dFx, x,(21,75) for any Fx x, €
[(Fx,, Fx,).

The proof of this Corollary can be found in the Appendix. The following Proposition
establishes that ordinal complementarity is necessary and sufficient for assortativity in the

budget problem:
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Proposition 4 (Assortativity in the budget problem). Let @) be non-decreasing and
let Assumption 1 hold. The surplus q is supermodular if and only if, for every skill marginal
Fx , every non-decreasing cost b, and every budget B, the budget problem (P2) admits a

comonotone solution whenever it admits a solution.

Sufficiency is straightforward because each pair (b, B) pins down a set of feasible marginal
distributions over X5, so that any comonotone coupling preserves the budget and weakly
raises welfare by Proposition 3. Appendix A establishes necessity by showing that if ¢ is not
supermodular, one can find a triple (Fy ,b, B) with a strictly counter-monotone solution.

Proposition 2 established an equivalence between ordinal complementarity and ¢ being
supermodular for all non-decreasing (). Propositions 3 and 4 extend this equivalence class

to a characterization of the solution properties of (P1) and (P2).

Corollary 2 (Ordinal complementarity and the planning problems). Under As-

sumption 1, the following are equivalent:

(a) X, and X,y are ordinal complements in Y,

(b) for every non-decreasing bounded Q) and every pair of marginals, the comonotone cou-

pling solves the fixed-marginal problem (P1);

(c) for every non-decreasing bounded Q, every skill marginal Fx , every non-decreasing cost
b, and every budget B, the budget problem (P2) admits a comonotone solution whenever

it admits a solution.

The welfare conclusion is robust to the redistributive motive. Writing Q(y) = ¢(y)' 7 /(1—
o) with ¢ a non-decreasing consumption schedule over outcomes, ) remains non-decreasing,
so the assortative prescription stands no matter how large the curvature o, even though
channelling investment toward higher-ability children raises consumption inequality: un-
der ordinal complementarity the production complementarity outweighs the redistributive

motive.

3.2 Dynamic environments

In the previous subsection, we just showed that ordinal complementarity implies that at least
two different types of Social Planner Problems have comonotone solution. Here, we show
that comonotonicity of optimal policies under ordinal complementarity extends to dynamic

contexts. For exposition we focus on the case of human capital investment in children. In
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this application, the inputs are current skill 8, and investment I, and the outcome is next-
period skill ,,,, ie. (X1,X5,Y) = (0,,1;,0,.1). We prove that ordinal complementarity
implies monotonicity of optimal investment allocations in a dynamic Social Planner Prob-
lem. A planner observes 6, each period and chooses a (possibly random) allocation F7 g, of
investment to skill, subject to a per-period budget, to maximize the sum of valuations of

skill along the path. The sequential problem is

max FE
{Fr,10, }=0

Yo Qt(et)] st. O~ Fy, O~ Fa(-|0, 1), [b(1,)dF;, < B, Vi, (6)

where each period’s investment marginal F7, is the one induced by F7, s, and the current skill
distribution. The planner thus chooses, period by period, how to couple investment to the
prevailing skill distribution, internalizing the effect on all future skill.

The monotonicity result for optimal solutions of this problem is given by the following

proposition:

Proposition 5 (Dynamic comonotonicity). Suppose each one-step technology Fy (- |
0;,1;) is ordinally complementary and FOSD-monotone in (6;,1;), and each Q; is non-
decreasing. Then, if a solution to the sequential problem (6) exists, it has a solution in

which each period’s coupling is comonotone, I} = Flzlo Fy,(0,).

Proposition 5 is established in the following way: First, we prove an equivalence between
the problem in 6 and its recursive formulation, akin to a Maximum Principle for dynamic
programming Problems where the state is a marginal distribution (in this case of skills),
and the control is a conditional distribution (in this case, the conditional distribution of
investment given skills). Then, we establish monotonicity of the Value Function of the
recursive formulation with respect to the state (which is a marginal distribution) in the first
order stochastic dominance sense. Finally, we use Corollary 1 to show that if the recursive
problem has a solution, then the comonotone coupling of the marginal induced by said
solution has to be a solution too, given that it yields a better distribution of skills tomorrow,
which by monotonicity implies a higher value tomorrow, and hence a higher value (since the
flow payoff only depends on the contemporaneous distribution).

A second dynamic problem—optimal tracking, in which the planner observes only ini-
tial skill and assigns each child a whole sequence of investments—also admits a monotone
solution, but the argument requires a strict form of ordinal complementarity and a corre-
spondingly strict form of the equivalence in Proposition 2. Online Appendix E states the

problem, develops the strict machinery, and proves the result.
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Note that here we have only established sufficiency of ordinal complementarity for mono-
tonicity of solutions to dynamic social planner problems. Necessity is trivial to establish by

letting 7' = 1 and using necessity in the static contexts.

4 Testing ordinal complementarity

This section turns the properties of Section 2 into tests, for two discrete inputs X;, X,
and a discrete outcome Y, initially following the moment-inequality literature (Andrews
and Soares, 2010; Romano et al., 2014). Ordinal complementarity (Definition 1) is a finite
system of linear inequalities and can be tested directly (Section 4.1). The weaker properties
of Section 2.2—non-substitutability and convex complementarity—are characterized through
the difference-in-differences of a valuation (Section 4.2) and tested by a linear program and
a second moment-inequality system respectively (Section 4.2). Finally, Section 4.3 briefly
describes an alternative to the moment inequality tests based on the projection method
outlined in Fang and Seo (2021).

4.1 Testing ordinal complementarity

Take supports X; = {1,...,m}, &, = {1,...,r}, and ¥ = {1,...,ry}, and stack the
conditional probabilities 7(j, k,¢) = P(Y = j | X; = k, X, = () into a vector Il € R?; thus
IT holds the transition masses. Dropping one redundant probability per (k,¢) cell leaves
p = (ry — 1) ryry free parameters. Write Fyx(j | k,0) = P(Y > j | X; = k, X, = () =
P 7(j', k, £) for the conditional survival function and, for a cutpoint j and adjacent cell
(k,?), define:

A*Fyix(j | k,0) = Fyix(j | k+1,0+1) + Fyx(j | k. 0)

for its mixed second cross-difference in (X;, X,). By Definition 1, X; and X, are ordinal
complements if and only if Fy| x(j | -) is supermodular at every cutpoint, i.e. Agfw x(7 |
k,0) > 0 for all j, k, . Supermodularity is characterized by these adjacent cross-differences
alone; wider rectangles are non-negative sums of them. Collecting the adjacent conditions
into A = STI € R? for a known d x p matrix S with entries in {—1,0,1}—there are d =
(ry — 1)(ry — 1)(ry — 1) of them (e.g. 36 when ry = r; =4, ry, = 5, against 180 for the full
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set of all rectangle pairs)—the null hypothesis is
HO A= SH Z OXm.

4.1.1 Test statistic and critical value.

Let IT be an asymptotically normal estimator with v/N(IT—1II) ~» A/(0, £;) and a consistent
33; Section 5 obtains II and ¥ from the score of the observed-data likelihood. Then A = SII
satisfies vV N(A — A) ~ N(0,5515"). Let Dy be diagonal with [Dnlj; = [SEHS’]}]/z and
QOn = Dg'SYpS Dyt the implied correlation matrix, with sample analogues ﬁ, Q). Because a
violation of Hy is a negative entry of A, the modified-method-of-moments statistic penalizes

the negative part,

7. = |(VF D A) A0y,

d
g Zmin(O, \/N[D_lﬁ]k)Q,
k=1

and the test rejects when T, > ¢,(Q), where ¢,(Q) is the (1 — a)-quantile of ||Z A 0]
for Z ~ N(0,9Q). The critical value is evaluated at the least-favourable point of H, (all
constraints binding, A = 0). Standard arguments (Andrews and Guggenberger, 2009) give

pointwise and uniform asymptotic size control,

limsup sup EH[¢(TC,Q>]§Q.
N—oo II: SII>0

The symmetric statistic 7. that penalizes the positive part of A tests ordinal substitutabil-
ity (Hy: ST < 0, every survival cross-difference non-positive); by symmetry of the least-

favourable null the two statistics share the critical value. Both are reported in Section 6.

4.1.2 Moment selection.

Because the least-favourable simulation is conservative when only a subset of inequalities are
close to binding, a moment-selection refinement improves power. For small § < «, retain
the standardized moments that remain on the violated (negative) side after accounting for

sampling uncertainty,

/}5 = (\/NﬁilA + /'QB(Q)) AN OXm,

where k4(Q) is a small positive slack, and compare T. to the (1 — o+ B)-quantile of ||Z A0||>
with Z ~ N (fig, Q). The refinement retains asymptotic size control (Romano et al., 2014;
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Andrews and Soares, 2010) and is the procedure used in the application; the recommended

tuning is 8 = «/10.

4.2 Testing the weaker properties

The weaker properties of Section 2.2 are statements about E[Q(Y) | 1, x5] for restricted
classes of (). This section rewrites this condition in terms of second differences and uses
it to develop testable characterizations of ordinal non-substitutability and convex ordinal
complementarity (the two weakenings of ordinal complementarity introduced by Section 2.2.
When Y and X have finite support, these turn out to be useful and relatively straightforward.

For an increasing valuation, write the increments of @ as AQ(k) = Q(k+1) — Q(k) > 0.
Summation by parts gives ¢(x1, z2) = Q(1)+X, AQ(k) Fy x(k | 21, 25), so the second differ-

ences in E[Q(Y) | 21, x5] is a AQ-weighted sum of the survivor function second differences:
A*q(xy,2) Z AQ(k) A*Fyx (k | z1,x,). (7)

The expectation is supermodular for a given @ iff (7) is > 0 at every (z, x5), submodular iff
< 0. Each of the three properties can be viewed through this equation. (a) If every cutpoint
difference-in-difference is non-negative the sum is non-negative for every increasing ()—this
is ordinal complementarity again. (b) Asking only that some increasing ) make the sum
non-negative on every cell is an existence question, linear in AQ), hence a linear program.
(c) Restricting () to convex increments—non-decreasing AQ)(k)—re-weights the cutpoints
toward the top of the scale, and summation by parts turns the condition into one on the
cumulative sums of the cross-differences.

Since (7) is invariant to the scale of AQ, no generality is lost in normalizing the increments
to the simplex @ = {AQ > 0 : 1'AQ = 1}. The existence question (b) can then be

chracterized by the pair of linear programs

tH(F) = max min A? Ty, T t (F)= min max A? 1, T 8
(F) foax, mun, q(ry,75), (F) A, max q(wy,75), (8)

and the restricted question (c) is a system of inequalities on cumulative sums. The next

proposition formalizes a condition for testing.

Proposition 6 (Non-substitutability and rationalizability). (i) There exists an in-

creasing non-constant QQ whose expectation is supermodular if and only if t*(F) > 0;
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the maximizing AQ" is such a valuation. Symmetrically, some increasing non-constant
Q has submodular surplus iff t~ (F) < 0.

(i) Hence the technology is ordinally non-substitutable (Definition 2) iff t~ (F) > 0, and
ordinally non-complementary iff t* (F) < 0.

This characterization suggests a natural test by bootstrapping the distribution of ¢* and
t~ and ruling on the mutually exclusive partitions of the space of distributions based on the
distribution of the test statistic.

The proposition below rearranges (7) to derive a set of inequalities that characterize

convex ordinal complementarity and concave ordinal substitutability.

Proposition 7 (Convex complementarity and concave substitutability). Let T;(zy,z9) =
Dk>j AQFYp((k’ | £, x9) be the suffix sums of the cutpoint cross-differences and Li(xy, Ty) =
2k<j AQFYlX(k | 1, 5) the prefix sums.

(i) X1, Xy are convez-ordinally complementary in'Y" (Definition 3) if and only if T; (21, x2) >

0 for every cutpoint j and adjacent cell (x1,x5).

(ii) Xy, Xy are concave-ordinally substitutable if and only if L;(xy,25) < 0 for every j and

cell.

Crucially, both T; and L; are linear in II—they are partial sums of the entries of STI-—so
Proposition 7 is a moment-inequality null of exactly the form tested in Section 4.1, with S
replaced by the suffix- (or prefix-) summed constraint matrix. Convex complementarity is

therefore tested by the same moment inequality approach.

4.3 A projection test

Every one-sided null in this section—ordinal complementarity and substitutability (Sec-
tion 4.1) and their convex and concave refinements (Proposition 7)—is a system of linear

inequalities on the survival probabilities, confining the survivor vector to a convex cone
A={seR: As>0},

where s stacks the Fy x(j | k,¢) and A is the relevant constraint matrix. The structure
of this space lends itself to a projection-based test, due to Fang and Seo (2021), which the

results below report alongside the moment-inequality tests. Intuitively, the test rejects the
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null when the minimum Euclidean distance from the estimate § to the cone (the projection)

is sufficiently large and unlikely to be caused by sampling error. The test statistic is:

. 1,8 = argmin [|§ — h|,,
h: Ah>0

Trs = VN [§-T158

where 11, is the projection operator that maps vectors to their closest point in the cone.
As in the moment inequality test, the most conservative approach would be to test against
the least favorable null (the vertex of the cone, where every inequality binds). This is
needlessly conservative. Fang and Seo (2021) provide a data-driven approach that bootstraps
the statistic around a point that shrinks the estimated location towards the vertex at an
appropriate rate.

Let G, = V/N(3; — §) be a single draw from the re-centered bootstrap distribution. The
critical value for the test statistic is the (1 — «)-quantile from the bootstrapped distribution

of statistics:

Ty = H(@b + inlIn8) — TI5(Gy + 7, 1155) b=1,...,B.

2?

The tuning parameter &, € [0, VN | is the key to the test. Setting %, = 0 recovers the
distribution at the least-favorable vertex, while larger values let the estimated location absorb
inequalities that are far from binding. This is the same role that moment selection plays in
Section 4.1. The convex cone structure ensures shrinking toward the vertex can only raise
the critical value, so an imperfect &, errs toward conservatism rather than size distortion,
and the test is uniformly valid yet asymptotically nonconservative as long as &,/ VN =0
(Fang and Seo, 2021, Theorems 3.1-3.2).

To choose the tuning parameter, Fang and Seo suggest a data-driven choice &, =
VNe, /71—, with 7,_, the (1 — ,)-quantile of the noise magnitudes HGbHZ: the rate of
convergence /N deflated by an estimate of the noise. The tests below set 4, = 0.01/log N,
as their simulations recommend, and verify that every reported verdict is unchanged for
¥ € {1/N, 0.01, 0.1}; ¢,, = 1 is appropriate in regular v/N-consistent settings such as this

one.

5 Identification and estimation

The empirical object of interest is the technology of skill formation P(6;,, | 6,1, ... ), where

both skills and investment are latent and discrete and are observed only through noisy mea-
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sures. This section lays out the dynamic model along with the strategy for identification and
estimation. The identification argument follows Garcia-Vazquez (2021); the measurement
structure follows Cunha et al. (2010) and the nonparametric mixture-identification of Hu
and Schennach (2008) and Bonhomme and Robin (2009).

5.1 Model

Identification (Section 5.2) is nonparametric. For stable estimation and a manageable state
space, the application imposes parametric structure on transitions, choices, and emissions.
The time-varying latent variables are (6;, ;) for t = 1,...,7. Three time-invariant latent
variables enter the model: parental cognitive skill #° (measured by six ASVAB sections),
child heterogeneity w (no own measures), and an income type €y. A configuration of these
three—written z = (GP, w, €y )—is a type; the model is specified conditional on the type. The
inclusion of the latent type w follows Cunha et al. (2010) to allow for potentially endogenous

investment choices.

5.1.1 Technology

The transition P(6,,; | 6;, I,, 8", w) is the object of interest, and its functional form is chosen
so that the estimated complementarity is not arbitrarily or accidentally imposed. A one-

hidden-layer network with K probit units forms a flexible index in the inputs,
K
(01,07 w) =" w, (D(alke + ag] + ag0” + agw + bk)7 Wy, Qg > 0,
k=1

and the survival function passes this index through a robit link—the cumulative distribution
function T,, of a Student-t with v degrees of freedom, used in place of the normal of a probit

(hence “robit,” for robust probit):
FY‘X(j ] Q,I,GP,w) = T,,(cj +u(9,[,0P,w)>, C1L > >y

The fat tails of the Student-t (here v = 7) are the point of the choice. A fat-tailed link is
close to linear over most of its range and bends toward 0 or 1 only far out in the tails, so
the survival probabilities track the index c¢; + p almost linearly except when they are very
close to 0 or 1. The monotonicity and complementarity structure of the flexible index is
thereby inherited by the probabilities with little distortion from the link’s own curvature; a

thin-tailed link such as the probit or logit would impose an S-shaped bend over the whole
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range that could itself create or mask complementarity in the estimated technology. The
production technology (transitions) is grouped into early childhood (ages 0-5) and school

age (ages 6-13). Parental skill 0" and heterogeneity w enter each unit’s index.

5.1.2 Investment

Investment is a behavioural choice, governed by a conditional choice probability (CCP) that
is itself an ordered probit. Permanent log income is a linear function of the type, and

observed income adds transitory noise:

logy, = By + Bpd” + Bow + d ey +uy, u; ~ N(0, 02) iid given the type,

permanent log income

where u, is measurement error—or transitory deviation from permanent income—that does
not affect the investment decision. Investment depends on permanent income, hence on
(Qp,w, ey). Because parental skill and child heterogeneity already enter the CCP in their
own right, only the income type need be added to capture the income channel: the index for

the ordered probit defining choice probabilities is

B10; + 53913 + Byw + Bs ey

The strength of the income channel is the ratio f5/d: a one-unit change in the income type
shifts the CCP index by (5 and permanent log income by §, so 55/ is the semi-elasticity of

the investment index to permanent log income.

5.1.3 Measurement

Every noisy measure of skill or investment follows an ordered probit, P(z"™ = k | state =
J) = ®(Tr — @nj), increasing in the latent state j whenever the loading c,, > 0. Parental
skill 87 is measured under the same ordered-probit form; observed log income is a noisy
measure of the type through the income equation above; and the four adult outcomes—
high-school completion, college completion, earnings quintile, and employment at ages 25—
30—are modelled as P(Z | O7,w), serving both as the anchors @ for the policy experiments
and as the only signals of the latent type w, which carries no direct measures of its own. The
benchmark cardinalities are rg =4, r; =5, rp = r, = 3, ey € {1,2,3}, and K = 4 hidden
units, the last selected by BIC over K € {3,4,5}.
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5.2 Identification

Children are observed for T' > 2 developmental periods. Each period yields several discrete
noisy measures of cognitive skill 07 and of investment I". The measures are pure: conditional
on the true latent state, each is independent of all other measures, of other periods, and
of all other latent variables. The emission matrices (P/");; = P(I™ =i | I = j) and
(P")ij
monotone, in the sense that the probability of its highest category is increasing in the latent

= P(A™ =i | § = j) have full column rank, and at least one measure of each kind is

state.

The identification argument maps the pair (6, ) to a single index S, = G°(0,1) = ( —
1)r; 41, and pairs the period-t measures into composite measures Y™ = G™ (6™, I"). Purity
makes Y, Y2 Y? conditionally independent given S;, and the composite emission matrix
factors as P™ = Py" ® P;", which inherits full column rank. Given full support of the latent
state at each period, Theorem 1 of Garcia-Vazquez (2021) identifies the marginal P(6;, I;) and
the joint transition kernel K;, from which P(0;,, | 0;, ;) = > 1,,, K follows; the monotone
measure fixes the labelling of categories. Because the technology (the transition function)
is left unrestricted, the discrete relabelling at each age does not run afoul of the critique
of Agostinelli and Wiswall (2016). The argument accommodates the additional discrete
latents—parental skill, child heterogeneity, the income type—by enlarging the composite
index, provided each carries (or, for heterogeneity revealed through the panel and adult

outcomes, is pinned down by) enough conditionally independent signals.

5.3 Estimation

Estimation uses expectation-maximization. The two time-invariant skill type (87, w) and the
income type ey are handled by a mixture-over-types E-step: for each value of the combined
type z = (67, w, ey), a forward-backward (Baum-Welch) pass returns the posteriors over all
latent states. The M-step updates the parameters defining the technology, household invest-
ment policies (the CCPs), and the emission probabilities. To strengthen the relatively weak
identification of the large number of parameters in the technology, the preferred specification
imposes a small ridge penalty on the weights in the hidden layer of the neural network. A
child bootstrap with 200 re-samples quantifies the sampling variation of the estimates and is,

in practice, more conservative than the corresponding asymptotic approximation.
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6 Empirical illustration

6.1 Data

The data come from the NLSY-79 Child and Young Adult supplement, a biennial panel
of children of the NLSY-79 women observed between 1986 and 2016, with roughly 11,500
children. The panel is organized into seven developmental periods spanning ages 0-13 in two-
year bins. Each child-period carries cognitive measures (the Motor and Social Development
scale at young ages; PPVT, PIAT, and Digit Span at older ages), investment measures (the
HOME-SF inventory, Parts A-D), and—cross-sectionally—six ASVAB sections measuring
parental skill. Household income (log, biennial) and four adult outcomes (high-school com-
pletion, college completion, earnings quintile at ages 25-30, and employment at ages 25-30)
complete the data. Continuous scores are discretized by pooled quantile cut-offs across ages,
and every period carries at least three noisy measures, as identification requires. Table 1

summarizes coverage.

Period Ages  Skill sources Investment
1 0-1 MSD HOME Part A
2 2-3 MSD, PPVT HOME Part A/B
3 4-5 MSD, PPVT, PIAT (Math/Recog/Comp) HOME Part B
4 6-7 PPVT, PIAT, Digit Span (F/B) HOME Part C
5 89 PPVT, PIAT, Digit Span HOME Part C
6 10-11 PPVT, PIAT, Digit Span HOME Part C/D
7 12-13 PPVT, PIAT, Digit Span HOME Part D

TABLE 1. Measurement coverage by developmental period.

6.2 The estimated technology

Figure 2 plots the estimated, type-marginalized survival functions Fy x(k | 6,) with con-
fidence bands from a child-level bootstrap. The technology is monotone in both skill and
investment, but the spacing of the survival curves across investment levels is far from uni-
form across the skill grid, a sign of non-constant complementarity. Ordinal complementarity
would produce increasing differences in these survival probabilities, and one can informally
visually reject ordinal complementarity based on Figure 2. The strong ceiling effects for
some cut-offs make complementarity very hard to obtain: a echoing a reminiscent finding in
Heckman et al. (2026).
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Regime-marginalized survivor F(k | 6, 1) with 95% ClI

k=1 k=2 k=3
100 F . . . . 1.00 [ . . . . 100 F . .
i 5/8/0 ° ° . g - %
D o= =
°Z 015 075 | A 075 Hep=3
815 -0 = 4
@' 050 o o o 0.50 | ! 0.50
49 C
23 025 ° 1 0.25 o 1 025 oo~ 1
=
o ° M 0 0 p—a—% S 9
0.00 L L L L L 0.00 (o] T L L L 0.00 O O o)l
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
- 1.00 ; 8 8 o — 1.00 g g 8 8 8 1.00 [ N N _
7o o oo °
©_ 075 | o 1 0.75 t 1 0.75 |
§ °
8r 050 o ° 0.50 ’—/_'/./,/‘ 0.50
o
N>
oS L J L J L ]
8 § 0.25 0.25 . . 0.25 g . o o s
o
0.00 L L L L L 0.00 (o] Q L L s 0.00 |la a a - o
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
investment | investment | investment |

FIGURE 2. Estimated type-marginalized survival functions Fy‘ x(k | 6,I) by transition group
(rows) and skill threshold & (columns). Shaded bands are 95% child-bootstrap confidence intervals
(B = 200, from the regularized fit). Colours index current skill 6.

6.3 Does ordinal complementarity hold?

Table 2 reports the results of the three tests of ordinal complementarity: the least favorable
moment inequality test, the version with data-dependent moments due to Romano et al.
(2014), and the projection test of Fang and Seo (2021).

While the tests do not completely agree on their verdicts, the overall patterns of results
and p-values suggests that neither ordinal complementarity nor ordinal substitutability holds
for younger children. The data also reject the possibility of ordinal complementarity for
older (school-aged) children. However none of the tests can rule out the possibility of ordinal
substitutability for older children. This pattern of results will eventually be borne out by
the shape of optimal policies in Section 6.7.

A local reading provides some exploration of the inconsistent structure of production

within each age group, classifying each (6;, I;) increment by the sign of
Fyix(-10+1,1+1) = Fyx(- [0+ 1,1) = Fyx(- | 0,1 + 1) + Fyix(- | 0,1).

Figure 3 maps the local classification over the skill-investment grid for each group: suggesting

that regions of local complementarity and local substitutability coexist within the same
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MMM (least favorable) MMM (RSW)  Fang-Seo projection

Transition group H Tanin Cobs rej. A Tes  C00s () 16j.
ages 0-5 complementarity  24.0  43.3 no 43.7 no 12.6 12.4 (0.04) yes
substitutability 51.5  43.3 yes 45.0 yes 18.9 12.7 (0.01) yes
ages 6-13 complementarity  99.9  38.4 yes 39.4 yes  30.2 36.9 (0.07) no
substitutability 20.8 384 no 39.4 no 44 18.8 (0.93) no

TABLE 2. Ordinal complementarity (Hj: supermodularity in distribution) and substitutability
(Hy: submodularity) of the technology II(8’ | 6, I), by transition group: least-favorable, moment-
selection, and projection critical values. TMMM is the modified-method-of-moments statistic of
Section 4.1 on the 36 adjacent survival cross-differences (child-bootstrap covariance, B = 200), with
critical values 615,185 simulated from the least-favorable null and cﬁggv from the moment-selection
refinement of Romano et al. (2014) with first-stage size 8 = «/10. Tjg is the projection statistic
of Fang and Seo (2021) described in Section 4.3, with critical value &5 and bootstrap p-value
computed from the same B = 200 child-bootstrap draws and tuning -, = 0.01/logN, ¢, =
1 (verdicts are unchanged for v, € {1/N, 0.01, 0.1}). Rejection is evidence against the named
property.

estimated technology.

6.4 Can any valuation rationalize assortative investment?

Table 2 asks whether every increasing valuation makes skill and investment complementary.
Proposition 6 asks the weaker existence questions—whether some increasing valuation results
in a supermodular expectation, or some rationalizes a submodular one—by solving the linear

programs (8) on the estimated II and bootstrapping their values. Table 3 reports the result.

counter-monotone (¢~ <0) —0.004 [—

0.007, +0.014] 0.85 yes

Transition group Rationalizable as t* 95% CI  Pr  verdict
ages 0-5 comonotone (¢ >0) —0.008 [-0.017, —0.000] 0.03  no
counter-monotone (¢t~ <0) +40.019 [+0.001, 4-0.069] 0.00 no
ages 6-13 comonotone (¢ >0) —0.008 [—0.068, —0.003] 0.00 1no
[ )

TABLE 3. Rationalizability of assortative and anti-assortative allocations (Proposition 6). t* (¢7)
is the LP value (8) whose sign decides whether some increasing valuation makes the optimal coupling
comonotone (counter-monotone); £*, its 95% percentile interval from the child-level bootstrap (B =
200 resamples of II), and the bootstrap probability Pr of the favourable sign (Pr(t™ >0) or Pr(t~ <
0)) are unrestricted over the valuation shape.

Three conclusions follow. First, neither stage is comonotone-rationalizable: 7 < 0 in
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Pointwise modularity of M (teal = super, rust = sub, grey = mixed across k)
step 1: ages 0-5 step 2: ages 6-11

354 mixed mixed mixed sub sub sub sub sub
? [-0.03, 0.00][-0.06, 0.12] [-0.00, 0.00] ek OO 0.00] 1 [-0.01, -0.00][-0.01, -0.00][-0.01, -0.00][-0.01, -0.00]
[« @
T T
@ @
- +
S 253 sub mixed super super S 253 mixed mixed mixed mixed
c [-0. 03 -0.01 ){EeXe[oAeReZA] [0.00, 0.00] [0.00, 0.00] e [-0.02, 0.01][-0.03, 0.02][-0.05, 0.02][-0.08, 0.02]
o o
o ]
£ £
) mixed mixed super super Vo mixed mixed mixed mixed
(R ON A N) RN N R [0:00,°0:00]{=0:00; 0:00] [-0.08, 0.01][-0.11, 0.00] [-0.10, 0.00] [-0.06, 0.01]
1-2 2-3 3-4 4-5 1-2 2-3 3-4 4-5
investment increment | - [+1 investment increment | - 1+1

FIGURE 3. Pointwise difference-in-difference sign over (6;,I;) increments, by transition group.
Each cell is classified as locally super-, sub-, or mixed-modular, with the minimum and maximum
DID across cutpoints reported.

both, making the technology ordinally non-complementary. This is a strong rejection of
ordinal complementarity that supplements the results in 2.

Second, early childhood (ages 0-5) is ordinally non-substitutable (Definition 2): the boot-
strapped test statistic is strictly positive ( = 40.019) and stays positive in every bootstrap
resample (Pr(t~ < 0) = 0), so no nondecreasing ) can produce a submodular expectation.
Together with the first conclusion this means that optimal allocations in the two planner’s
problems are unlikely to be monotonic, given the evidence that expectations can be neither
super- nor submodular.

Third, school age (ages 6-13) is the one stage where counter-monotone investment may
be guaranteed: the test statistic is non-positive (- = —0.004), in concordance with the

evidence presented in Table 2

6.5 Complementarity in the income-induced transition

The tests so far concern the technology 11(6;,, | 0;,1;), whose second argument is latent
investment. Replacing investment with exogenous household income gives a policy-relevant
counterpart: composing the estimated technology with the investment policy yields the

reduced-form transition a child faces when income is set exogenously,

Hind(etﬂ | 0, y) = Z WPw(GPaW) ZP(It | Htaep w, ey (y»ep )) (041 | etaltaepvw)' 9)
P I
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Because income enters investment only through the type ey (Section 5.1), setting income to y
means setting ey to the value that reproduces ¥ in the child’s type, €58 (y, 87, w) = (log y—By—
Bpo” — B.w)/d — the same inversion used in the income-transfer counterfactual of Section 6.7.
The type (QP ,w) is integrated out with its unconditional marginal 7p,,: income and current
skill are set exogenously, so the type is independent of them.” Income is discretized to five
model-implied quantiles ($9.9k-$139k); the result is structurally a transition with income in
place of investment, so the tests of Sections 4 and 4.2 apply verbatim. Unlike the technology

test, this object folds in how investment responds to resources.

MMM (least favorable) MMM (RSW)  Fang-Seo projection

Transition group Hy Tai Coos rej. 05 §§V rej. Trs  C005 () TE€j.
ages 0-5 complementarity 168.2  44.1 yes 36.4 yes 10.8 4.8 (0.00) yes
substitutability 365.2 44.1 yes 43.0 yes 14.0 6.9 (0.01) yes
ages 6-13 complementarity  127.3  43.2 yes 44.7 yes  26.3 22.2(0.04) yes
substitutability 321 432 no 44.0 no 4.0 14.1 (0.73) mno

TABLE 4. Ordinal complementarity and substitutability of the income-induced transition Hind(ﬂl |
0,y) in (9), by transition group: same statistics, constraint set, critical values, and tuning as
Table 2, with income in place of investment.

Two features stand out (Table 4). First, the developmental contrast of Table 2 replicates.
The complementarity null is rejected jointly in both stages—income substitutes for skill
somewhere—but the substitutability null is rejected only in early childhood; at school age it
is not rejected (Ts = 32 < 43), so the school-age income-induced transition is substitution-
dominant, exactly as the technology is. The statistics are an order of magnitude larger than
in Table 2 because the policy channel amplifies the latent interaction: lower-skill children’s
investment responds more strongly to income, concentrating significant income-substitution
at the lower thresholds (eleven of twelve adjacent cells at 8 > 2 at school age). Unlike the
technology, the induced verdicts are unanimous across critical values: Table 4 shows the
least-favorable, moment-selection, and Fang—Seo projection tests all reject complementarity
in both stages and substitutability in early childhood only.

Second, the rationalizability tests (8), run on IT™%, reinforce these implications (Table 5).
Early childhood is again ordinally non-substitutable (£~ = +0.002, Pr(t~ < 0) = 0.01): no

9Weighting instead by the skill-conditional Tpe (- | 0;) — the type mix among children observed at skill
0, — would reintroduce selection on permanent types and answer a descriptive rather than a structural
question.
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monotone valuation rationalizes anti-assortative income. School age is the opposite: the

counter-monotone value is non-positive in every bootstrap resample (f_ = —0.003, Pr(t~ <
0) = 1.00).
Transition group Rationalizable as t* 95% CI  Pr  verdict
ages 0-5 comonotone (t7>0) —0.002 [—0.004, +0.004] 0.09 no
counter-monotone (¢~ <0) +0.002 [+0.001, +0.010] 0.01 no
ages 6-13 comonotone (t*>0) —0.010 [—0.049, —0.005] 0.00 1no
counter-monotone (¢~ <0) —0.003 [-0.004, —0.001] 1.00  yes

TABLE 5. Rationalizability of assortative and anti-assortative income allocations on the income-
induced transition II™4(6" | 6,3) of (9), the counterpart of Table 3 with income in place of invest-
ment. t* (¢7) is the linear-program value (8) whose sign decides whether some increasing valuation
makes the optimal income coupling comonotone (counter-monotone); £, its 95% percentile interval
from the child-level bootstrap, and Pr of the favourable sign (Pr(t" >0) or Pr(t~ <0)) are unre-
stricted over the valuation shape. Early childhood is ordinally non-substitutable (¢~ > 0); school
age is decisively counter-monotone-rationalizable (Pr(t~ < 0) = 1.00, against the boundary 0.85
for the technology in Table 3), so a concave anchor rationalizes progressive income transfers (an
existence statement, not a claim about every concave anchor).

6.6 Convex complementarity and concave substitutability

The rationalizability programs ask whether some valuation can hold the inputs as comple-
ments; the shape-refined properties of Section 2.2 ask whether every convex (or concave) val-
uation does. By Proposition 7 these are moment-inequality nulls—convex complementarity
is T;(0,1) = Yk>; A2Fy| x(k|6,1) > 0 on every cell and cutpoint, concave substitutability
is Lj = >p<j AQFHX(k | ,1) < 0—and are tested by the statistic of Section 4.1 applied
to the cumulative cross-differences, alongside the projection test of Section 4.3, which ap-
plies verbatim to the convex cone defiend by these constraints. Tables 6 and 7 report both
properties for the technology and the income-induced transition, respectively.

Neither shape-refined property is rejected, for either object or stage, by any of the three
tests—including the Fang—Seo projection test, which avoids least-favorable conservatism:
the estimated technology is statistically consistent both with convex complementarity (ev-
ery top-weighted valuation seeing complements) and with concave substitutability (every
bottom-weighted valuation seeing substitutes). This is the formal counterpart of the anchor-
dependence found throughout—which sign a planner sees depends on the curvature of the

valuation, and the data refute neither curvature’s verdict. The one place the shape tests
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MMM (least favorable) MMM (RSW) Fang-Seo projection
- . S . A . .
Hy Tt coos  tei- coos el Tps  Goos () Tej.
ages 0-5b  convex complementarity =~ 8.7  50.6 no 51.6 no 4.1 11.2 (0.57) no
concave substitutability =~ 13.1  43.2 no 44.7 no 89 12.2(0.27) no
ages 6-13 convex complementarity  36.7  40.9 no 41.8 no 19.4  29.9 (0.10) no
concave substitutability 0.0 432 no 44.1 no 0.0 18.4 (1.00) mno

TABLE 6. Tests of convex-ordinal complementarity (Definition 3: E[Q(6')] supermodular for every
non-decreasing convex (Q; Hy: the suffix sums 7;(0,1) = > >, A?F(k | 6,1) are all non-negative,
Proposition 7) and concave-ordinal substitutability (Hy: the prefix sums L;(6, 1) = 37, A*F(k |
6,1) are all non-positive) for the technology II(§' | 6,I), by transition group. Same statistics,

critical values, and tuning as Table 2, applied to the cumulative (suffix- or prefix-summed) cross-
differences. Neither property is rejected by any test.

MMM (least favorable) MMM (RSW) Fang-Seo projection
- . S . A . .
Hy Tamt  coos  tei- coos el Tps  Goos () Tej.
ages 0-5b  convex complementarity 4.5  52.5 no 43.8 no 0.7 4.2(0.82) no
concave substitutability ~ 32.9  46.3 no 44.6 no 41 5.6 (0.07) no
ages 6—13 convex complementarity  29.2  47.9 no 49.7 no 16.0 17.9 (0.07) no
concave substitutability 0.2 483 no 49.8 no 0.0 14.1 (1.00) no
TABLE 7.

Convex-ordinal complementarity and concave-ordinal substitutability of the income-
induced transition TI™ (6’ | 6, y) in (9): same statistics, constraint sets, critical values, and tuning
as Table 6, with income in place of investment. Neither property is rejected by any test.
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come close to biting is school age, where the convex-complementarity statistic (37 for the
technology, 29 induced) sits just below its least-favorable critical value and the corresponding
Fang—Seo p-values fall to 0.10 and 0.07: even valuations that load on the top of the skill
distribution begin to see substitutability there.

6.7 Counterfactuals

The estimated technology supports three policy experiments, in increasing order of realism.
The first reallocates investment directly, holding its distribution fixed—the fixed-marginal
planner problem (P1) of Section 3. The second reallocates income across children, let-
ting investment respond through the estimated behavioural rule. A third, most realistic
experiment—a budget-constrained transfer schedule on each household’s own income—is
developed in Appendix C. Each is evaluated for a set of anchors—adult outcomes whose
expectation given terminal skill plays the role of the valuation () from Section 3—mnamely
Q@ € {HS, college, earnings, log earnings, employment }. Each problem reduces to a (stacked)
linear or low-dimensional program once the surplus is computed from ) and the estimated
transitions, and is solved exactly.

A recurring feature of the results is that the optimal policy is nearly the same across
anchors, with college completion the exception. Figure 4 shows why: it plots each anchor
Q(07) = Eloutcome | 07| as a function of terminal skill. High-school completion, employ-
ment, and (log) earnings are close to linear in 65, so their marginal value of a skill step is
roughly constant and the planner weights skill gains similarly. College completion is sharply
convex—almost all of its value sits in the top skill step—so its marginal-value profile is
concentrated at the top, which tilts the college planner’s allocation relative to the others.

The mechanism behind this agreement is precise. The planner’s surplus for anchor @) is

E[Q(0,41) | 0;, 1], and its local cross-difference decomposes, by summation by parts, as
APE[Q)6,1) = > AQ(k) A*Fy x(k | 0, 1),
k

where AQ(k) = Q(k+1)—Q(k) > 0 and Azfy‘x(kf | -) is the per-cutpoint survival difference-
in-difference mapped in Figure 3. Each anchor’s local complementarity is therefore the same
set of survival difference-in-differences, reweighted by the anchor’s marginal value of a skill
step (Figure 4). Where the technology is uniformly super- or sub-modular across cutpoints,
every monotone () inherits the same sign—ordinal complementarity—and the allocation is

anchor-invariant; where the cutpoint signs are mixed, the assignment depends on the relative
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Adult outcomes as functions of terminal skill

1.00

==o==HS completion
=o==College completion
==o==adult earnings

o employment
0.75 ==o==|0g €arnings

0.50

0.25

E|Q(6,)] (normalised to [0, 1])

0.00

FIGURE 4. Adult outcomes as functions of terminal skill f7: each anchor E[Q(67)], normalized
to [0,1] to compare shapes. College completion is the one anchor whose value is concentrated in
the top skill step; the rest are close to linear.
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magnitudes of A*F [@] rather than its sign pattern alone. Across the estimated technology
the five anchors share almost the same sign map, and college completion is the exception:
because its value concentrates in the top skill step, its surplus places relatively more weight
on the high-skill cells and is the one whose difference-in-differences are least proportional to
the rest. That non-proportionality—not a sign reversal—is what separates college’s optimal

policy from the others.

6.7.1 Reallocating investment

The first experiment is the dynamic fixed-marginal problem of Section 3.2, solved over the
full seven-period panel. Only the initial skill distribution Fy is fixed at its empirical value;
at each of the six investment periods ¢ = 1,...,6 the planner re-couples investment I, to
current skill 6;—holding the empirical investment marginal F7, fixed—and the resulting skill

distribution is carried forward through the estimated technology:

nax E[Q(07)] st. v €D(Fy, Fr), Fy, =0 (- 0,1)7(0,1), Fy, empirical.

(10)
Investment is neither created nor destroyed—only re-assigned across children within each
period—so the experiment isolates the technology’s allocative content. Because the contin-
uation value is convex and piecewise-linear in the skill distribution, (10) collapses to a single
stacked linear program in (7, ..., 7s) and is solved exactly (Section 3.2). Figure 5 contrasts,
period by period, the data profile of E[I | §] with the comonotone benchmark that ordinal
complementarity would make optimal, and with the profiles the planners actually prescribe.

The optimal allocations are decisively anti-comonotone at school age—higher-skill chil-
dren receive less investment, the opposite of the comonotone benchmark—reflecting the
dominance of locally substitutable regions there. In early childhood, where the technology
is mixed and on the boundary of ordinal complementarity (Section 6.4), the optimal profile
is non-monotone and only weakly anti-assortative. The terminal skill distribution shepherds
the bottom of the distribution upward without pushing the top (Figure 6).

The near-coincidence of the five anchors in Figure 5 is itself a consequence of the dy-
namics. From ages six to thirteen the technology is substitution-dominant and the optimal
coupling is uniformly counter-monotone, so every monotone valuation—whatever its cardinal
shape—prescribes the same anti-assortative allocation; there is nothing left for the anchor to
disagree about. The agreement is therefore near-perfect at school age and frays only in early

childhood, where the boundary technology makes the allocation sensitive to the anchor’s cur-

34



Optimal investment E[I | 6] — 7-period dynamic (sequential) planner
t=1 (ages 0-1) t=2 (ages 2-3) t=3 (ages 4-5)

E[I | 6]

ELl | 6]

—@— data comonotone HS —fA— College
—4f\— EarnQ x AlwaysEmp logEarn

FIGURE 5. Optimal investment E[I | 6] under the full seven-period dynamic planner, by devel-
opmental period. The data profile is mildly increasing and the comonotone benchmark implied by
ordinal complementarity is steeply increasing; from age six on the planners’ allocations are sharply
anti-comonotone (more investment to lower-skill children), while in early childhood—where the
technology is mixed and on the boundary of ordinal complementarity—the optimal profile is non-
monotone. In every period the five anchors nearly coincide.
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Terminal skill distribution F_8 T (ages 12-13): data vs sequential planner

Q =HS Q = College Q = EarnQ
06 [ ‘ ‘ T 1 06 [ ‘ ‘ T 1 06 [ ‘ ‘
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D
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Q = logEarn
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~
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|_
<DI -8-data -8-sequential planner
x

FIGURE 6. Terminal skill distribution under the seven-period dynamic planner, by anchor: the
mass at 6 = 1 collapses while the middle rises, and the top is not pushed.

vature. Crucially, this reconciliation is a property of the dynamic solution. A myopic planner
that re-optimizes period by period on the empirical marginals—valuing next-period skill di-
rectly by @ rather than by the continuation value—produces early-childhood allocations
that both differ sharply from the dynamic optimum and no longer coincide across anchors,
precisely because early childhood is where the horizon matters; from school age onward the
myopic and dynamic solutions are almost identical (Appendix B, Figure 9). Looking through
to the terminal outcome, and internalizing that school age is substitution-dominant, is what

pulls the early-childhood allocations into line.

6.7.2 Reallocating income

A more policy-relevant experiment fixes the behavioural investment rule and reallocates
income across children by initial skill 6, letting investment respond through the estimated
CCP. The planner chooses a per-skill income level y(6,) subject to a per-capita budget—the

average permanent income in the population—weighting each skill level by its population
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share p(6y):
max By [E[Q(0r) | 60]] st 22 p(60) y(60) = Epe . [Y(0",w,ey)],

where p(f) is the marginal distribution of initial skill. The transmission runs from Alogy
to the CCP index to P(I; | -) to the technology; the log-income semi-elasticity of the CCP
index is 35/3 = 3.10 (child-bootstrap SE 0.28, against a delta-method SE of 0.06). The
optimal income profile is non-monotone in 6, (Figure 7): the lowest-skill children receive the
most, but the profile then dips and rises again, with a secondary peak at 6, = 3 rather than
declining monotonically. The shape is most pronounced for the college anchor—the mixed,
non-substitutable early-childhood region (Section 6.4) means the optimal income allocation
turns on the cardinal shape of @), not a single sign. The terminal skill distribution shifts
accordingly (Figure 8).

Optimal income transfers by initial skill

53000 ¢
— — — baseline per-child avg ($50928)
—@— HS
—@— College
—@— EarnQ
O AlwaysEmp
—@— logEarn
— 52000

51000 ¢

Optimal income 3" (6

50000 r

FIGURE 7. Optimal income given initial skill, by anchor. The profile is non-monotone in 6:
highest at the lowest skill, with a secondary peak at 6, = 3. College is the most pronounced.

A third and most realistic experiment leaves each household’s own income in place and
adds a budget-constrained transfer schedule before investment is chosen. Its optimal schedule
is, like the income reallocation, non-monotone: transfers peak at the $15,000 income knot
rather than at the very poorest households, and fall to zero further up. As with the income
reallocation, this non-monotonicity originates in the mixed early-childhood technology—at

school age the substitution-dominant technology alone would call for a monotone progressive
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Terminal F, (baseline vs income transfer)

Q = HS ' 'Q = College Q = EarnQ
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Q = logEarn

FIGURE 8. Terminal skill distribution under the optimal income reallocation, by anchor (baseline
vs. income-transfer optimum).

Outcome Whase  Wopr A (%)
HS completion 0.921  0.930 +1.0
College completion 0.258 0.273  +45.8
Adult earnings quintile 25,455 26,159 +2.8
Employment 25-30 0.768  0.780  +1.6

TABLE 8. Welfare gains from the optimal reallocation of log income, by anchor, at the regularized
fit. Unlike the investment experiment, this is a clean optimization against a like-for-like baseline
(Whase fixes the behavioural CCP at the observed income marginal), so the gains are positive.
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transfer, and it is the boundary early-childhood region that bends the profile. Appendix C
states the problem precisely and reports the optimal schedules and welfare gains by anchor.

Across the experiments the optimal policy is broadly redistributive toward lower-skill,
lower-income children—though non-monotone in the boundary early-childhood region—and
the choice of anchor affects its magnitude far more than its shape. Both features trace to the
estimated technology: the prevalence of locally substitutable regions makes redistribution
efficient, and (away from the boundary of ordinal complementarity) the sign of the optimal
assignment is governed by the survival function rather than the particular cardinal valuation,

leaving college—whose value loads on the top skill step—as the one consistent outlier.

7 Conclusion

Ordinal complementarity provides a scale-free definition of complementarity between skills
and investment, robust to the choice of anchor and equivalent to supermodularity of E[Q(Y") |
X] for every monotone Q. It is necessary and sufficient for a broad class of static and dy-
namic planner problems to have monotone, assortative solutions, and it is testable through
moment inequalities. Applied to the technology of cognitive skill formation in the NLSY
Children sample, under conservative child-bootstrap inference the property is rejected at
school age but not in early childhood, and the estimated technology is neither globally com-
plementary nor globally substitutable: locally super- and sub-modular regions coexist, with
the two developmental stages bracketing them—early childhood consistent with complemen-
tarity and robustly non-substitutable, school age substitution-dominant. The planner’s opti-
mal response is correspondingly non-monotone—progressive transfers and counter-monotone

investment—and is largely invariant to the adult-outcome anchor used to evaluate it.

A  Proofs

Proof of Proposition 1. Because GG, g1, go are one-to-one on their ranges, the “if” direction is
the “only if” direction applied to the inverses, so it suffices to prove “only if.” Fix x, 2", y with
z; = for j > 2 and set § = G(y), & = (91(21), ga(22), T3, ...), T’ = (91(1), ga(ah), T3, ... ).
Monotonicity of g, g, makes the min/max operations commute with the relabelling, so
Fy (7 | #) = Fyix(y | ) and likewise for 2’, z A 2’, vV 2’. The inequality (4) transfers

verbatim. [

Proof of Proposition 2. Fix x,2’ with z; = 2} for j > 2 and define measures on ) by
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p((=00,y]) = 3[Fyix(y | # A2') + Fyix(y | # Vv 2)] and v((—o0,y]) = 3[Fyix(y | 2) +
Fyx(y | «)]. Definition 1 is exactly u FOSD v, and [Qdu > [Qdv for every non-
decreasing integrable @) by the standard stochastic-dominance characterization (Shaked and
Shanthikumar, 2007, Eq. (1.A.7)). Rearranging gives (5); conversely, taking ) = 1{- > y}

recovers (4). O

Additive models. The next three results support Section 2.3. Throughout, Y = f(X) +

e with ¢ L X, f supermodular and strictly increasing with strictly positive first partial

derivatives, H the CDF of ¢ and h its density, so that Fyx(y | ) = H(y — f(z)) and

Fyix(y | ) =1— H(y — f(x)). Ordinal complementarity in (zy,z,) is supermodularity of

Fy‘ y in those coordinates.

Lemma 1 (Additive criteria). (a) If H and [ are continuously differentiable, ordinal
complementarity holds if and only if h(y — f(x)) 0,, f(x) is non-decreasing in x5 for all
y,x (equivalently, h(y — f(x)) 0, f(x) is non-decreasing in ;).

(b) If H and f are twice continuously differentiable, ordinal complementarity holds if and
only if, for all y, x,

Proof. (a) For a differentiable function on a product of intervals, supermodularity is equiv-
alent to 0, Fy|x being non-decreasing in z,. Since 9, Fy\x(y | ) = h(y — f(x)) 0., f(x),
this is exactly the stated condition; the parenthetical is the symmetric cross-derivative. (b)
With H, f twice differentiable, supermodularity is 03 ,, F'y|x > 0. Differentiating 0, Fy x =
h<y - f) axlf in Lo,

agleFHX(y | ZL’) = h<y - f) 831952.]0 - h/(y - f) axlfaIQf

Hence 8§1x27y‘x(y | ) > 0 if and only if

Op, f(2) Do, f(@) (y = f(2)) < h(y — f(2)) 0%\, f (2)

]

Proposition 8 (Failure under thin tails). Suppose H and f are twice continuously
differentiable and the score h'(z)/h(z) is unbounded above. Then ordinal complementarity

fails. In particular it fails for every Gaussian shock, establishing case (i) of Section 2.5.
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Proof. Fix any x. The right-hand side of Lemma 1(b), 8§1m2f(x)/(0xlf(x) 0y, f(x)), is a
finite constant, while as y ranges over R the argument z = y — f(x) ranges over R and
the left-hand side h'(z)/h(z) takes arbitrarily large values. The criterion of Lemma 1(b)
therefore fails at some y, so Fy| x is not supermodular. For ¢ ~ N (,u,aQ) the score is
W (2)/h(z) = —(z — p)/o?, which is unbounded above as z — —oo; the same holds whenever
the left tail of h decays faster than every exponential, i.e. h'(z)/h(z) — 00 as z — —o0.
Case (ii) is separate: a shock with bounded support makes the conditional support of Y

depend on (zq,x,), which already violates (4) for y near a support boundary. ]

Example 1 (A heavy-tailed shock for which ordinal complementarity holds). Let
f(z1,29) = u(xy)v(zy) with strictly increasing w,v : R — (0,1) and strictly positive first
derivatives (for example, u and v may be cdfs with full support in R and no mass points) ,
and let Y = f(X) + logn with n ~ Exp()) independent of X, so that —e is a Gumbel-type
(reflected extreme-value) shock. Then H(z) = 1 — exp(—XAe®), h(z) = Ae® exp(—Ae®), and
h'(2)/h(z) = 1 — Xe®. Writing w =y — f(z), the cross-partial of the conditional CDF is

Or o i (y | ) = () 0/ (w2) hi(uw) [(1 = Ae™) u(an)u() — 1] <0,

since uv < 1 and 1 — Ae” < 1 force the bracket strictly below zero. Hence Fyx is strictly
submodular, Fy| x strictly supermodular, and ordinal complementarity holds for every such
f—mno matter how steep the supermodular interaction u'v’, the heavy left tail of the shock
dominates. The Laplace and Logistic cases (iii) are analogous, with criterion (b) satisfied

once the scale o exceeds the range A of f.

Proposition 9 (Multivariate equivalences). With Y = (Y1,...,Y,): (1) X1, X, are
weakly ordinal complements in'Y iff g,(X1), g2(Xs) are weakly ordinal complements in (G1(Y1), ..., G,(Y,))
for all increasing G, g1, g2, iff E[I1; Q;(Y;) | ] s supermodular for all non-negative increas-
ing Q;. (2) The strong-sense analogues hold with []; Q;(Y;) replaced by any increasing in-
tegrable Q) : R" — R. Moreover, if X;, Xy are ordinal complements in each Y; and the
conditional copula of Y given X does not depend on (xy,x,), then they are strong-sense

ordinal complements in'Y .

Proof. The measures p, v of the previous proof, now on R", place the claim within multi-
variate stochastic-order theory: the weak sense is upper-orthant dominance and the strong
sense is the usual stochastic order (Shaked and Shanthikumar, 2007, Ch. 6); the cited theo-
rems (6.G.1, 6.G.3 for the weak case; 6.B.4, 6.B.16 for the strong case; 6.B.14 for the copula

sufficient condition) give the stated equivalences. ]
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Proof of Corollary 1. For any coupling v and cutpoint y, the implied outcome marginal
satisfies P.(Y > ¢) = [ Fyx(y | «) dy, the welfare of v under Q; = 1{- > y}. (Only if.)
Under ordinal complementarity the surplus F'y|x(y | -) is supermodular, so the comonotone
coupling maximizes P, (Y > ) over I'(Fx, Fx,) (Proposition 3); varying 3 gives FOSD. (If.)
If the comonotone outcome marginal dominates at every pair of marginals, then for each y
the comonotone coupling maximizes P, (Y > y) at every pair of marginals, so Proposition 3

makes Fy|x(y | -) supermodular; as y ranges over ) this is Definition 1. O

Proof of Proposition 6. Sufficiency follows by noting that if t*(F) > 0 then the solution AQ
that delivers such a a value must also, by definition, satsify the necessary inequalities for
supermodularity. A @ can be construct simply by setting Q(k) = >, AQ(j). For necessity,
suppose that such a @ exists and define AQ(k) = AQ(k)/ >, AQ(j). Since AQ € Q, by
definition t*(F) > min, . > AQ(F), AQFHX(k | £1,29) > 0. O

Proof of Proposition 7. Apply summation by parts to (7): with T} = >, AQFY‘X(I{: | ),

ABQl(er,w2) = AQW) Ta(an,2) + 3 (AQ>) — AQ(—1)) Ty(wy, a2).
3>
Sufficiency. A non-decreasing convex () has AQ(1) > 0 and AQ(j) — AQ(j—1) > 0; if
every T; > 0 on every cell, the right side is non-negative, so the surplus is supermodular
for every such ()—convex-ordinal complementarity. Necessity. Fix a cutpoint j, and a
cell. The increments AQ(k) = 1{k > jo} define a non-decreasing convex ) (its increments
are 0 then 1, non-decreasing), and for it A’E[Q](z1, 5) = T}, (21, 25). Hence convex-ordinal

complementarity forces T;, > 0 at every cell, for every j,. The concave/prefix-sum statement
is the mirror image, with L; = <, A’Fyx(k | ) and AQ(k) = 1{k < jo}. O

The budget problem. Proposition 3 is stated without proof; the budget-problem coun-

terpart is proved here.

Proof of Proposition /. (Only if.) The cost of a coupling depends on it only through its
Xy-marginal. Given any solution v of (P2) with induced marginal F_, the comonotone
coupling of (F , F;(Q) has the same cost, hence is feasible, and attains weakly higher welfare
by Proposition 3; it is therefore a comonotone solution.

(If.) Suppose g is not supermodular: q(x A z') + q(z V 2') < q(x) + g(2”) for some pair

x,2’. The strict inequality forces z; # | and x4 # r5—otherwise {z A2,z V 2’} = {z, 2}
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and the two sides coincide—so relabelling the pair supplies 7, < x} and x5 < x5 with

AL = q<$1,l’2> - q<£ll'1,.1'/2> > q(x/be) - Q(.Tll,CC/g) = AHa

the two types’ returns to raising investment from x4 to z,; Assumption 1 makes g non-

decreasing in x5, s0 A, > Ay > 0. Let Fy, place mass % on each of z,, 2], set B = %, let

Qiower = Min{q(zy, 75), (2}, 25)}, and choose the cost

0 v < b,
b(v) = 1 Ty < v < @y,
/
maX{g($17 U)aZ(xla U)} Qower + 1 o> T,
L

which is non-decreasing by Assumption 1 (monotonicity of ¢(z;, ) and ¢(x1,-)) and satisfies,

for v > x4 and x € {xy, 2},

A b(U) > q<-T7 U) — Qiower-

By monotonicity of ¢ in x,, any feasible coupling ~ is weakly dominated, at identical cost,
by the coupling 4 that moves its mass at levels v < x5 up to x5 (zero cost either way) and
its mass at v € (25, 75) up to x5 (unit cost either way), leaving mass above z, unchanged.
Write a = J(zy1,25), ¢ = (2}, 22), and Wy = 3q(zy,25) + 2q(x),25); the budget reads
a4 CH [, .00 0d7(@1, ) + f2y 00 DAF(@], ) < 3, e

(IQ,OO) (12700)

Defining the non-negative quantities (by (x))

o= [ [Bb) (el o) ~goe)| 3w, 0), L= [ [A0) (gl 0) o) |35 0)
9,00 9,00

strictly positive unless (x4, ), ¥(z], -) respectively vanish on (z,00), we obtain

W(W/) < W(:}/) < WO+QAL+CAH+ [Q('Tla ')_QIower}d:y(xb ) [Q(xlb ')_QIower}d’?(xllv )

(12700 (:1:2,00)

< (CL + C)AL + [Q(x17 ) - QIower} d’?(xh ) + [q(xlla ) - QIower} df?(xlla ) + WO

(332700) (CCQ,OO)

S Wo—i-%AL—Il—IQ S WO+%AL
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The bound is attained by the feasible coupling v* = %5(%@2) + %5(33/1735/2), so (P2) admits a
solution. At any solution every inequality holds with equality, forcing ¢ = 0 (third inequality,
using Ay < Ap), I, = I, = 0 (final equality), hence §(x1, ), ¥ (2}, ) vanish on (x5, 00), and
a+c= % (fourth and fifth inequality, budget tight since A; > 0), hence a = %: undoing the
dominating moves, every solution places all type-z; mass at levels in (x5, 75} —exhausting the
budget on the low-skill type—and all type-z} mass at levels < z5. Every solution therefore
assigns the low-skill type strictly higher investment than the high-skill type, and none is

comonotone. O

Dynamic results.

Proof of Proposition 5. Let {F;;‘@t}?:() solve (6), and write 7 for the joint law of (6, ;) it
induces, Fp, and [y, for the induced marginals, so that v, € I'(Fy,, F7,) and Fy,, | = [ Fy (- |
0,1)dv;.

Define a candidate policy recursively. Set Iy = Fy , and given Fy" let 74" be the

comonotone coupling of (Fg*t T ), that is, the law of
((F;;*)I(U), (FZ)I(U)>, U ~ Unif(0, 1),

-1
and set Fy" = [F, (- | 0,1)dy;". Equivalently, I;* = (F7) o F,*(6,). The three steps
t+1 + t t

below show that this policy is feasible, that it induces a stochastically larger skill path, and

hence that it is optimal.

Step 1: feasibility. By construction ;" has second marginal Fy, so the induced invest-
ment marginal is unchanged, and the budget constraint—which depends on the policy only

through that marginal—reads

/btdF,t*:/btdF,j < B,

The candidate is therefore feasible, and it remains so verbatim if the budget is imposed with
equality.

Step 2: the candidate skill path dominates. We show by induction that Fy" FOSD Fy for
every t. At t = 0 the two coincide. Assume the claim at ¢, and let 4, denote the comonotone
coupling of (th , Er )—the same investment marginal as v;*, but the old skill marginal. We

compare Fy"  to Fy,  through this intermediate object.
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First, +; and 4, have identical marginals, so Corollary 1 applies: under ordinal com-
plementarity the comonotone coupling of a given pair of marginals induces an outcome
distribution that first-order stochastically dominates the one induced by any other coupling

of those marginals. Hence

[ P10, Dd5 FOSD [ Fa(-10.1)dvi = Fi,.

Second, 7;* and 4, are both comonotone and share the second marginal F7, so by the

quantile representation of the comonotone coupling, for every z,

ok L
F0t+1 (Z) - /0 Ft-l—l <Z

(F5) " (). (FZ>_1(u)>du,

and likewise for 4, with (Fg*t )71 in place of (Fg*t *)71. The induction hypothesis is equivalent
to (th*)il(u) > (Fi)il(u) for all u € (0, 1), and FOSD-monotonicity makes F, (2 | -, I)
non-decreasing in its first argument, so the integrand dominates pointwise in u. Hence Fy 11
FOSD [ Fi(-| 0, 1) d4s.

Chaining the two displays and using transitivity of first-order stochastic dominance gives

k%
9t+1

Step 3: optimality. Each @, is non-decreasing and Fy" FOSD Fy, so Ep=[Q(6;)] >

Ep: [Q(0,)] for every t, and summing over ¢ shows that the candidate attains a weakly higher

FOSD Fy, |, completing the induction.

objective than the solution {F7 s, }. Being also feasible by Step 1, it is itself a solution. Its
period-t coupling is comonotone by construction, and since F;* = F| [*t the comonotone rule

-1
may be written in terms of the marginals it induces, I;™ = (Ff*t *) o Iy (0,). m

It may be of interest to also consider the following problem:

T+1

sup Z Gy(By) + /‘% Qi(c)dFy, (c,)

{BtaAt-s-hFltwt};[:o t=0
By + A = At(l + Tt)
A > Ay

| [ idFy o Gile)dFy, () < By for all ¢
1, Jo,

Fy,(c;) = /9 /l Fyi0, 1, (cileiq, ty—1)dFy,_ o, (i—1)dEFy,  (c—q) for all
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Ap given

If the previous problem has a solution, then it has a co-monotone solution.

Corollary 3. Suppose that the previous problem has a solution { By, Ay 1, FZIGt}tTZO' Then,

. . * * kK T . . . *k .
it has a solution { By, Ajy1, FT o, }i=0 in which the copula associated to Fy o, is comonotone.

Proof. Fix {B;, A7}, and consider the problem of choosing {F 1,16, t0 maximize planner’s
objective. Since this problem has at least a solution (which is {7 s, }), it has a comonotone
solution by Proposition 5. Let this solution be F7jy,, and note that because it yields at
least the payoff associated to {7, Voo given { B}, Ay} then {B;, A\, F 7o, Vo, gives
at least the same payoff as { By, Ajyq, F, |9t}f:0, so it must be a solution. This completes the

proof. O]

B The myopic static planner

Section 6.7.1 noted that the anchor-invariance of the optimal investment allocation is a
property of the dynamic solution. Figure 9 shows the allocation chosen instead by a myopic
planner that, at each period ¢, solves a one-shot optimal-transport problem on the empirical
marginals (Fy , F; ) with the one-step reward ¢,(0,1) = E[Q(0;1) | 0,I]—valuing next-
period skill directly by the adult outcome (), with no continuation value and no forward
chaining. From age six on the myopic and dynamic allocations are almost identical: the
school-age technology is substitution-dominant, so both are uniformly counter-monotone
and both are anchor-invariant. In early childhood they diverge sharply, and the myopic
anchors no longer coincide with one another—the mixed, boundary technology there makes
the one-step allocation sensitive to the cardinal shape of (), and only looking through to the

terminal outcome, which the dynamic planner does, restores the agreement.

C Optimal transfers

The final experiment is the most realistic. Each household keeps its own income y, and a
piecewise-linear transfer ¢(y) with non-negative values at the income knots $5k /$15k /$40k /$100k /$300k
is added before the behavioural CCP decides investment, subject to a per-child budget of
$10,000:

max  E[Q(67)] s.t. E[t(y)] < $10,000,

tyrts >0
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Optimal investment E[I | 6] — myopic static-per-t planner
t=1 (ages 0-1) t=2 (ages 2-3) t=3 (ages 4-5)

ELl | 6]

E[I | 6]

—@— data T comonotone g HS ---@-- College
===-@=-- EarnQ AlwaysEmp =--@ == logEarn

FIGURE 9. Optimal investment E|[I | #] under the myopic static-per-t planner, by developmental
period and anchor. Contrast with the dynamic planner of Figure 5: from age six the two coincide,
but in early childhood the myopic anchors spread apart, whereas the dynamic anchors remain
nearly coincident.
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where the constraint is the population-average transfer. Solving this for each of the five
anchors (Figure 10), the optimal schedule is progressive but non-monotone in every case—
transfers peak at the $15k-income knot rather than at the poorest $5k knot and fall to
zero above $40k, so the budget is spent almost entirely on low- but not the lowest-income
households. The welfare gains are $+1.0% (HS), +7.8% (college), +3.3% (earnings quintile),
+1.8% (employment), and +0.4% (log earnings); college, whose value concentrates at the
top of the skill distribution, is by far the most responsive to lifting low-income children into
investment. The anchors differ only in how sharply they concentrate: maximizing high-
school completion or employment targets the very poorest (essentially nothing above the
$15k knot), whereas college spreads transfers a little further up—placing its largest above-

bottom share at the $40k knot—with the earnings anchors in between.

$35k - Piecewise-linear optimal transfer under $10k/child budget -

/ﬂ\ i ! !

(HS graduation) ]

$30k Q=P
L —— Q = P(college)
e (Q = adult earnings
$25k Q = P(always employed) .
. \ e () = log adult earnings

-------- baseline avg income ($51k)

$20k g ]
s15k [ \

$10k \\
$5Kk

$0k x% —

$2k $5k $10k $25k $50k $100k $200k $400k
baseline income

transfer t

FIGURE 10. Optimal $10k-per-child transfer schedules, by anchor. Every schedule is progressive
but non-monotone—transfers peak at the $15k-income knot (not the poorest $5k knot) and vanish
above $40k. College spreads transfers furthest up the income distribution; high-school completion
and employment target the poorest most sharply. Squares mark knot values.
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D The Dynamic Social Planner Problem in its recur-
sive form

Recall that the Social Planner Problem we study here is given by:

T+1

@O(Feo) sup Z/ Qi dFet(Ct)

{FI|9}t o t=0

| [ 0y Gidler)dFy, (e) < B, for all
It t

Fy,(¢) = /9 /1 Fo10,_,.0,_, (clei—q,i—1)dFy, o, (G—1)dFy,  (c—q) for all ¢
t—1 t—1

In general, we can define the continuation value as:

T+1

0,(Fp )= sup Z/ Qi(cr)dFy, (cy)

{F1,j0,}er t=7

| [ buliydFyg e dFy, (c) < B, for all
1, Jo,

Fy,(¢;) = o0, 1, (cileimq, te—1)dFy,_ o, (ip—1)dFy,  (c—q) for all
A P

It will be useful to consider the recursive version of this problem.

The recursive social planner problem is given by:

(Fe,) = SUP IE:FG [Q:(0,)] + Ut+1(F0t+1>
F1.10,

st//bt i)dFy o, (ilc)dFy, () < B,
1,

Fy, (2) = /0 /1 Fo, . oon, (2les 0)AFy o, (i) dFy, ()

with terminal condition:

Ur41 (FGTH) = EFQT+1 [QT—H (9T+1)]

The following proposition establishes that the recursive Social Planner Problem and the

Sequential Social Planner Problem are equivalent:
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Proposition 10. For each 7 =0,...,T + 1 the following equality holds:

0y (Fp,) = v, (Fy,)

Proof. The proof proceeds by backward induction:

« Base case t =T + 1: This case follows from the terminal condition in the recursive
problem and the definition of the continuation value in the sequential problem for
T=T+1

Ory1(Fp,,,) = Er,.,, [Qry1(0751)] = vra (Fo,, )
e Induction step The induction hypothesis is:
0 (Fp ) =v,(Fp )forT=t+1,....,T+1

We want to show that:
0,(Fy,) = v, (Fp,)

For compactness of notation, F, (Fy,) denote the set of feasible distributions Fo,. .

and note that choosing such distribution is equivalent to choosing F7,g,. Note that
Ut(FGi) = sup {Eth Qt 9t + Ut+1(F9t+1)}

Fo,\y €Fe1(Fy,)

= sup {E Qt et + Ut+1(F9t+1)}

Fy,, €F131(Fy,)

T+1
- Sup Ct dF9 (Ct) sup Z / QT Cr dFG )
F9t+1€}—t+1 F9 {F97+1€-7:r+1(F9 )}-r t1 T=EF1
T+1
:/ Qi(c;) dEp,(cr) + sup sup > / Q. (c,;) dFy (c,)
b o,y €Fe41(Fp,) {Fo_ G}—TH(FG D r—epr Tt
- [Qdn et sw S [ Qe dR e
b {Fo,  Frpa(Fy Vo, T=t+1
T+1
- s > [ Qe dby (e) = w(Fy)
{F9T+ E'FT+1F0 }T t T= =t

where the second equality follows from the Induction Hypothesis, the third equal-
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ity follows from the definition of 0;,;, the fourth equality follows from the fact that

the first term in the sum does not depend on Fy, , the fifth equality follows from

SUD,ex SUDyey (o) f (T, Y) = SUD{(4y):vex,yev @) f(2,y) and the last equality follows
from taking the constant term with respect to Fy,,  inside the supremum. Hence:

vy(Fy,) = 0,(Fp,)

as desired.
O

Before proving that the solution to this problem is monotonic in skills (that is, the optimal
Fy |, is increasing in a stochastic dominance sense in 6,), it is useful to show that v;(Fy,) is

monotonic in Fy :

Lemma 2. Suppose that for allt F9t+1|9t’1t(z|c, i) is monotonic in ¢ and Q; is non-decreasing.
Then Fy, FOSD Fglt implies v(Fy, ) > U(F(;t)

Proof. The proof proceeds by backward induction:

» Base case t =T + 1. Suppose Fy, FOSD Fét. Then, since Q)7 is non-decreasing we

have:
v(Fy,) = EBp,  [Qria(0ria)] 2 EFG'T+1 [Qr11(Or41)] = v (Fy,,,)

« Induction step: Suppose that for 7 = t+1,...,T+1, F, FOSD Fy_implies v.(Fy ) >
v, (Fp ). We want to show that F, FOSD Fj implies v,(Fp,) > v,(Fp,)

To show that, suppose that F }Z 6, 18 the solution associated to Fét, and let F }; and C” be the

marginal for investment and the copula associated to that solution, that is:

Fi) = [ Fiyo,Gile) dFy, (0

C™ (uy, uy) = /Ou1 Fr o, <(F;)1(U2)

(F3)7(s)) ds

Choosing the same marginal and the same copula under Fy, yields a marginal distribution

of 0,,, given by:

By = [ [ Fuva 15 (), (F7) ™ (1)) 1)
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Now, since Fy, FOSD Fét we have that
Fp,N(uy) > (Fg,) " (uy) for all u; € [0, 1]

This and the monotonicity of F,(-|c,4) in ¢ implies:

By = [ [ B (G5 (), (B3 () ) <

[ Fea Gl ), ()™ ) (1, ) = B, ()

where Fét+1 is the marginal distribution of 6, ; implied by Fét and F7 p,. Since z is arbitrary
Fy, ., FOSD dominates Fp, .

Hence, we have:

Ut(FGt) > IEFQt [Q:(0)] + Ut+1(F0t+1) > ]Eth [Qu(0:)] + Ut+1(Fét+1) = Ut(Fét)

where the first inequality follows from the fact that choosing the same marginal and the
same copula for Fy as in Fét is feasible, the second inequality follows from the fact that
EFet [Q:(0,)] > EFét [Q:(6,)], Fp,,, FOSD dominates Fétﬂ and the induction hypothesis, and
the last equality follows from the fact that F7 o, is optimal under Fét. n

Now we can establish our co-monotonicity result for the recursive social planner problem:

Proposition 11. Suppose F, (z|0,, 1,) is ordinally complementary for allt =0,...,T and
that for all y = (0, 1,),y = (03, I;) with y >3/

Fipa(aly) FOSD Fyi (x]y)

and suppose that each @, is non-decreasing and the recursive social planner problem has a

solution at time t for initial distribution Fy,. Then it has a co-monotone solution

Proof. Suppose the social planner problem has a solution Fy |y, with marginal F; . From
Corollary 1, the co-monotone solution of the second-stage optimal transport problem yields
a distribution that FOSD the one implied by this solution. By Lemma 2, it yields a higher
future value. Since the flow value is equal for both (because it only depends on Fy,), this

completes the proof. O

52



E Monotonicity in the optimal tracking problem

Section 3.2 showed that ordinal complementarity delivers a comonotone solution to the
sequential planner problem (6). This appendix treats a second dynamic problem, in which
the planner observes only initial skill and commits to a whole sequence of investments, and
shows that ordinal complementarity again delivers monotonicity—though here a strict form

of the property is required, for reasons explained below.

E.1 The problem and the result

The planner observes only the initial level of skills and assigns children to sequences of

investment {[t(QO)}tTZO:
sup || E[Qr)60, To(00), - T (B0)] s {LOY €T (12)

where O is a compact subset of R and here I is a subset of the set of bounded, measurable
functions from 6, to Z, where Z is a compact subset of R” .

We can think of this problem as reflecting educational tracking, which might be justified
if the cost of re-assigning children to tracks each period is large.

In order to prove our monotonicity result for this problem we need that the feasibility of
a given investment policy only depends on the marginal distribution of investment that it

induces in each period. The following assumption formalizes that:

Assumption 2 (Rearrangement invariance). The constraint set 1 is closed under equimea-
surable rearrangement: if I = (Iy, ..., Iy) € I and I = (fo, o ,fT) satisfies ftﬂum = Lifiigo
for every t, then I € L.

Note that the constraint set for this Social Planner Problem is very general, and it allows
for, for example, period-by-period budget constraints (no borrowing) and for intertemporal

budget constraints.

Proposition 12 (Dynamic comonotonicity in tracking). Suppose each one-step tech-
nology F, 1(- | 0;,1;) is strictly ordinally complementary in the sense of Definition 6, is
FOSD-monotone in (0, 1;) and satisfies (S1)-(S2) below, the Markov Kernel induced by it
satisfies the Weak Feller Property, and Fy, has no mass points. Moreover, assume that 2

holds. Then, for an arbitrary strictly increasing, continuous Q, if a solution to the optimal
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tracking problem (12) exists, it has a non-decreasing solution, i.e. I;(0y) is non-decreasing

for every t.

The proof of Proposition 12 uses Theorem 4.1 of Carlier (2003), which delivers a mono-
tone optimal transport solution when the cost is strictly monotone of order 2, which is a
property implied by strict submodularity (so for our purpose here we will require strict su-
permodularity, since we are considering a maximization problem instead of a minimization
problem, like Carlier (2003) does). That is why this appendix develops strict counterparts

of Definition 1 and Proposition 2 before turning to the sequential results.

E.2 Strict ordinal complementarity

Supermodularity has no content at pairs that are ordered in the first two coordinates, since
then {z A2', x V 2’} = {x,2'} and both sides of (4) coincide identically. Such pairs impose
no restriction in Definition 1 but admit no strict inequality, which is why the strict notion

is stated over the following set.

Definition 5 (Crossing pairs). A pair (z,7') € X x X is a crossing pair in the first two

coordinates if it agrees off those coordinates and orders them in opposite directions:
P = {(x,x’) EXXX :ag;=aforall j >2 and (z; —2)(zy — 23) < O}.

Definition 6 (Strict ordinal complementarity). X; and X, are strict ordinal comple-
ments in Y if they are ordinal complements in the sense of Definition 1 and, in addition, for

every crossing pair (x,z") € P the inequality (4) is strict for at least one y € V.

Strictness is required at some y rather than at every y. The two sides of (4) necessarily
coincide at the top of ), so a pointwise requirement could never be met when ) has a
maximum—as it does in the discrete setting of Sections 4-6—and strictness at a single y is
exactly what a strictly increasing valuation detects, which is what makes Proposition 13 an

equivalence rather than a one-way implication.

Proposition 13 (Strict supermodularity of expectations). X, and X, are strict ordi-
nal complements in' Y if and only if, for every measurable, strictly increasing, integrable Q)

and every crossing pair (z,x') € P,

EBRY) [zA2]+ EQY) | zVva]> EQY) | 2] + E[Q(Y) | «]. (13)
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The proof rests on the following strengthening of the stochastic-dominance characteriza-

tion used in the proof of Proposition 2, recorded here for completeness.

Lemma 3 (Strict stochastic dominance). Let i and v be probability measures on R with
CDFs F,, and F,. Then F,(y) < F,(y) for all y, with strict inequality for at least one y, if
and only if [Qdu > [Qdv for every measurable, strictly increasing Q@ with [|Q|du < oo
and [|Q|dv < cc.

Proof. (Only if.) Let U ~ p and V ~ v, so that U first-order stochastically dominates
V, and let @ be as in the statement, so that F[Q(U)] and E[Q(V)] are finite. Monotone
transformations preserve first-order stochastic dominance (Shaked and Shanthikumar, 2007,
§1.A.3), so Q(U) dominates Q(V'). Suppose E[Q(U)] = E[Q(V)]. Two random variables so
ordered with equal finite means are equal in distribution (Shaked and Shanthikumar, 2007,

Thm. 1.A.8), so Q(U) and Q(V') have the same law. Since @ is strictly increasing, Q(U) <

Q(y) if and only if U < , whence E,(y) = BQ(U) < Q(y)) = PQ(V) < Q(y)) = F, (y) for
every y € R, contradicting F,, # F,. Therefore E[Q(U)] # E[Q(V)], and since dominance

and finiteness of the means give E[Q(U)] > E[Q(V)], the inequality is strict.

(If.) The function arctan is strictly increasing, continuous and bounded by 7/2, hence
measurable and integrable under any probability measure, so the hypothesis gives [ arctan du >
Jarctan dv and in particular F, # F,. Suppose next that A := F,,(y) — F,(y) > 0 for some
y, and for € > 0 put Q.(t) = 1{t > y} + earctant. Then (), is measurable, being the sum
of the indicator of a Borel set and a continuous function; it is strictly increasing, since the
step term is non-decreasing and ¢ arctan is strictly increasing; and it is bounded by 1+e7/2,

hence integrable under both measures. Writing A = [arctandy — [arctandyv and using
JUt > ghdu=1-F,(y),

[Qedu— [Qudv=[(1- Fu@) — (1= F,@)] +24 = A +eA.

Both integrals defining A lie in [—7/2,7/2], so |A] < m; choosing ¢ € (0, A/m) makes the
display at most —A + e < 0, a contradiction. Hence F, < F), pointwise, and with F, # F,
the proof is complete. O

Proof of Proposition 13. Fix a crossing pair (z,2') € P and let g and v be the measures
of the previous proof. Definition 6 states that F,(y) < F,(y) for all y € ), and strictness
states that the inequality is strict for at least one y; (13) states, after multiplying through
by %, that [Qdu > [ Qdv. Lemma 3 gives the equivalence of these two statements at this
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pair. Since (z,2") € P was arbitrary and both conditions quantify over crossing pairs, the

proposition follows. n

E.3 Sequential complementarity

The remaining results carry ordinal complementarity from the one-step technologies to the
composite technology mapping (6y, Iy, . . ., I7) into terminal skill. Throughout, the one-step
conditionals have no mass points, so the integration by parts is exact. Each result has a weak
form and a strict form; the strict forms rest on the following strengthening of the primitives.
For all ¢:

(S1) OpF'y x(x | 6,1) exists, is continuous in (6, 1), and satisfies 9y Fy|x(z | 6,1) > 0 for z

and 6 in the interiors of Y and © (strict dominance in skill);

(S2) Fyx(x|0,1) > Fy|x(x | 0,I') whenever I > I' and x is interior (strict dominance in

investment);
(S3) F,11(- |0, 1;) is a strict ordinal complement in the sense of Definition 6.

Lemma 4 (Sequential monotonicity). Suppose that for all t, Fy (- | 6, 1,) first-order
stochastically dominates Fy, (- | 05, I}) whenever (0,,1,) > (0;,1;). Then for any predeter-
mined investment paths I' > (I'), 0y > 0y, F,i1(- | 0o, I") FOSD F,.1(- | 6, (I")). If in
addition (S1) and (S2) hold and (0y,I') # (6, (I')'), the dominance is strict on the interior:

Fi1(0]60,1Y < Ft+1(9 | 0o, (It)'> for every 0 in the interior of ©.

Proof of Lemma 4. By induction on t. For ¢t = 0 the claim is the maintained property that
Fii1(+ | 0,, I) first-order stochastically dominates Fy (- | 63, I}) when (6, I,) > (0, ). For
the step, the law of total probability gives

Ftﬂ(x | 907]'5) = /FY\X<m | 6y, 1) dF (0, | 907]t_1)'

Take predetermined paths I' > (I'), so I, > I/ and I'"' > (I'"'). Raising I, raises
Fy x(z | 0,,1,) pointwise in 6, (dominance in investment). Raising I ! makes F(- | 6, I'™")
stochastically larger by the induction hypothesis; since 6, — Fy| x(z | 0;, I,) is non-decreasing
(dominance in skill), integrating it against a stochastically larger distribution of 6, raises the
integral. Both effects increase Fyii(z | 0y, 1"), so Fyiq(z | 09, 1Y) > Fypq(z | 0y, (I')) for

every x, which is the asserted dominance.
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For the strict claim, assume (S1)-(5S2) and run the same induction, tracking strictness.
At t = 0 the claim is (S1) if 6, > 6, and (S2) if I, > Ij. At the step, suppose first
I, > I, with the remaining coordinates fixed: (S2) raises the integrand strictly and pointwise
in @, so the integral rises strictly. Suppose instead I, = I] and (0, I""") is raised: the
induction hypothesis makes F(- | 6, I'"") strictly dominated on the interior, and (S1) makes
0, — Fy‘ x(z | 6, I;) strictly increasing and bounded, so Lemma 3 gives a strict increase in
the integral. A general increase composes the two cases and at least one is strict. Passing

from F,,; to F,,; reverses the inequality. O

Proposition 14 (Sequential complementarity). Suppose F, (- | 0;,1;) is ordinally com-
plementary for all t and FOSD-monotone in (0,,1,). Then Fy (x| 0y, 1y, ..., Iy) is super-
modular in (6y, Iy, ..., Ip). If in addition (S1)-(S3) hold, then for every crossing pair in

(0o, Iy, - .., I1) the supermodularity inequality is strict for at least one x € Y; equivalently,
Foi( | 0o, Lo, - .., I7) is a strict ordinal complement in every pair of its conditioning coordi-
nates.

Proof of Proposition 14. By induction on t. For ¢t = 0 the claim is ordinal complementarity
of Fypi(- | 6o, 1y). Assume Fy(- | 6, I'™") is supermodular in (fy, I"""). By the law of total
probability and integration by parts—the conditionals have no mass points, which removes

the lower boundary term—
Froala| 60, 1" = / Fyix(z | 0,1)dF(0] 0, ') = Fyx(x | 6, 1)~ / 0 Fyx(x | 0,1,) F(0 | 60, 1) db.

Take I, > I{ without loss. The boundary terms Fy x(z | §,-) cancel in the mixed second

difference, so supermodularity of F,., in (6, I") is equivalent to [(aA — bB)d# > 0, where
CL(Q) = 89FY|X(‘T | 97 It)7 b(e) = 86’FY|X(Qj | 97 Ilg)
A(6) = F(0 | 60, 1'") — F(6 | max{f, 60}, I' " v(I')),
B(0) = F(0 | min{fo, 06}, I A(I"Y)) = F(6] 05, (1))
Two facts close it, pointwise in 6. First, a > b > 0: ordinal complementarity makes
89Fy| x hon-decreasing in I, and dominance in skill makes Fy| x hon-decreasing in 6. Second,

the induction hypothesis—F;, supermodular, equivalently F, submodular, in (6, t_l)—gives

A > B, and dominance in the predetermined path gives B > 0. Since
aA—bB = (a—b)A + b(A— B), (14)
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both terms are non-negative, the larger derivative multiplies the larger bracket, and the
inequality holds for every z. This is supermodularity of Fy,, in (6y, "), completing the
induction.

For the strict claim, assume (S1)-(S3) and strengthen the induction hypothesis to: for
every crossing pair in (6, [ t_l) there is an x and a 6 at which the supermodularity inequality
for F, is strict. At t = 0 this is (S3). At the step, fix a crossing pair in (6, I*); which term
of (14) delivers strictness depends on the pair.

Pairs involving I,. Let the crossing pair be (I, ¢) with ¢ one of 0y, Iy, ..., I,_1, so I, > I
and the two predetermined paths differ only in ¢. They are then ordered, so A = B and
the second term of (14) vanishes; strictness must come from (a — b)A. The two paths
in the definition of A differ strictly in ¢, so Lemma 4 gives A(f) > 0 at every interior
6. And (S3), applied at the crossing pair ((9’,[{), 0, It)) with 6 > &', supplies an = with
fg [a(u) — b(w)] du > 0; since a — b is continuous by (S1), @ > b on a subinterval of positive
Lebesgue measure. At that x the integrand (a — b) A is non-negative everywhere and strictly
positive on a set of positive measure.

Pairs not involving I;. Let the crossing pair lie in (6, Itfl), so I, = I, hence a = b and
the first term of (14) vanishes; strictness must come from b (A— B). The induction hypothesis
supplies an z and a 6, with A(6,) > B(f,). Since A — B is a finite linear combination of
conditional CDFs in 6, it is right-continuous, so A > B on [6,, 0, + §) for some 6 > 0, which
may be taken small enough that the interval is interior; there b(6) > 0 by (S1). Again the
integrand is non-negative everywhere and strictly positive on a set of positive measure.

In both cases [(aA—bB)df > 0 at some z, so the supermodularity inequality for F;, (- |
0y, I") is strict at that 2, which completes the induction.

The argument is written for conditionals without mass points, so the integration by parts
is exact. For the discrete estimated technology of Section 5 the same conclusion holds with
sums replacing integrals and the cell difference-in-differences of Section 4 replacing 897y| X;
the algebra is identical, and the right-continuity step is immediate, since a strict inequality

at a cell is already strict on a set of positive counting measure. O]

Remark 1. Both terms of (14) are needed, so (S1)-(S3) are not redundant. Strict ordinal
complementarity of the one-step technologies alone does not suffice: it delivers a > b, but
(a—b) A vanishes wherever A does, and at pairs not involving /; the factor a — b is identically
zero. Symmetrically, strict dominance alone delivers b > 0 and A > 0 but leaves a = b and

A = B at the pairs where strictness must originate.
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E.4 Proof of Proposition 12

Proof of Proposition 12. By assumption, a Borel-measurable solution I = (fo,_fl, e ,fT)
exists. We want to show that a non-decreasing solution I" = (Iy,I7,...,I7) also exists.
Let puy4 = ftﬁ,ug,o be the push-forward measure of fi o through I, where g o is the measure
associated to Fy . Moreover, note that Fj has no mass points, ©, ©, and Z are compact, and
E[Q(07+1)|00, Iy, - - ., I7] is continuous and bounded . Moreover, E[Q(0741)|60, Lo, - - -, I7]
is strictly supermodular by Propositions 13 and 14, so -E[Q(0741)|0, Lo, - - -, I7] is strictly
submodular, which implies monotonicity of order 2 in the language of Carlier (2003). Hence,
by Theorem 4.1 in Carlier (2003) there exist a non-decreasing I = (Ig, I, ..., I) solution

to:

inf — [ B[Q(Or41)00, To(bo). .. L (00)}dF, (60) (15)

(Igy...,I7)€l cH
where
.= {s = (sg,...,s7): each s,: R — R is Borel, and s;fijg 9 = p1y for i = 0,...,T}.

Since I is feasible in that set, I* yields a weakly smaller objective in (15). Moreover, since

I has the same marginal as I, for every ¢, it is also feasible in the optimal tracking problem

by Assumption 2, and hence a solution. Since I; is non-decreasing for all t = 0, ..., T, this
completes the proof. n
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