Federal Reserve Bank of New York
Staff Reports

Intermediary Balance Sheets

Tobias Adrian
Nina Boyarchenko

Staff Report No. 651
November 2013

This paper presents preliminary findings and is being distributed to economists
and other interested readers solely to stimulate discussion and elicit comments.
The views expressed in this paper are those of the authors and are not necessarily
reflective of views at the Federal Reserve Bank of New York or the Federal
Reserve System. Any errors or omissions are the responsibility of the authors.



Intermediary Balance Sheets

Tobias Adrian and Nina Boyarchenko

Federal Reserve Bank of New York Staff Reports, no. 651
November 2013

JEL classification: E02, E32, GO0, G28

Abstract

We document the cyclical properties of the balance sheets of different types of intermediaries.
While the leverage of the bank sector is highly procyclical, the leverage of the nonbank financial
sector is acyclical. We propose a theory of a two-agent financial intermediary sector within a
dynamic model of the macroeconomy. Banks are financed by issuing risky debt to households
and face risk-based capital constraints, which leads to procyclical leverage. Households can also
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face skin-in-the-game constraints, leading to acyclical leverage in equilibrium. The model also
reproduces the empirical feature that the banking sector’s leverage growth leads the financial
sector’s asset growth, while leverage in the fund sector does not precede growth in financial-
sector assets. The procyclicality of the banking sector is due to its risk-based funding constraints,
which give a central role to the time variation of endogenous uncertainty.
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1 INTRODUCTION

The deleveraging in the 2008 financial crisis forcefully demonstrated the procyclicality of
the financial sector. Figure I shows that financial sector procyclicality is a regular feature
of business cycle fluctuations: total financial sector asset growth is significantly lower in
recessions than in booms. The source of financial sector procyclicality is only starting to
be understood. Adrian and Shin [2013] show the tight linkage between asset growth and
leverage growth of banks and broker-dealers, identifying risk management constraints as the
root cause of procyclicality. Figure II expands these findings by showing that leverage of
the banking sector is also procyclical relative to total financial sector assets, while nonbank
sector leverage is acyclical. In these plots as well as the remainder of the paper, the banking
sector includes depository institutions and broker-dealers, while the nonbank sector primarily
consists of investment funds, such as mutual funds, money market funds, pension funds, real
estate investment trusts, and insurance funds. This evidence suggests a key role of the
banking sector for procyclicality.

In this paper, we develop a theory of financial sector procyclicality that matches the empirical
observations from Figures I and II. The theory relies on the different nature of financial
constraints that banks and nonbanks face. Households delegate capital allocation decisions to
financial institutions which screen, select, monitor and diversify across investment projects on
households’ behalf. This delegation of capital allocation decisions gives rise to principal-agent
problems between households and intermediaries, which are solved by imposing constraints
on financial institutions. The nature of these constraints varies across different types of
intermediaries.

What distinguishes banks from other financial institutions are their risk based funding con-
straints. In the trading book, risk management constraints such as Value-at-Risk rules
dictate balance sheet management, while in the banking book, the Vasicek [1984] model is
the predominant analytical basis for risk management. Intuitively, such rules mitigate the
principal-agent models between households and banks as risk shifting incentives are miti-
gated via risk based funding constraints. The risk based funding constraints put the evolution

of endogenous uncertainty at the center stage of procyclicality. Periods of low uncertainty



Figure I: Procyclicality of Intermediary Financial Assets
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NoTEs: The annual growth rate (percent) of the total financial assets. Data on financial asset
holdings of the financial sector comes from Flow of Funds Table L.107. NBER recessions are shaded
in grey.

Figure II: Intermediary Leverage and Asset Growth
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NotTEes: Left panel: the annual growth rate (percent) of leverage of the bank sector versus the
annual growth rate (percent) of the total financial assets of the financial sector; right panel: the
annual growth rate (percent) of leverage of the nonbank financial sector versus the annual growth
rate (percent) of the total financial assets of the financial sector. “Bank sector” refers to the
aggregated balance sheets of the broker-dealer and commercial bank sectors; “Nonbank financial
sector” refers to the remaining balance sheet of the financial sector after subtracting the aggregated
balance sheets of the broker-dealer and commercial bank sectors. Data on the balance sheet of the
financial sector comes from Flow of Funds Table L.107; data on the balance sheet of the broker-
dealer sector comes from Flow of Funds Table L.128; data on the balance sheet of the commercial
bank sector comes from FDIC.



imply loose funding constraints for banks, enabling balance sheet expansion.

The main difference between nonbank financial intermediaries and banks is their use of
leverage. Nonbanks use profit sharing agreements with household investors, which can be
interpreted as outside equity funding. The principal-agent problem between savers and the
intermediaries is solved by skin-in-the-game constraints limiting the amount of outside equity
financing (see Holmstrom and Tirole [1997]).

In our model, the banking and fund sectors compete for savings from the household sector.
The price of capital and its volatility are endogenously determined. While the tightness
of banks’ leverage constraints directly depend on the equilibrium level of capital return
volatility, the tightness of funds’ constraint does not have a simple relationship with volatility
or expected returns and can be characterized as acyclical.

The model generates business cycles due to the time varying tightness of constraints on the
bank sector. In booms, volatility is endogenously low, the effective risk aversion of banks
is low, leading to high leverage and a compressed pricing of risk. As a result, real activity
increases, and bank sector leverage is procyclical. The leverage in the fund sector, on the
other hand, has little correlation with total financial sector assets. Although expansions
increase household wealth and household contributions to the funds, the value of assets held
by the nonbank sector increases simultaneously, leading to acyclicality in leverage.

Our theory contributes to the growing literature on the role of financial intermediation in
dynamic general equilibrium economies by merging two separate assumptions about the
functioning of the financial sector into one model, and confronting the resulting dynamics
with the data. The modeling of the fund sector is directly taken from He and Krishnamurthy
[2012b, 2013], while the modeling of the bank sector is taken from Adrian and Boyarchenko
[2012]. Modeling the equilibrium dynamics of He and Krishnamurthy [2012b, 2013] and
Adrian and Boyarchenko [2012] within the same economy is relevant, as both banks and
funds are important financial intermediaries, though their balance sheet behavior is very
different. The empirical evidence presented here suggests that both bank sector dynamics
and fund sector dynamics co-exist, and that bank sector dynamics are particularly important
in understanding the evolution of pricing, volatility, and real activity.

An important finding relative to the previous literature concerns the cyclicality of the non-



bank sector. Leverage of the nonbank financial sector is acyclical: Expansions in leverage of
the nonbank financial sector occur neither during growth of the financial sector nor during
contractions of the financial sector. In contrast, He and Krishnamurthy [2012b, 2013] find
that market leverage of the fund sector is countercyclical, and show that a skin-in-the-game
constraint implies countercyclical leverage. Unlike their model, the households in our econ-
omy optimally choose to allocate capital between risk-free debt, risky debt of the bank sector
and the equity contracts with funds. Thus, while the skin-in-the-game constraint becomes
tighter for funds during contractions (since the sector’s equity gets depleted), households are
nonetheless unwilling to reduce their participation in funds. We find the acyclicality of the
nonbank fund sector to be supported by data from the Flow of Funds.

The risk based leverage constraints of the bank sector can be viewed as a solution to a
static principal agent contracting problem between banks and households, as presented by
Adrian and Shin [2013]. Dynamically, these constraints are unlikely to be optimal since
risk-based capital requirements tend to give rise to procyclical intermediary leverage. Nuno
and Thomas [2012] derive a risk based leverage constraint within a dynamic macroeconomys;
however, their contract is not necessarily optimal. The main reason for the suboptimality of
such risk based leverage constraints is that they are indexed to contemporaneous volatility,
while a dynamically optimal contract would likely make leverage constraints proportional
to forward looking measures of risk, as is done with stress tests (see the discussion of stress
tests in Adrian and Boyarchenko [2012]).

The findings presented in this paper are fully compatible with the empirical results of Adrian,
Moench, and Shin [2010], who document that dealer leverage is forecasting returns, while
asset growth or leverage growth of institutions in the fund sector do not have any forecasting
power. We note that we consider broker-dealers to be part of the bank sector in the current
paper.

The rest of the paper is organized as follows. We describe the model in Section 2. Section
3 investigates the cyclical properties of the financial system in the data and in the model.

Conclusions are presented in Section 4. Technical details are relegated to the Appendix.



Figure III: Structure of the economy

Households

Invest in risk-free
debt, nonbank finan-
cial sector and bank
sector

ThtWhy T ftWht

T 11'/,,(11?'//

3 Bank sector Nonbank financial sector 3
| Create new capital; Hold existing capital; |
| financed by debt issuance financed by profit sharing }
3 to the households contracts with households 1

Producers
random dividend

stream, A;, per unit
of project; financed
by direct borrow-
ing from the entire
financial sector

2 'THE MODEL

We consider a continuous time, infinite horizon economy. Uncertainty is described by a two-
dimensional, standard Brownian motion Z; = [Z,, th]' for ¢ > 0, defined on a completed
probability space (2, F,P), where F is the augmented filtration generated by Z;. There are
three types of agents in the economy: (passive) producers, financially sophisticated interme-
diaries and unsophisticated households. The financial intermediation sector in the economy
consists of two types of intermediaries: banks (including broker-dealers and commercial
banks) and nonbank financial institutions (such as pension funds, insurance companies and

mutual funds). The structure of the economy is illustrated in Figure III.

2.1 Production

There is a single consumption good in the economy, produced continuously. We assume that

physical capital is the only input into the production of the consumption good, so that the



total output in the economy at date ¢ > 0 is
)/t = Ath7

where K; is the aggregate amount of capital in the economy at time ¢, and the stochastic

productivity of capital {A; = e“f}tzo follows a geometric diffusion process of the form
day = adt + 0,dZ 4.

The stock of physical capital in the economy depreciates at a constant rate Ag, so that the

total physical capital in the economy evolves as
dKy = ([t - >\k> tht7

where I; is the reinvestment rate per unit of capital in place. There is a fully liquid market for
physical capital in the economy, in which both types of financial intermediaries are allowed
to participate. We denote by p; A; the price of one unit of capital at time ¢ > 0 in terms of

the consumption good.

2.2 Financial intermediary sector

There are two types of intermediaries in the economy: banks, subject to risk-based capital
constraints, and nonbank financial institutions (or funds), subject to a skin-in-the-game
constraint. The bank intermediaries represent the levered financial institutions, such as
commercial and investment banks and broker-dealers, in the economy, while the nonbank
intermediaries represent institutions such as hedge and mutual funds, pension funds and

insurance companies.

2.2.1 Nonbank financial sector

The nonbank financial sector in our model corresponds to the financial sector of He and

Krishnamurthy [2012a,b, 2013|. In particular, there is a unit mass of risk-averse fund man-



agers that manage the nonbank intermediaries (“funds”), with each fund matched to a single

agent. The fund managers are risk-averse, infinitely lived agents that evaluate consumption

+oo
E {/ e " log cftdt} ,
0

where p is the subjective discount rate.

paths {cs},., using

As in He and Krishnamurthy [2013], at every date ¢, each fund manager is randomly matched
with a household to form a fund, creating a continuum of identical bilateral relationships.
The fund managers execute trades on behalf of the fund in the capital and risk-free debt
markets, while the household only decides on the allocation between risk-free debt and the
two intermediary sectors. The match is broken at date ¢ + dt, and the fund managers and
households are rematched.

Denote the fund manager wealth at time ¢ by wy;, and by H; the household’s wealth allocation
to the nonbank financial sector. As in He and Krishnamurthy [2012b, 2013], we assume
that the fund managers face a skin-in-the-game constraint when raising capital from the
households. In particular, for every dollar of fund manager wealth invested in the fund, the

households only contribute up to m > 0 dollars, so that
H; < muwyy. (1)

The constant m measures the tightness of the capital constraint faced by the fund managers
in the economy and can be micro founded from the moral hazard set-up of Holmstrom and
Tirole [1997], as shown by He and Krishnamurthy [2012a].

Finally, the fund manager can allocate the total intermediary wealth freely between the risk-
free debt and the existing capital stock in economy, with the total profits shared between the
households and the fund managers in accordance to their relative contributions to the fund.
Assuming for simplicity that the fund manager invests all of his post-consumption wealth in

the fund, the representative fund manager solves

+o0o
max [E [/ e " log cftdt} ,
{Cftaeft} 0



subject to the dynamic budget constraint

d
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where 04, is the fraction of the fund’s equity allocated to the risky capital, r¢ is the equilib-

rium risk-free rate and dRy; is the return on the existing capital in the economy

Ak d (knepre Ar)
dR,; = ——_dt ZA\vmPRAR) — dt 7. e,
. Knipre Ar * kb A KRkt + Okat0Zat + Okg 102t

dividend—price ratio capital gains

with kp; the number of units of capital held by the funds. When 6, > 1, the fund holds a

levered position in risky capital. We have the following result.

Lemma 1. The fund managers consume a constant fraction of their wealth

Crt = PWy,
and allocate the fund’s capital as a mean-variance investor

MRkt — Tft

th —
2 2
That T Oket

Proof. See Appendix A.1. m

2.2.2 Bank sector

In addition to the fund managers that manage the institutions in the nonbank financial sector,
there is also a unit mass of infinitely-lived, risk-averse bankers that manage the institutions
(“banks”) in the bank sector. The bank sector performs two functions in the economy.
First, the bank is a financially constrained institution that has access to (a better) capital
creation technology than the households and can thus intermediate between households and
the productive sector, channeling funds from one to the other to the benefit of both parties.
Since the intermediaries have wealth of their own, they serve a second important function in

the economy by providing risk-bearing capacity to the households.



In particular, banks create new physical capital (“projects”) through capital investment.
Denote by i;A; the investment rate and by ® (i;) A; the new projects created per unit of
capital held by the intermediaries. Here, ® (-) reflects the costs of (dis)investment. We
assume that ® (0) = 0, so in the absence of new investment, capital depreciates at the
economy-wide rate \;. Notice that the above formulation implies that costs of adjusting
capital are higher in economies with a higher level of capital productivity, corresponding to
the intuition that more developed economies are more specialized. We follow Brunnermeier
and Sannikov [2012] in assuming that investment carries quadratic adjustment costs, so that

® has the form

(i) = oo (\/1 ¥ viy — 1) ,

for positive constants ¢y and ¢;.

Unlike the nonbank financial sector, the banks finance themselves by issuing long-term risky
debt to the households. To keep the balance sheet structure of financial institutions time-
invariant, we assume that the risky intermediary debt matures at a constant rate \,, so
that the time ¢ probability of a bond maturing before time ¢ + dt is \ydt. Notice that this
corresponds to an infinite-horizon version of the “stationary balance sheet” assumption of
Leland and Toft [1996]. The bonds pay a floating coupon CygA; until maturity, with the
coupon payment determined in equilibrium to clear the risky bond market. Similarly to
capital, risky bonds are liquidly traded, with the price of a unit of intermediary debt at time
t in terms of the consumption good given by py; A;.

We assume that the representative banker evaluates consumption paths {cy },-, using

“+oo
E [/ e " log cbtdt} :
0

Denote by w; the (inside) equity of the representative bank at date ¢ > 0, by k; the bank’s
holdings of capital and by b; the bank’s stock of debt outstanding. Introduce

_ kpri Ay
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to be the total leverage of the representative bank, and

to be the ratio of long term debt to equity. Then, the value of inside equity evolves as

dwi _y, (det — rpdt + (@ (i) — Z—’f) dt) — Oy (dRye — 7edt) + 7yt — Lt
Wy yg Wt

Here, dRy; is the return to holding one unit of bank debt

Cy+ XN —0 Aib d (bipp A
dRy = (Ca ° tPor) A Ldt + (brpot ) = Urptdt + Opa1dZgt + Ove 1d ¢4,
bt Ay , bipe Ay ,
dividcnd:gricc ratio Capit;l’ gains

where 06; is the new debt issuance at time ¢. We assume that the bank sector cannot

participate in the instantaneous risk-free debt market, so that

9t - 1+9bt-

Notice further that the excess return to holding capital from the viewpoint of the banks
also includes the net gain from investing in a new project, ® (i;), rather than buying the
corresponding capital stock in the market, i;/p;.

The key distinction between the bank sector and the nonbank financial sector is in the
funding constraint faced by banks. As in Adrian and Boyarchenko [2012], we assume that
intermediary borrowing is restricted by a risk-based capital constraint, similar to the value
at risk (VaR) constraint of Danielsson, Shin, and Zigrand [2011]. In particular, we assume

that

1
wy > Oé\/@ <ktd (pktAt)>2-

It should be noted that, since the banks are constrained, they create less new capital in equi-
librium than they would without regulation. The risk-based constraint can be micro-founded

using a moral hazard problem in a static setting, as in Adrian and Shin [2013]; however, we

10



abstract from the question of why the risk-based constraint exists in our economy.! Notice

that this risk-based funding constraint boils down to a time varying leverage constraint
1

/ 2 2
Q[ Ot T Tiey

The value of inside equity of the representative banker evolves as

0r <

; .
W _ 0, (det — rpdt + <CI) (i) — Z—t> dt) — Op (dRp — 7pedt) + 1 ppdt — %dt.
t

Wy Pkt

Thus, the representative banker solves

o0
max E [/ e "log cbtdt]
0

0t,0btit,Cot
subject to the dynamic budget constraint

; .
W _ 0, (det — 7 pdt + <CI) (i¢) — Z—t> dt) — Op (dRp — 7pedt) + 1 ppdt — %dt,
t

Wy Pkt

the risk-based capital constraint

0y <

)
[ 2 2
Q7O T Ohet

and the adding-up constraint
gbt - Qt - ]_
Lemma 2. The representative banker optimally consumes at rate

Cot = PWy

LAn alternative interpretation would be in terms of a counterbalancing force to a government subsidy
(such as access to a better investment technology than other sectors of the economy) provide to the bank
sector. As pointed out in Kareken and Wallace [1978], government subsidies distort the risk-taking decisions
of banks, precipitating the need for government regulation of risk taking.

11



and invests in new projects at rate

R
Zt—a(Tpkt_l)'

While the capital constraint in not binding, the banking system leverage is

03(17,5 — Oka,t0ba,t + 05@ — Okea0ber — (Wrbe — Tp1) + (MRk,t + P (iy) — I% — Tft)

Ht ==
((Uba,t - Uka,t)2 + (Ubg,t — ng,t)Q)

Proof. See Appendix A.2. m

Thus, while the capital constraint does not bind, the banks act as standard log-utility in-
vestors. In particular, since the optimal portfolio allocation does not include an intertemporal
hedging demand, the banking intermediaries do not self-insure against the possibility of the

capital constraint binding.

2.3 Households

We model the household sector as a continuum of mass one of homogeneous, risk-averse
agents. The representative household is matched with the representative fund manager to
create the representative fund. The representative household is exposed to a preference shock,
modeled as a change-of-measure variable in the household’s utility function. In particular,
we assume that the representative household evaluates possible consumption paths according

to

+oo
E {/ e St Prt log cydt | |
0

where ¢; is consumption at date t > 0 and py, is the subjective discount rate. Here, exp (—¢&;)
is the Radon-Nikodym derivative of the measure induced by households’ time-varying pref-
erences or beliefs with respect to the physical measure. For simplicity, we normalize £ = 0

and assume that {ft}tzo evolves as a Brownian motion, uncorrelated with the productivity

12



shock,? Z,,
d{t = O‘gngt

The representative household finances its consumption through short-term risk-free borrow-
ing and lending, an equity stake in the representative fund, and holdings of risky bank debt.
Denote by m; the fraction of household wealth wy; allocated to risky debt and by 7 the
fraction of household wealth allocated to the fund. The skin-in-the-game constraint for the

fund managers implies that the household allocation to the fund is constrained by
Tt Wht < MW ft-

The households are also constrained from shorting either the fund or the risky bank debt.

Thus, the representative household solves

+oo
max [E [/ e St Prt log cudt | |
Tkt sTbt 0

Ct
subject to the dynamic budget constraint

dwht

= el e (ARge — 7 pedt) + o (AR — 71dt) + 750t — ialt7
Wht Wht

the skin-in-the-game constraint

TEtWhe < MW 4,

and no shorting constraints

e > 0

bre > 0.

The household takes the portfolio choice 6 and the wealth of the fund managers wy, as

2We allow for correlation between the productivity and preference shocks in Adrian and Boyarchenko
[2012]. Since the correlation does not fundamentally affect the agents’ equilibrium choices and shock ampli-
fication in the economy, we omit it here for simplicity.

13



given when solving for the optimal consumption plan and portfolio allocation strategy. We

have the following result.

Lemma 3. The households’ optimal consumption choice satisfies

o¢
Ct = (Ph - ?) Wh-

While the households are unconstrained in their wealth allocation, the households’ optimal

portfolio choice is given by

-1

Tkt | HftUka,t eftng,t gfto_ka,t Oba,t 9ft (MRk,t - 7'ft)
Tt Oba,t Ope t tho’kg,t Obe t HRbt — Tft
-1
thUka,t Oba,t 0
OrOrer Over O¢

The household becomes constrained in its allocation to the fund sector when

2
eftwft (Uka,tUbg,t - ng,taba,t) Oka,tOba,t T Oke tObet (
2 2 2 2
— Wt — Wy Tpat T Thet Tpat T Tbet

MRkt — Tft = 2m1 HRbt — 7”ft)

(Uka,tabg,t - ng,tUba,t) (Uba,t - Ubg,t) o
2 2
Thay T O

Proof. See Appendix A.3. m

Thus, the households consume a constant fraction of their wealth, but at a slower rate than
they would if they were not exposed to the liquidity preference shocks, &. The households’
optimal allocation to capital has a intratemporal hedging component to compensate them

for exposure to the liquidity shocks.

2.4  Equilibrium

Definition 1. An equilibrium in the economy is a set of price processes {pie, Dots Tt} >0
a set of household decisions {Ty, bpe, ¢t }ysg, @ set of fund managers’ decisions {kysi, Cfi},~q

and a set of bankers’ decisions {ki, i, by, Cbt}tzo such that the following apply:

14



1. Taking the price processes, the fund managers’ decisions and the bankers’ decisions as
given, the household’s choices solve the household’s optimization problem, subject to
the household budget constraint, the no shorting constraints and the skin-in-the-game

constraint for the funds.

2. Taking the price processes, the fund managers’ decisions and the household decisions
as given, the bankers’ choices solve the intermediary’s optimization problem, subject to

the intermediary budget constraint, and the regqulatory constraint.

3. Taking the price processes, the household decisions and the bankers’ decisions as given,
the fund managers’ choices solve the fund managers’ optimization problem, subject to

the fund managers’ budget constraint.

4. The capital market clears at all dates
ke + kyp = K.
5. The risky bond market clears
by = bps.
6. The risk-free debt market clears
Wy + Wee + Wyt = P A K.
7. The goods market clears
et + ey +cp + Ackyiy = K Ay

Notice that, in equilibrium, the stock of capital in the economy evolves as

2
dK, = (cI> (i) ?t - )\k) K,dt.

t
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We characterize the equilibrium in terms of the evolutions of three state variables: the
leverage of the banks, 6;, the relative wealth of the banks in the economy, w;, and the
relative wealth of the nonbank financial intermediaries, wy;. This representation allows us
to characterize the equilibrium outcomes as a solution to a system of algebraic equations,
which can easily be solved numerically. In particular, we represent the evolution of the state

variables as

db
G = Bordlt + 0oe10Z¢t + 00170
t
dw
Tt = ﬂwtdt + Uwf,tdzgt + Uwa,tdZat
t
dw
I = g adt + 007+ 000
ft

We can then express all the other equilibrium quantities in terms of the state variables and
the sensitivities of the return to holding capital to output and liquidity shocks, 0y, + and oy ;.
We solve for these last two equilibrium quantities numerically as solutions to the system of

equations that

1. Equates 6, to the solution to the optimal portfolio allocation choice of the representative

bank;

2. Equates the equilibrium risk-free rate to the risk-free rate given by the fund managers’

Euler equation.
The other equilibrium quantities can be expressed as follows.

1. Equilibrium price of capital, py, (from goods market clearing) and optimal capital invest-

ment policy, i;, (from bankers’ optimization) as a function of the state variables only;

2. From capital market clearing, fund allocation to capital, 6, as a function of the state

variables only;

3. From debt market clearing, household allocation to debt, 7, as a function of state vari-

ables only;

16



10.

11.

12.

13.

. From fund managers’ optimal capital allocation, expected excess return to holding capital,

[Rkt — Tft, as a function of the state variables and oy, and oy 4;

. From the equilibrium evolution of fund managers’ wealth, the sensitivities of the funds’

wealth share in the economy, wy;, to output and liquidity shocks, 044 and oy,¢:, as a

function of the state variables and oy, and oge ;

. From the equilibrium evolution of the price of capital, the sensitivities of the bankers’

leverage to output and liquidity shocks, oy, and oge s, as a function of the state variables

and ope; and opey;

From the equilibrium evolution of bankers’ wealth, the sensitivities of the return to holding
risky debt to output and liquidity shocks, o4, and op¢ 4, as a function of the state variables

and opq s and ope 5

. From the households’ optimal allocation to bank debt, expected excess return to holding

capital, pgss — 75, as a function of the state variables and oy, and o s;

. From the households’ optimal portfolio choice, household allocation to funds, m, as a

function of the state variables and oy, and oge ;

From the equilibrium evolution of fund managers’ wealth, the expected growth rate of

fund managers’ wealth share, u,, st asa function of the state variables and oy, and ope4;

From the equilibrium evolution of bankers’ wealth, the expected growth rate of bankers’

wealth share, fi.; as a function of the state variables and oy, and oge ¢;

From the equilibrium evolution of capital, the expected growth rate of banks’ leverage,

o as a function of the state variables and oyq+ and oge

From the equilibrium drift of the price of capital, the risk-free rate ry as a function of

the state variables and oy, and o ;.

The details of the solution are relegated to Appendix B.
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Table I: Parameters

Parameter Notation  Value
Expected growth rate of productivity a 0.0651
Volatility of growth rate of productivity Oq 0.388
Volatility of liquidity shocks o¢ 0.0388
Discount rate of intermediaries p 0.06
Effective discount rate of households Pn — 02 /2 0.05
Fixed cost of capital adjustment oo 0.1
&1 20
Depreciation rate of capital Ak 0.03
Tightness of risk-based capital constraint « 2.5
Tightness of skin-in-the-game constraint m 4

NOTES: Parameters used in simulations. The parameters of the productivity growth process (a,
04), the parameters of the investment technology (g, ¢1), subjective discount rates (p, p), and
depreciation (A\x) are taken from Brunnermeier and Sannikov [2012]; the tightness of the skin-in-
the-game constraint m from He and Krishnamurthy [2013].

3 EQUILIBRIUM OUTCOMES

We present the equilibrium outcomes in terms of simulated paths of the model. We simulate
1000 paths of the economy at a monthly frequency for 80 years (roughly matching the length
of the time series of post-war data in the US), using typical parameters from the literature
(see Table I). We initialize the system to match the wealth of the bank sector relative to
the nonbank financial sector for the US. We consider the outcomes along typical simulation
paths, and then show that the cyclical properties of balance sheets of financial institutions
hold across simulations.

We begin by showing that the assets of the financial sector are procyclical in our model.
Figure IV plots the annual log growth rate of assets of the financial sector versus the log
growth rate of the (real) output growth for a typical path (left panel) and the US data (right
panel). While the relationship is weaker for the simulated data, both series exhibit a strong
positive relationship between output growth and the growth rate of assets of the financial
sector. Thus financial business is procyclical both in the data and in the model.

We now examine whether the procyclicality of the financial sector is driven by the bank
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Figure IV: Procyclicality of Financial Business
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NOTEs: Annual growth rate (percent) of assets of the financial sector versus annual growth rate
of output for a representative path of the simulated economy (left) and for the US (right). In the
model, assets of the financial sector are measured by (w; + wy;) preA¢ K¢ and output by A, K. For
the US, output is measured in real terms. Data on the balance sheet of the financial sector comes
from Flow of Funds Table L.107; data on real GDP growth from US National Accounts. Data from
the model is simulated using parameters in Table I at a monthly frequency for 80 years.

sector or the nonbank financial sector. Figure V plots the relationship between different
features of the aggregated balance sheet of the bank sector and the growth rate of assets
of the financial sector. The left panels plot the relationship for a representative simulated
path, and the right panels plot the relationship for the US bank sector. For the US, “Bank
sector” refers to the aggregated balance sheets of the broker-dealer and commercial bank
sectors. The top row of Figure V shows that the leverage of the bank sector is strongly
procyclical: Leverage of the bank sector expands as the financial system increases in size.
This fact has been documented by Adrian and Shin [2010] for the broker-dealer sector and
by Adrian, Colla, and Shin [2012] for the commercial bank sector. As we show in Adrian and
Boyarchenko [2012], procyclical leverage is generated by the risk-based capital constraint:
since volatility is low during expansions, the bank sector can increase its leverage and grow
its balance sheet. The middle and bottom rows of Figure V show that, while both assets
and mark-to-market equity of the bank sector are procyclical, total assets of the bank sector
correlate much stronger with total assets of the financial system, resulting in procyclical
leverage. The left panels of Table II shows that, in the model, the procyclicality of bank

leverage, asset growth and equity growth holds across different paths of the model (we report
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Figure V: Bank Balance Sheet Procyclicality
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NotTEs: Procyclicality of bank balance sheets. Top row: annual growth rate of leverage of the
bank sector versus the annual growth rate of assets of the financial sector for a representative path
of the simulated economy (left) and for the US (right). Middle row: annual growth rate of assets of
the bank sector versus the annual growth rate of assets of the financial sector for a representative
path of the simulated economy (left) and for the US (right). Bottom row: annual growth rate
of equity of the bank sector versus the annual growth rate of assets of the financial sector for a
representative path of the simulated economy (left) and for the US (right). In the model, assets
of the financial sector are measured by (w; + wyi) prrAe Ky, leverage of the bank sector by 6, and
equity of the bank sector by w;prs A K. For the US, “Bank sector” refers to the aggregated balance
sheets of the broker-dealer and commercial bank sectors. Data on the balance sheet of the financial
sector comes from Flow of Funds Table L.107; data on the balance sheet of the broker-dealer sector
comes from Flow of Funds Table L.128; data on the balance sheet of the commercial bank sector
comes from FDIC. Data from the model is simulated using parameters in Table I at a monthly
frequency for 80 years.

the median, mean, 5% and 95% outcomes from the simulation).
Consider now the nonbank financial sector. Figure VI plots the relationship between different

features of the aggregated balance sheet of the nonbank financial sector and the growth rate
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Table II: Cyclicality of Intermediary Balance Sheets

Bank sector leverage growth Nonbank financial sector leverage growth
Data Mean 5% Median 95% Data Mean 5%  Median 95%

Bo -5.29 -0.33 -0.63 -0.32  -0.01 Bo -2.54 0.22 -0.06 0.18 0.55
B 0.37 0.40 0.18 0.42  0.59 B -041 -0.05 -0.27 -0.06 0.17
R?  0.08 0.35 0.16 0.35 0.50 R?  0.00 0.04 0.00 0.02 0.14

Bank sector asset growth Nonbank financial sector asset growth
Data Mean 5% Median 95% Data Mean 5%  Median 95%
Bo -5.29 -0.33 -0.63 -0.32  -0.01 Bo 0.09 -0.09 -0.29 -0.09 0.11

81 0.37 0.40 0.18 0.42 0.59 81 115 1.01  0.84 1.01 1.18
R?  0.08 0.35 0.16 0.35 0.50 R?  0.88 0.67 0.48 0.68 0.82

Bank sector equity growth Nonbank financial sector equity growth

Data Mean 5%  Median 95% Data Mean 5%  Median 95%

Bo  4.30 0.40 0.05 0.39 0.80 Bo 2.63 -0.31 -0.57 -0.27 -0.15
B 043 0.55 0.32 0.54 0.79 Bf1 1.56 1.06 0.95 1.06 1.20

R?  0.12 0.46 0.14 0.48 0.77 R?  0.04 0.93 0.88 0.93 0.96

sector.

NoTES: The relationship between balance sheets of two types of intermediaries and the growth
rate of the assets of the financial sector. The “Data” column reports the coefficients estimated using
data for the US financial sector. The “Mean”, 5%, “Median” and 95% columns refer to moments
of the distribution of coefficients estimated using 1000 simulated paths. By is the constant in the
estimated regression, 3; is the loading on the explanatory variable, and R? is the percent variance
explained. In the model, assets of the financial sector are measured by (w; + wy;) pre A Ky, leverage
of the bank sector by 6;, equity of the bank sector by w;pr: A¢ Ky, leverage of the nonbank financial
sector by 65, and equity of the nonbank sector by ws:prtA:K;. For the US, “Bank sector” refers
to the aggregated balance sheets of the broker-dealer and commercial bank sectors; “Nonbank
financial sector” refers to the remaining balance sheet of the financial sector after subtracting the
aggregated balance sheets of the broker-dealer and commercial bank sectors. Data on the balance
sheet of the financial sector comes from Flow of Funds Table L.107; data on the balance sheet of
the broker-dealer sector comes from Flow of Funds Table L.128; data on the balance sheet of the
commercial bank sector comes from FDIC. Data from the model is simulated using parameters in
Table I at a monthly frequency for 80 years.

of assets of the financial sector. The left panels plot the relationship for a representative

simulated path, and the right panels plot the relationship for the US nonbank financial

the financial sector after subtracting the aggregated balance sheets of the broker-dealer and
commercial bank sectors. The top row of Figure VI shows that the leverage of the nonbank
financial sector is acyclical: Expansions in leverage of the nonbank financial sector occur
neither during growth of the financial sector nor during contractions of the financial sector.

In contrast, He and Krishnamurthy [2012b, 2013] find that market leverage of the hedge fund
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Figure VI: Nonbank Financial Sector Balance Sheet Acyclicality
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NoTEs: Acyclicality of nonbank financial sector balance sheets. Top row: annual growth rate
of leverage of the nonbank financial sector versus the annual growth rate of assets of the financial
sector for a representative path of the simulated economy (left) and for the US (right). Middle
row: annual growth rate of assets of the nonbank financial sector versus the annual growth rate
of assets of the financial sector for a representative path of the simulated economy (left) and for
the US (right). Bottom row: annual growth rate of equity of the nonbank financial sector versus
the annual growth rate of assets of the financial sector for a representative path of the simulated
economy (left) and for the US (right). In the model, assets of the financial sector are measured
by (w¢ + wyt) preA¢ Ky, leverage of the nonbank financial sector by 64, and equity of the nonbank
sector by wrpriA¢ K. For the US, “Nonbank financial sector” refers to the remaining balance
sheet of the financial sector after subtracting the aggregated balance sheets of the broker-dealer
and commercial bank sectors. Data on the balance sheet of the financial sector comes from Flow
of Funds Table L.107; data on the balance sheet of the broker-dealer sector comes from Flow of
Funds Table L.128; data on the balance sheet of the commercial bank sector comes from FDIC.
Data from the model is simulated using parameters in Table I at a monthly frequency for 80 years.

sector is countercyclical, and show that a skin-in-the-game constraint of the form (1) implies
countercyclical leverage. Unlike their model, the households in our economy optimally choose

to allocate capital between risk-free debt, risky debt of the bank sector and the equity
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Figure VII: Cross-correlation of Intermediary Balance Sheets
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NoOTEs: The cross-correlation function of the annual growth rate (percent) of leverage versus the
annual growth rate (percent) of assets of the financial sector for the bank sector (blue) and the
nonbank financial sector (red), for a representative path of the simulated economy (left) and for
the US (right). Significant correlations are denoted by filled-in points. Assets of the financial
sector are measured by (w; + wyt) pre Ae Ky, assets of the bank sector by wiprt A: K and equity of
the nonbank sector by wypriA:K;. For the US, “Bank sector” refers to the aggregated balance
sheets of the broker-dealer and commercial bank sectors; “Nonbank financial sector” refers to the
remaining balance sheet of the financial sector after subtracting the aggregated balance sheets of
the broker-dealer and commercial bank sectors. Data on the balance sheet of the financial sector
comes from Flow of Funds Table L..107; data on the balance sheet of the broker-dealer sector comes
from Flow of Funds Table L.128; data on the balance sheet of the commercial bank sector comes
from FDIC. Data from the model is simulated using parameters in Table I at a monthly frequency
for 80 years.

contracts with the nonbank financial sector. Thus, while the skin-in-the-game constraint
becomes tighter for the nonbank financial sector during contractions (since the sector’s equity
gets depleted), households are nonetheless unwilling to reduce their participation in the
nonbank financial sector and increase holdings of risky bank debt. The middle and bottom
rows of Figure VI show that, just like the bank sector, both assets and mark-to-market equity
of the nonbank financial sector are procyclical. For the nonbank financial sector, however,
the correlation of the growth rate of assets with the growth rate of total assets of the financial
system and the correlation of the growth rate of equity with the growth rate of total assets of
the financial system are similar in magnitude, resulting in acyclical leverage. The right panels
of Table II shows that, in the model, the acyclicality of nonbank financial sector leverage
and the procyclicality of asset growth and equity growth holds across different paths of the
model (we report the median, mean, 5% and 95% outcomes from the simulation).

Finally, we show in Figure VII that the growth rate of leverage of the bank sector leads the
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growth rate of assets of the financial sector as a whole in both the model (left panel) and US
data (right panel). In particular, we plot the cross-correlation function between the growth
rate of leverage of the bank sector and the growth rate of assets of the financial sector (in
blue) and the cross-correlation function between the growth rate of leverage of the nonbank
financial sector and the growth rate of assets of the financial sector (in red). The growth rate
of leverage of the bank sector is positively and significantly correlated with the growth rate
of assets of the financial sector, with the highest correlation at the one quarter lag, while
the correlation between the growth rate of leverage of the nonbank financial sector and the
growth rate of assets of the financial sector is never significant. Thus, growth of leverage of
the bank sector Granger-causes growth for the rest of the financial system. In the model,
this arises because the bank sector has access to a better technology for the production of
new capital. When the bank sector grows, investment in the productive sector grows as well,
increasing the value of capital projects held by the nonbank financial sector and thus the

value of assets of the financial system.

4 CONCLUSION

Intermediary balance sheet behaviors differ across financial sectors empirically. While banks’
leverage is strongly procyclical and has forecasting power for intermediary sector asset
growth, nonbank leverage is acyclical, and has no forecasting power. These empirical obser-
vations are qualitatively matched in a two intermediary sector macroeconomic model where
the bank sector is subject to a risk-based capital constraint and the nonbank financial sec-
tor is subject to a skin-in-the-game constraint. In particular, the model gives rise to the

following dynamics:
1. The financial sector is procyclical overall.

2. While total assets and mark-to-market equity of both types of intermediaries are pro-
cyclical, the leverage of the bank sector is procyclical and the leverage of the nonbank

financial sector is acyclical.
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3. Expansion of the balance sheet of the bank sector leads expansions of the balance sheets

of other kinds of intermediaries.

The procyclicality of the bank sector arises due to the risk based leverage constraint, which
mitigates the risk shifting problem. The fund sector, on the other hand, is subject to a skin
in the game constraint on outside equity funding. The microfoundations of both types of
constraints have been discussed in the literature by Adrian and Shin [2013] and Holmstrom
and Tirole [1997|, respectively. The contribution of the current paper is to show that these
constraints give rise to aggregate intermediary balance sheet dynamics that match the data
closely.

Our findings allow the reconciliation—both theoretically and empirically—of two previously
alternative approaches to macroeconomic modeling of the financial sector as put forward
by He and Krishnamurthy [2013] and Adrian and Boyarchenko [2012|. The approach by
He and Krishnamurthy [2013]| of modeling the financial sector as having a skin in the game
constraint on outside equity should be viewed as a model of the nonbank financial sector,
which primarily comprises investment funds. The risk based funding constraints on interme-
diaries of Adrian and Boyarchenko [2012], on the other hand, applies to the bank sector. In
general equilibrium, the dynamic properties of the two sectors interact in such a way that
the bank sector exhibits endogenously procyclical leverage, while the fund sector is acyclical.
The dynamic properties of the nonbank sector are markedly different from He and Krishna-
murthy [2013], as household allocate optimally between the bank and nonbank sectors in our
setting. These findings matter for normative questions, as the cyclicality of leverage matters

for policy conclusions.
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A PORTFOLIO ALLOCATION PROBLEMS

A.1  Specialists’ optimization
Recall that the fund managers solve
+oo
max |E [/ e " log cftdt} ,
{Cftﬁft} 0
subject to the dynamic budget constraint

d’ll)ft

Crt
=0 (dRyy — 1t dt — ——dt.
wre #t (AR — pedt) + 7 W

Instead of solving the dynamic optimization problem, we follow Cvitani¢ and Karatzas [1992]
and rewrite the fund manager problem in terms of a static optimization. Cvitani¢ and
Karatzas [1992] extend the Cox and Huang [1989] martingale method approach to con-
strained optimization problems, such as the one that the fund managers face in our economy.
Notice that, even though the fund managers do not face no-shorting constraints, the market
is incomplete from their point of view since they cannot invest in the risky debt of the bank
sector. Introduce 0yr+ to be the fraction of fund equity allocated to risky intermediary debt,
and let 0 11 = [0 Ops4)' be the vector of portfolio choices of the fund at time ¢.

Define K = R x {0} to be the convex set of admissible portfolio strategies and introduce the
support function of the set —KC to be

d(xz) =0 (z|K) = sup <—§}x>

grek
_J0, ifxr; =0
B 400, otherwise.

We can then define an auxiliary unconstrained optimization problem for the fund manager,
with the returns in the auxiliary asset market defined as

r;t =7y +0(0)
ARy, = (tpkt + Vi + 6 (0)) dt + OpedZay + OpedZe
dR;)}t = (/LRb,t -+ Vot + 0 (7)) dt + Uba,tdZat -+ O'bé‘,tdZ&,

for each ¥, = [vy; vy] in the space V (K) of square-integrable, progressively measurable
processes taking values in IC. Corresponding to the auxiliary returns processes is an auxiliary
state-price density

dny

,r]’u = (Tft + 5 (17t)) dt - (ﬁRt - Tft + Ut>/ (0-3%15)_1 dZt,
t
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where

- MRt Okat OkeEpt = Lt
= ’ 7 o = ’ ’ ’ Z = .
fire { [tRbt } it { Tbas  Obe,t } t { Z }
The auxiliary unconstrained problem of the representative fund manager then becomes

+oo
max [E [/ e "log Cftdt:| ,
Cft 0

subject to the static budget constraint

+oo
wyi = E [/ n;)Cftdt:| .
0

The solution to the original constrained problem is then given by the solution to the uncon-
strained problem for the v that solves

Uy = argn(l)in {25(1‘) + Ha}_%tl (fipe —7pe + ZE){ }2}
1=

= arg min HUI:Etl (fipe — 7yt + w)Hz
x1=0

Thus,

= | G
! — (prot —Tpe) |

Consider now solving the auxiliary unconstrained problem. Taking the first order condition,
we obtain

e Pt
[c]: 0=— =,
Cft
or
e Pt
Cpp = )
" g

Substituting into the static budget constraint, we obtain

+00 +00 o—ps e—rt
nywe = Ey {/ 77ngst:| = E, {/ ds] = —
t t

A

Thus

Cft = PWyt.
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To solve for the fund’s optimal portfolio allocation, notice that:

d(n; wft)
Ny Wt

= —pdt.

On the other hand, applying [t6’s lemma, we obtain

d(njwg) _ dny L dwpe | dwg dnf

nywyy nyo wp o wp

Equating the coefficients on the stochastic terms, we obtain

Or0 = (ORi0T) " (fige — 70+ T) .

A.2  Bankers’ optimization

Recall that the representative banker solves

+oo
max E [/ e " log cbtdt]
0

0t,0pt,1¢,Cpt
subject to the dynamic budget constraint

d .
= oy, (det — rpdt + <‘D (4¢) — Z—t> dt) — O (ARyy — 7pedt) + 7t — St
Wt Pt Wy

the risk-based capital constraint

1

)
2 2
A\ Okar T Okert

0y <

and the adding-up constraint
th = et —1.

Notice first that the investment choice, 7;, only enters into the budget constraint directly.
Thus, we can take the first order condition with respect to investment to obtain

P (it)/ = plztl>

1 (T,
Zt—a( 4 Pt — >

Consider now the optimal consumption and portfolio allocation choice of the representative
banker. As with the fund managers, we rewrite the dynamic optimization as a static problem.

or
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To make the derivation more concise, denote

- . 7
MRkt = HUREt T (‘I) (i) — _t)
Dkt

~ ~ !/
KRt = [ KREt HRb } .

As in the previous section, let

1

[ 2 2
QN[ Opa s+ Okey

be the convex set of admissible portfolio strategies as date ¢, with the support function of
— K¢ given by

Ki= |z eR? o <

,.772:1—5E1

- a0k -
5,5 (l‘) = AN/ Oka,t The t .
+00 otherwise

and the barrier cone of —C; by
f(: [Z‘ € ]R2|ZE1 S $2i| .
The auxiliary state-price density in this case is

dny
n;

= — (rpe+ 00 (80)) dt — (i — 70+ 1) (0,) " dZ,
where the optimal v} satisfies

. . 1~ Z12

v = argmin [25 (@) + ||og (re — 7p0) + o, | ] :
zeK

Denote the Lagrange multiplier on x; < x5 by 2¢;. Taking the first order conditions, we
obtain

1

BN e R ; :
) m +2(0_;%t) 1<O_Rtl(MRt_rft)+0'Rtll')+2¢1|:_1:|:Oa

S
A/ Ul%a,t"'algg,t
or
1 .
. is
R / A/ o ,t+gi.§,t / -1 HRE ¢ +o (Zt) — = — Ty
VU = ORtO Ry . T 11 + ¢10RtURt 1 — Pkt )
T3 a3 KHRbt — Tft
AN/ Ciq t T 0he t

Thus, if ¢; = 0, so that banks are at the risk-based capital constraint,

>k /
/Ut — URtURt

1 .
I S . i
QA /U%a7t+az§7t . HRE ¢ + o (Zt) - ZItt — Tt
S _y
A/ Uia,ﬁ"ig,t HRb.t ft
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~ 1 _ 1 /.2 2
— (,URk,t - Tft) - (a T 1) (Ubg,tak&t + aba’toka,t) 1 o\ Okar T Okt

P 2 1 1
— (prot — 75) — (Opay + 0 — 1| + ————— (b 1Okt t + ObatTkat)
! ( ba,t bg’t) Qy/ U%a,t"'ggg,t Qy/ U%a,t+o—§§,t ¢ ¢

Otherwise, vj = v3. Solving for ¢, we obtain

é = — (Brrs — 77e) + (lRbe — 7 fe) 1 (0vetOket + ObatOkat) — (Ul?a,t + Uz?g,t)
L=

+
((Uba,t — Uka,t)2 + (Ubg,t - Uk{,t)2) QU /ggat + o']%é.t ((Uba,t - Uka,t)2 + (Ubg,t - Ulcf,t)Z)

Substituting into the equation for vj, we obtain

oy = w3 = — (im o) (wa + Ul?&t) — (Obe tOke ¢ + Oba,tOkart)
=Vy = — t—Tft
((Uba,t - Uka,t)2 + (obes — Uké,t)2)
02+ 0k, — (ObeaOkes + ObatOkat)
— (URbt — Tft) ( kot TR R “ ; ) + (OvetThe,t + ObatOnart)
((Uba,t — Okat)” + (Obet — Orert) )
(ObetOket + ObatOkat) — (Uga,t + Ul%g,t) (02

+0'2 — (Ope 10 —+ Oy t0,
((O'ba,t - O'Im,t)z + (O'bf,t - ng,t)Q) hat het ( rke ot kw))

Turn now to the solution of the augmented unconstrained problem. Analogously to the fund
managers, the representative banker solves

—+o00
max E [/ e " log cbtdt]
Cht 0

subject to the static budget constraint

+o0
wy = E {/ nfjcbtdt] .
0

Taking the first order condition, we obtain

) 0 0= ———Anp/,
[ bt] Cot U
or
et
Cht 0"
A

Substituting into the static budget constraint, we obtain

+o0 +00 e—Ps e~ Pt
n,wy = Ey {/ n;’cbsds} =E, {/ ds] )
t t A

:)\—p
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Thus
Cot = PWs.
To solve for the bank’s optimal portfolio allocation, notice that:

—d (wat) = —pdt.
Ty Wy

On the other hand, applying It6’s lemma, we obtain

d(mpw) _ dng | dw | dw diy

My Wy un wy wy My

Equating the coefficients on the stochastic terms, we obtain
6_); = (URtU}{t)il (fige — T+ T;) -
When the bank is unconstrained, v = 0 and the optimal portfolio allocation is
{ 0, ] _ ([ Okat Okét ] [ Oka,t Oba,t }>_1 ( MRkt T (I)(it) - pi—;t —Trp+u )
— O Opat  Obet Oket  Obet URbt — Tfe + V2

Ugayt_Uka,to'ba,t‘i‘a'g&’t_O'kf,to'bg,t_(#Rb,t_rft>+ (#Rk,ri-‘l)(it)—p%—rft)

2 2
((Uba,tfo'ka,t) +(Ub§,tigk§!t) >
U%ai—Uba,taka,t+0'1%§’t_0'b.§,t0'k£,t+(MRb,t_rft)_ 1Rk, +® (i) — p%_’”ft)

((Uba,z—mm,t)2+(0b5,t—0k5,t>2)

A.3 Households’ optimization
Recall that the representative household solves
+00
max [E [/ e St Prt log ¢ydt | |
Wktcazrbt 0
subject to the dynamic budget constraint

dwpy

— B0 (AR — ryudt) + o (ARy, — rdt) + rpydt — ——dt,
Wht Wt

the skin-in-the-game constraint

Wt
Tkt S m_f?
Wh

and no shorting constraints

e > 0
Ty = 0.
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Notice that the representative household takes the skin-in-the-game constraint as given. In
particular, denote the relative wealth of the fund manager to be

W rt
Wy + Wt + Wht

(Uft =

and the relative wealth of the bankers to be

Wy

Wy = )
Wy + Wit + Why

so that the constraint can be represented as

Wit
Tkt S m .
1—Wft—wt

The representative household then takes wy; /(1 —wg —w;) as given in solving for the optimal
consumption and portfolio allocation rules.

The time ¢t convex set of admissible portfolio strategies is then IC; = Ry x [0, mwp /(1 — wp — wy)],
with the support function

d¢ (2) = 0; (v Ky) = sup (=7'v)
Tek:

U.)ft
= m——————x11;,<0 + 00x21,,<0-
1 —wpe —we

For future use, introduce also the barrier cone I@t of —IC; to be
/@:{xGRQ: ZL’QZO}

We can then define an auxiliary unconstrained optimization problem for the household, with
the returns in the auxiliary asset market defined as

T;t :Tft‘F(S(??t)
dth = (/J/Rk,t + vy + ) ('Ut)) dt + O'kaﬂgdZat + O-kf,tdzét
dR;))t = (H’Rbﬂf + vy + 0 (17,5)) dt + Uba,tdZat + Ubg,tdZ&,

for each ¥, = [vy; vy] in the space V (K) of square-integrable, progressively measurable
processes taking values in K. Corresponding to the auxiliary returns processes is an auxiliary
state-price density

dny
ny

- HREt | . | Okat Oker | . > Lt
Rt — ) ORt = ) Zy = .
pire { [tRbt } ' { Tbat  Obet } t { Zet }

=—(rpe+6(0))dt — (fpe — rpe + ) (Ug%t)_l dZ,,

where
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The auxiliary unconstrained problem of the representative household then becomes

+o00
max E [/ e St ]og ctdt} ,
0

Ct

subject to the static budget constraint:

“+o00
wpo = E [/ nfctdt] )
0

The solution to the original constrained problem is then given by the solution to the uncon-
strained problem for the v that solves the dual problem

+oo
i E —&=pnty (AN dt ’
min, UO e i (Any) }

where @ (x) is the convex conjugate of —u (—x)

u(r) = SZl>1%) [log (zx) — zx] = — (1 + log x)

and A is the Lagrange multiplier of the static budget constraint. Extending the result of
Cvitani¢ and Karatzas [1992] for logarithmic utility to the case of a random rate of time
discounting, the optimal choice of v satisfies

Uy = arg min {26(x) + Hagtl (fpe — g+ ) + EEHQ}
paSy o

. w 1/ 2
= arg min {Qm#xllxﬁo + HURtl (Hre —rp+ ) + ZEH } ’
xEI@t 1 _Wft W

where

s=| o]

Taking the first order conditions and solving for the variables of interest, we obtain

L R Sy ; _ L 2
vy = {le_wﬁ_wt Ort (Bpe —7pe), i pree TftZle_wft_wt

. 9
0, otherwise

Oka,tOba,t + Oke tObet (

5 D) KRkt — Tre+ 1)
That T Oket

Ty = — ([rpt — Tpe) +

Consider now solving the auxiliary unconstrained problem. Taking the first order condition,
we obtain

e—St—pnt

] 0= — Ay,

Cy
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or

efétfpht

Ct = >
A

Substituting into the static budget constraint, we obtain

[ +00 y +oo e—ﬁs—PhSd e—St—pnt
N, wp = E / N5Cs 3} =K {/ s} :—.
t t t . t \ A ( on — U§/2)

o¢
Ct =\ Php — 7 Wht-

To solve for the household’s optimal portfolio allocation, notice that:

Thus

d (W;jwht) _

1 1
Uf’wht —phdt — dft + §dft2 = (—ph + 502) dt — UgdZ&.

On the other hand, applying [t6’s lemma, we obtain

d(nfwn)  dny o G dwpy dwht dni’

N Wht N Whe o Whe ¢
Equating the coefficients on the stochastic terms, we obtain

—'/

1
= (fire — T+ Ut) (O-;%tO-Rt) [0 1] URt

B SOLVING FOR THE EQUILIBRIUM

B.1  Equilibrium capital price evolution

To derive the equilibrium evolution of the price of capital, recall that the market clearing
condition for capital gives

Kt - kt + k:ft
Dividing both sides by K, we obtain

Pre Ak PreAk ft WP Aiky PreAck ft Wy

1= =
Pl P A wepre A K Wt PreA K

= Oy + Opopy,

so that
]. — Htwt

Wft

th:
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Similarly, the debt market clearing condition gives
0 =by + bt = —Opwr + T (1 — wy — wie)

or

Oy

Recall further that the price of capital satisfies
4

0 = ppbuwr + 2pis (p1 + po (we + wpe)) — 575 (91 + O,
(onton
and, in terms of moments of the excess return to holding capital, we can represent
dpy, 1 B 02
== = (MRk,t -+ )\k — Q4 — & — 04 (Uka,t - Ua) dt + (Uka,t - Ua) dZat + Uk{,tdZ@‘n
Dkt Pkt 2

Then, applying It6’s lemma, we obtain

dpy, dpri 4 d (Bywy)
0= 2pkt9twt Dt ‘|‘pkt9t We < v > + (pit — W) Oy

Kt
dpr; dw, >

)
Pt Wi

dpy, dwy
+ 2p1e (1 + po (Wi + wye)) p_ + 2P0Pktwt— + 2popriws <

dprt dwft>
Dkt ’ Wyt

dwy
+ 2popriw " L4 200ppi i <

Hence, equating coefficients, we obtain
2 1 o,
[dt:] 0= (20wpy, + 2Dkt (po (we + wpe) + p1)) | Brry — o A —a— 2 —a (Okat — 0a)
kt

¢ ¢2> Qtwt@ ('Lt) (1 — Qtwt)
0

+ 2p0Pktwt et + 2P0wiPkt (Owart (Tkat — Ta) + Oket0uwe,t)

+ 2p0PktW st t + 2P0W £t Dkt (Uwfa,t (Okat — 0a) + ng,tawfg,t)
[dZy): 0= (20twtpit + 2pge (po (wr + wye) + Pl)) (Tkat — 0a) — 2P0PktwWi00at + 200PktWft0w sart
[ngt] 0= (29twtpit + 2P (PO (Wt + Wft) + Pl)) Oket — QPopktthog,t + 2P0pktwft0wf§,t-

2
+ Qtwtpzt (Uka,t - Ja) + Qtwtpzto-lzgt + (pzt

Recall from the equilibrium evolution of the wealth of the fund manager

Owrat = (eft - 1) Oka,t

Owset = (eft - 1) Oket-
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Then, using [dZ,] and [dZg], we can represent

(etwtpkt + po (1 — wilby + Wt) + ,01) 1 — O — Wyt

OQat = (Uka,t - Oa) +——— 0,
Pot Wt
B (Orwsprt + po (1 — wiby + wi) + p1)
O’a&,t - O-kévt'
Polt

B.2  Equilibrium prices of risk

Recall that, in equilibrium, the prices of the fundamental risks a and & are given, respectively,
by

Nat = TktOt0kat + TotObat
Net = TrtO p10ke t + ToeOve ¢ + O,
and the prices of leverage and output risk by

2

O9at
Mot = Neey | 1 + Qa
Oge t
OQa,t
Tyt = MNat — Tl¢t .
Og¢ t

We begin by deriving the prices of fundamental risk in the case when households are uncon-
strained. Then, we can express the expected excess return on bank debt as

2
. 1 — Oy O (Uba,tgkzg,t - Uka,tUbg,t)
PRrbt — Tft = ——— (ObatOkat + b tOke ) + 1 5 5
Wit — Wy — Wy Tiat T Ohet
Ovet0kat — Ok&tObat
+ O¢O0kat 2 P} )
Tiat T Oket
so that
1= 6y Oprwy (Cba,tOke t — OkatObe t) Oket Okt t
Mat = ———Ohag + 2 > — O¢Okat 5~ 5
Wt — W — W That T Oket Okat T Tket
o 1 — Oy O (Uba,takf,t - O-ka,to-b&t) Okant Oka,t
Net = ————Oket — 1 3 3 + O¢O0kat—5— 5 -
Wit — W — Wit Tiat T Oket Ogat T Thet

Next, recall from the equilibrium evolution of the wealth share of bankers that

Opt0bat = (O — 1) Okt + Opar

Oviover = (0 — 1) Oer + 0pet,
and from the equilibrium evolution of the price of capital that

0w + 1 —wiby —we) + 1— 0w, —w
(t tDkt PO( tUt ft) Pl) (Uka,t_aa)+ tWt ftaa

Powt Wt

OQat =
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~ (Owopre + po (1 — willy — wyy) + p1)
Ooet = Okgt-
Powi

Hence, we can represent

0 1 —w — 1— wpy —
ebta—ba,t = ( Pkt i Po ( pw; Wft) i P i po) (0_ka7t - Ua) + (—wj)t Wt) Oq
oWt t

0 B Orwopie + po (1 — wy — wpt) + p1+ po
btObet — P Oke t-
oWt

Substituting, the equilibrium prices of leverage and output risk are given, respectively, by

2 2
o = 1 [1 + Ogar [ 1— gtwto_ g Okat g Wi Oka,tOket (Qtwtpk:t +p1+ Po)
6t = kgt 3 a
Ugg,t Wrt Uia,t + Ul%g,t L —we —wpe Uia,t + Ul%g,t Powt
2
Dy = 1 - etwto_ oo Okt t - Wy Ol t <9twtpkt +p1+ Po)
t = ————Okat — OcOkayt -
Y Wyt ¢ e 0§a,t + Ul%g,t 1—w — Wit Ul%a,t + Ul%g,t Pot
2
Ogay | 1— Qtwtg i Tlart e Wy Oka,tOké t (Qtwtpkt +p1+ Po)
— ket — 5 :
Tt Wit ¢ ‘o Rt TRy L m W= Wi O+ Ry Powt

Consider now the pricing kernel when the households are constrained in their allocation to
the fund sector. In this case, we can represent the expected excess return to bank debt as

m (1 — Qtwt) thwt (O-I?a t + 0-25 t)
g = P (O hat + Obe e ) + : =+ Oeouens
HURbt ft 1~ w, —wy, ( ba,t0ka,t bE Lt k&t) 1w, — wp ¢Obe t
so that
m (1 — Owy) Optwi O bt
Nat = 77— Okat T 7
1—wt—Wft 1—wt—LUft
m (1 — Qtwt) ebtwtab ,t
Ner = 1—0/@: + o + ¢
—wt—Uth 1—(.Ut—(Jth

Substituting once again for 0044+ and G044, the equilibrium prices of leverage and output
risk are given, respectively, by

Ogar (M (1 — By 1 (Owworpre + p1+ po) o
Mot = 4|1+ Z L ( ( - t)akg,t + Oket + —< b + 1+ o) O + a§>
Te 1 1 —w—wp Po 1 —w—wp
m (1 — G Orwipre + p1 + po
Myt = Makw + Oka,t + < e p p (Uka,t — O'a)
L —wi —wye po (1 —wr —wyt)
a 1-—46 1 (0
_ Obag (m( tWt)ng,t +opes + _( Wit + P11+ Po) Ore n U&) '
Ooet \ 1 —wy —wryy Po I —w —wp
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B.3  Risk free rate

The Euler equation of the funds gives an expression for the risk free rate

1 dCft 1 dCft 2
=—FE |— —=-(— .
L dt ! [ Crt 2 < Crt + P
Recall that the goods market clearing condition gives

Ct + Crt + Cpt + l'tAt]Ct = Ath.

Solving for cy;, we can express
2

o
Cft = ALK,y (1 - itetwt) - p (pktAth) Wt — (Ph - 75) (pk:tAth) (1 — Wt

Applying [t6’s lemma, we obtain

) d (A Ky) . d (Oywy) .
desy = ALK (1 — 4,0 — — A K10 — A KO d
Crt t t( 1 twt) ALK, 4\ 1 Uy 0,001 4\ Uty
Ath dwy d (pktAth) dw; d (pktAth)
— A K0 di — ALK, —_—t _—
14Oy Aty ——— ALK, > p (PrtAcKy) wy [wt + DA, + o ALK,
U? d (pre A Ky)

Q

AK) (1 — wy —
) DPrtAt t Wt wft) pktAth

-(n-1
2
dw dw; d (preAcKy)
= T8 (A wp | (2 PR
( 2 pkt ! t {Wt _|—<Wt7 Pt A Ky >}

dw dwe d L AK
+(Ph—7) (pktAth)Wft{ ft+< ft’ (Pre Ay t)>}

Wyt Wyt Pre ALKy

From the bankers’ optimal investment choice, we have

24 2 1 o2
diy = PoP1Pr (MRk,t —Tp—— —a— -+ N — 04 (Okar — 0a) + Tft> dt
2 Prt 2
24 2 24 2 24 2
4 ¢0¢41pkt ((Ulm,t _ UQ)Z X JI%@&) dt -+ ¢0¢21pkt (Chat — 0a) A0t + ¢0¢21Pkt

Notice also that

d(AK;)  dA, N dK,
AK, A K,

Thus

1 d 2

_]Et [&] X (1 — Z'tgtwt) (CL + & + ) ('Lt) Qtwt — )\k) — /L.tetwt® (Zt) (1 — Htwt)
dt Crt 2
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== (a + % + o (Zt) Htwt — )\k> dt + UadZat.

— Wft) .

O'ké’tdZ@g.
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(bg(blpit 1 _ 0 2 (O ka,t Oa)2 0 l%f t
—0 TUT SR _ . _g_ _a A 2 J
Wt 9 M REt T'ft » a 9 k Tft 9 9

1 )
— PPkt {,URk,t — T — p_ + 74 + 0w ® (i) + flost + OkatOuwai + ng,tawg,tl
kt

o? 1
- <Ph - 75) Pt (1 — wp — wpy) {MRk,t —Tp— p_ + 74 + O ® (Zt)]
kt

2
g
+ (Ph - 75) Prtwt [th + Oka,t0Owa,t + O-kﬁ,to-wf,t]

2
o
+ (Ph — 76) DitW st [Uwft + OkatOwsart + ng,tffwfg,t} )
with the constant of proportionality given by

2 —1

. o
(1 — 10wy — pprews — (Ph - 75) Pre (1 — wp — Wft))

Similarly,

o2

de $301P%
o K It > ] o | (1 —it0rwi) oq — Orwe % (oka,t —oa) — PPRtwt (Fka,t + Twa,t) — (Ph - f) prt (1 —wi — wyy) Opa e+

crt <
o2 2
+ | pPn— — | PrtWtowa,t + -5 PrtWftOwga,t

2
%¢

<i> ¢1P
Okt 5, ket + PPrtwt (Oke t + owe ) + <Ph - ?> Prt (1 —we —wpy) Ope 1 —

+

2 2 2
o o
3 3
— | Ph — > PrtwWtowe,t — + | Ph — > PrtWitow g ¢ 5

with the constant of proportionality given by

2 —2

. o
(1 — 110wy — pprews — (Ph - ?g) Pre (1 —wp — Wft))

B.4 Boundaries

Recall that the household is constrained in its allocation to the fund sector if

—-T —-T g o + o g, + —FFF (07 g — 0 g,
HRE ¢ ft = ga . P HRbt ft ka,tVba,t kEtUBE L 1 1t ) ka,tU b t kEtPbayt
1

5 9 (Uka,tffbg,t - Ulcg,tUba,t) (Uba,t - Ubg,t) O¢,
Opat T Tiet

while the bank is constrained in its leverage decision if

_ ) 1
(HRk,t + O (i) — — Tft) > (frbt — Tpe) + ((Uba,t - Uka,t)2 + (oper — ng,t)2)
Pht y/ O-l%a,t + Ul%g,t

+ (b tOket + ObatTkat) — (Uga,t + Uggﬂt)
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We can thus have four cases:
Case 1. Neither the fund nor the bank constraint is binding
Case 2. The fund constraint is binding but not the bank
Case 3. The bank constraint is binding but not the fund
Case 4. Both constraints are binding.

In this Section, we are only interested in Cases 2 and 3, when only one of the constraints is
binding. Consider first Case 2. Then we must have

S 1 ( T ) 2m (1 — Gywy) ( )2

- _ - OkatObat + OLetO + —————— (OkatObet — OketO,

MRkt ft = gat ggt HRbt ft ka,tOba,t kELObE 1 P ) ka,tObe t ké,t0bat
1

— 5 (OhatObet — OhetObayt) (Tbat — Obg,t) O¢
Opat T Thet

1

) 7
MRkt — Tfe < — ((I) (i) — —t> + (frpt — 1) + ((Uba,t — Uka,t)2 + (Ubg,t — ng,t)Q)
Ph o \/ UZa,t + Ul%{,t

+ (ObetOket + ObatOkat) — (OEM + Ufg,t) .
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