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Abstract 

 
The growth of wholesale-funded credit intermediation has motivated liquidity regulations. We 

analyze a dynamic stochastic general equilibrium model in which liquidity and capital regulations 

interact with the supply of risk-free assets. In the model, the endogenously time-varying tightness 

of liquidity and capital constraints generates intermediaries’ leverage cycle, influencing the 

pricing of risk and the level of risk in the economy. Our analysis focuses on liquidity policies’ 

implications for household welfare. Within the context of our model, liquidity requirements are 

preferable to capital requirements, as tightening liquidity requirements lowers the likelihood of 

systemic distress without impairing consumption growth. In addition, we find that intermediate 

ranges of risk-free asset supply achieve higher welfare. 
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1 Introduction

While the role of liquidity transformation in the financial sector is well understood in partial

equilibrium settings (e.g. Diamond and Dybvig [1983] and Kahn and Santos [2005]), there are

only few, recent examples of dynamic general equilibrium models that incorporate systemic

liquidity crisis (e.g. Angeloni and Faia [2013], Gertler and Kiyotaki [2012], and Martin,

Skeie, and Von Thadden [2013]). These models don’t typically study the role of liquidity

requirements such as the Liquidity Coverage Ratio (LCR). The LCR has been developed

in reaction to the growth of wholesale-funded credit intermediation outside of commercial

banks which limits central banks’ ability to act as lender of last resort (see Adrian and Shin

[2010] and Adrian and Ashcraft [2012]).

The LCR was proposed by the Basel Committee on Banking Supervision (BCBS) in 2010

(see BCBS [2010] and BCBS [2013]) as a minimum requirement for the liquidity insurance of

bank holding companies (BHC). Because the LCR is imposed at the holding company level,

it covers entities such as broker-dealer and derivatives subsidiaries which do not have access

to the discount window, in addition to the commercial bank subsidiary. The LCR, which

must exceed unity, is the ratio of haircutted liquid assets to liabilities that are expected to

evaporate in liquidity stress. Haircuts are higher for less liquid assets, while runoff rates for

liabilities are higher for items that are less stable. Haircuts and runoff rates are calibrated

to liquidity at a 30 day time horizon.

In this paper, we incorporate liquidity policies in the theory of Adrian and Boyarchenko

[2012], which explicitly models endogenous and systemic risk in an equilibrium setting with

liquidity risk. We study the equilibrium impact of liquidity requirements, capital require-

ments, and the risk-free asset supply. In our framework, the LCR is a requirement for banks

to hold a certain amount of liquid assets in proportion to the short term riskiness of lia-

bilities. Both the liquidity requirement and the capital requirement impact the risk taking

of intermediaries. In equilibrium, these constraints interact with the total supply of the

risk-free asset in determining the pricing of risk, and the equilibrium amount of risk. Pru-

dential capital and liquidity regulation thus affect the systemic risk return tradeoff between

the pricing of risk and the level of systemic risk.
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Within the context of our model, liquidity requirements are a preferable prudential policy

tool relative to capital requirements, as tightening liquidity requirements lowers the like-

lihood of systemic distress, without impairing consumption growth. In contrast, capital

requirements trade off consumption growth and distress probabilities. In addition, we find

that intermediate ranges of risk-free asset supply achieve higher welfare. This is because

very low levels of the risk-free asset make liquidity requirements costly, while a very high

supply of risk-free assets countermand the effects of prudential liquidity regulation.

1.1 Related literature

While the literature on macroprudential policies in dynamic general equilibrium models is

recent, it is growing rapidly (see Goodhart, Kashyap, Tsomocos, and Vardoulakis [2012],

Angelini, Neri, and Panetta [2011], Angeloni and Faia [2013], Korinek [2011], Bianchi and

Mendoza [2011], Nuño and Thomas [2012], and Farhi and Werning [2013]). The distinguish-

ing feature of the current paper is to focus on the LCR, while other papers primarily focus

on capital requirements and monetary policy. An exception to that is presented by Good-

hart et al. [2012], which studies liquidity requirements in general equilibrium. While our

analysis focuses on the LCR, Goodhart et al. [2012] analyze the welfare implications of the

Net Stable Funding Ratio (NSFR). The LCR is calibrated to potential liquidity shortages

at the 30 day horizon, while the NSFR is calibrated to illiquidity at longer run horizons.

The NSFR was proposed by BCBS [2010] in 2010, but has not been implemented, while the

LCR is in the process of implementation (see BCBS [2013]). Goodhart et al. [2012] find the

NSFR to be a good pre-emptive macroprudential tool, in comparison to cyclical variation in

capital requirements or underwriting standards. The focus of our analysis is on the uncon-

ditional calibration of the LCR, which is more in line with the current approach to liquidity

regulation by the BCBS.

There is some literature on liquidity regulation in partial equilibrium settings. Farhi, Golosov,

and Tsyvinski [2009] provide a justification for liquidity requirements within a Diamond and

Dybvig [1983] banking system. Cao and Illing [2010] show that liquidity requirements are

advantageous in dealing with systemic liquidity risk relative to capital requirements. Perot-

tia and Suarez [2011] argue that Pigouvian taxation is preferable to liquidity requirements
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due to lower distortions. Ratnovski [2009] points out that liquidity requirements can miti-

gate moral hazard due to public liquidity provision via lender of last resort facilities. Rochet

[2008] provides an overview of liquidity regulation within the context of the banking liter-

ature. The main difference between our approach and this work is that we consider the

impact of liquidity regulations within a dynamic macroeconomy, while the banking liter-

ature considers only particle equilibrium effects within static settings. Our main findings

rely crucially on the endogeneity of asset risk and return which is totally missed in partial

equilibrium settings. Our approach is thus macroprudential, while the banking literature

typically employs a microprudential perspective.

Liquidity requirements have long played a central role in monetary economics. However, the

focus of liquidity regulation has traditionally been on reserve requirements. For example,

the credit channel of monetary transmission by Bernanke and Blinder [1988] relies on the

scarcity of bank reserves. Indeed, in the U.S., the Federal Reserve used changes in reserve

requirements as a policy instrument until the early 1990s, and emerging market economies

tend to use variation in central bank liquidity requirements as a policy tool to this day.

The type of liquidity requirement that we are studying here is conceptually distinct from

reserve requirements, as it does not necessarily involve money or deposits. Indeed, the LCR

can be satisfied by only holding liquid securities such as Treasury bills, and would apply to

institutions such as broker-dealers that do not issue any deposits.

Our approach is closely related to the intermediary asset pricing theories of He and Krishna-

murthy [2013] and Brunnermeier and Sannikov [2012], who explicitly introduce a financial

sector into dynamic models of the macroeconomy. Our approach differs in important as-

pects from that work. Most importantly, we assume that the capital constraint on financial

intermediaries is risk based. In contrast, He and Krishnamurthy [2013] have a constraint

on outside equity financing without any constraint on leverage. Brunnermeier and Sannikov

[2012] require intermediaries to manage leverage in a way to make their liabilities instanta-

neously riskless. Our setting gives rise to pro-cyclical intermediary leverage, a fact that is

strongly supported by the data, as Adrian and Boyarchenko [2012, 2013] show. In contrast,

He and Krishnamurthy [2013] and Brunnermeier and Sannikov [2012] exhibit countercyclical

leverage.
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2 The Model

We consider a continuous time, infinite horizon economy. Uncertainty is described by a two-

dimensional, standard Brownian motion Zt = [Zat, Zξt]
′ for t ≥ 0, defined on a completed

probability space (Ω,F ,P), where F is the augmented filtration generated by Zt. There

are three types of agents in the economy: (passive) producers, financially sophisticated

intermediaries and unsophisticated households.

2.1 Production

There is a single consumption good in the economy, produced continuously. We assume that

physical capital is an input into the production of the consumption good, so that the total

output in the economy at date t ≥ 0 is

Yt = AtKt,

where Kt is the aggregate amount of capital in the economy at time t, and the stochastic

productivity of capital {At = eat}t≥0 follows a geometric diffusion process of the form

dat = ādt+ σadZat.

The stock of physical capital in the economy depreciates at a constant rate λk, so that the

total physical capital in the economy evolves as

dKt = (It − λk)Ktdt,

where It is the reinvestment rate per unit of capital in place. There is a fully liquid market for

physical capital in the economy, in which both the financial intermediaries and the households

are allowed to participate. We denote by pktAt the price of one unit of capital at time t ≥ 0

in terms of the consumption good.

4



2.2 Financial Intermediaries

There is a unit mass of identical, infinitely lived financial intermediaries in the economy. The

financial intermediaries serve two functions in the economy. First, they generate new capital

through investment in the productive sector. As in Brunnermeier and Sannikov [2012], we

assume that the intermediaries have access to a superior investment technology relative to

households. Thus, the intermediaries serve an important role in propagating growth in the

economy. Second, since intermediaries accumulate wealth through retained earnings, they

provide risk-bearing capacity to the households. By issuing risky debt to the households,

the financial intermediaries increase market completeness and improve risk-sharing within

the economy.

As in our previous work, we assume that the intermediaries are debt-financed, which allows

us to abstract from modeling the dividend payment decision (“consumption”) of the inter-

mediary sector and to assume that an intermediary invests maximally if the opportunity

arises. In particular, financial intermediaries create new capital through capital investment.

Denote by kt the physical capital held by the representative intermediary at time t and by

itAt the investment rate per unit of capital. Then, without trade between households and

intermediaries, the stock of capital held by the representative intermediary would evolve

according to

dkt = (Φ(it)− λk) ktdt.

Here, Φ (·) reflects the costs of (dis)investment. We assume that Φ (0) = 0, so in the absence

of new investment, capital depreciates at the economy-wide rate λk. Notice that the above

formulation implies that costs of adjusting capital are higher in economies with a higher level

of capital productivity, corresponding to the intuition that more developed economies are

more specialized. We follow Brunnermeier and Sannikov [2012] in assuming that investment

carries quadratic adjustment costs, so that Φ has the form

Φ (it) = φ0

(√
1 + φ1it − 1

)
,
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for positive constants φ0 and φ1.

Each unit of capital owned by the intermediary produces At (1− it) units of output net of

investment. As a result, the total return from one unit of intermediary capital invested in

physical capital is given by

drkt =
(1− it)Atkt
ktpktAt

dt︸ ︷︷ ︸
dividend−price ratio

+
d (ktpktAt)

ktpktAt︸ ︷︷ ︸
capital gains

= dRkt +

(
Φ (it)−

it
pkt

)
dt.

Here, dRkt is the return on holding capital earned by the representative household in the

economy. Compared to the households, the financial intermediaries earn an extra return to

holding firm capital to compensate them for the cost of investment. This extra return is

partially passed on to the households as coupon payments on the intermediaries’ debt.

The intermediaries finance their investment in new capital projects by issuing risky floating

coupon bonds to the households. To keep the balance sheet structure of the financial insti-

tutions time-invariant, we assume that the bonds mature at a constant rate λb, so that the

time t probability of a bond maturing before time t+dt is λbdt. Notice that this corresponds

to an infinite-horizon version of the “stationary balance sheet” assumption of Leland and

Toft [1996]. Denoting by bt the issuance rate of bonds at time t, the stock of bonds bt on a

representative intermediary’s balance sheet evolves as

dbt = (bt − λb) btdt.

Each unit of debt issued by the intermediary pays CdAt units of output until maturity and

At units of output at maturity. Similarly to the capital stock in the economy, the risky

bonds are liquidly traded, with the price of one unit of intermediary debt at time t in terms

of the consumption good given by pbtAt. The total net cost of one unit of intermediary debt

is therefore given by

drbt =
(Cd + λb − btpbt)Atbt

btpbtAt
dt︸ ︷︷ ︸

dividend−price ratio

+
d (btpbtAt)

btpbtAt︸ ︷︷ ︸
capital gains

= dRbt.
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Thus, the cost of debt to the intermediary equals the return on holding bank debt for the

households.

The key assumptions in this paper concern the regulatory constraints faced by the inter-

mediary. First, as in Adrian and Boyarchenko [2012, 2013], we assume that intermediary

borrowing is constrained by a risk-based capital constraint and, in particular, that the in-

side capital of the intermediary, wt, is sufficient to absorb a shock to the asset-side of their

balance sheet of α standard deviations

α

√
1

dt
〈ktd (pktAt)〉2 ≤ wt, (1)

where 〈·〉2 is the quadratic variation operator. The risk-based capital constraint implies a

time-varying constraint on the intermediary’s capital allocation choice, given by

θkt ≡
pktAtkt
wt

≤ 1

α

√
1
dt

〈
d(pktAt)
pktAt

〉2 .
In our previous work, we make the case for using a value-at-risk (VaR) constraint to model the

capital requirements faced by banking institutions, and show that it generates many empirical

regularities, such as procyclicality of intermediary leverage and intermediated credit, and the

positive price of risk associated with shock to intermediary leverage. Further, in Adrian and

Boyarchenko [2013] we show that, even in an economy with two types of intermediaries which

face different types of funding constraints, the VaR constraint generates procyclical leverage

for the banking sector, as well as the empirical regularity that bank leverage leads asset

growth for the whole financial system.

The novel assumption in this paper consists of the liquidity regulation faced by financial

institutions. Similar to the new liquidity requirements proposed by the Basel Committee

on Banking Supervision, we assume that the financial intermediaries are required to hold

instantaneous risk-free debt (“cash”) in proportion to their risky debt liabilities

AtTt ≥ Λ̃pbtAtbt, (2)
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where AtTt is the value of cash held by the intermediaries and Λ̃ is the tightness of the

liquidity constraint. As Λ̃ becomes smaller, the liquidity constraint becomes more relaxed,

with the limiting case of Λ̃ = 0 corresponding to an economy with no liquidity constraints.

At the other extreme, when Λ̃ = 1, intermediaries have to fully back their liabilities with

liquid securities, corresponding to the traditional narrow model of banking.

Consider now the budget constraint of an intermediary in this economy, which holds the

balance sheet in Figure 1. An intermediary in this economy holds capital investment projects

(kt) and cash (Tt) on the asset side of its balance sheet and has bonds (bt) on the liability

side. In mathematical terms, we can express the corresponding budget constraint as

pktAtkt + AtTt = pbtAtbt + wt, (3)

where wt is the implicit value of equity in the intermediary. Thus, in terms of flows, the

intermediary’s equity value evolves according to

dwt
wt

= θkt (drkt − rftdt)− θbt (drbt − rftdt) + rftdt, (4)

where rft is the economy-wide risk-free rate and θbt is the fraction of intermediary wealth

allocated to issuing debt. Notice that, with this notation, we can represent the liquidity

constraint as

1 + θbt − θt ≥ Λ̃θbt,

or, equivalently,

(
1− Λ̃

)
θbt ≡ Λθbt ≥ (θkt − 1) .

As in He and Krishnamurthy [2012], we assume that the intermediary is myopic and maxi-

mizes a mean-variance objective of instantaneous wealth

max
θkt,θbt,it

Et
[
dwt
wt

]
− γ

2
Vt

[
dwt
wt

]
, (5)
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Figure 1: Intermediaries’ Balance Sheet

Assets Liabilities

Productive capital (Atpktkt) Risky debt (Atpbtbt)

Risk-free debt (AtTt) Inside equity (wt)

subject to the dynamic intermediary budget constraint 4, the risk-based capital constraint

constraint 1 and the liquidity constraint 2. Here, γ measures the degree of risk-aversion

of the representative intermediary; when γ is close to zero, the intermediary is almost risk-

neutral and chooses its portfolio each period to maximize the expected instantaneous growth

rate. While in the Appendix we derive the optimal portfolio and investment choice for the

financial intermediary for the general case, we focus on the case when γ is close to zero, so

that the intermediary is always at either the risk-based capital constraint or the liquidity

constraint. In particular, we have the following result.

Lemma 1. The representative financial intermediary optimally invests in new projects at

rate

it =
1

φ1

(
φ2
0φ

2
1

4
p2kt − 1

)
.

For nearly risk-neutral intermediaries (γ close to 0), the optimal allocation to firm capital is

given by

θkt = min

 1

α
√
σ2
ka,t + σ2

kξ,t

, 1 + Λθbt

 .

While the intermediaries are not liquidity-constrained, the optimal debt-to-equity ratio is

θbt = γ−1
(
σ2
ba,t + σ2

bξ,t

)−1 − (µRb,t − rft) +
γ (σka,tσba,t + σkξ,tσbξ,t)

α
√
σ2
ka,t + σ2

kξ,t


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and the shadow cost of capital faced by the intermediary is

ζct = µRk,t + Φ (it) +
it
pkt
− rft −

γ
√
σ2
ka,t + σ2

kξ,t

α
+ γ (σka,tσba,t + σkξ,tσbξ,t) θbt.

When the intermediary becomes liquidity-constrained, so that θbt = Λ−1 (θkt − 1), the fraction

of intermediary equity allocated to capital is

θkt = det−1t
[
−Λ (µ̃Rk,t − rft) + γ (σka,tσba,t + σkξ,tσbξ,t) + µRb,t − rft − γΛ−1

(
σ2
ba,t + σ2

bξ,t

)]
,

and the shadow cost of liquidity faced by the intermediary is

ζlt = det−1t γ (µ̃Rk,t − rft)
[
(σka,tσba,t + σkξ,tσbξ,t)− Λ−1

(
σ2
ba,t + σ2

bξ,t

)]
− det−1t γ (µRb,t − rft)

[(
σ2
ka,t + σ2

kξ,t

)
− Λ−1 (σka,tσba,t + σkξ,tσbξ,t)

]
+ det−1t γ2Λ−1 (σka,tσbξ,t − σkξ,tσba,t)2 ,

where dett = −γΛ−2
[
(Λσka,t − σba,t)2 + (Λσkξ,t − σbξ,t)2

]
. In the case when both the capital

and the liquidity constraints bind, the shadow cost of liquidity faced by the intermediary is

ζlt = Λ−1

(µRb,t − rft)−
γ (σka,tσba,t + σkξ,tσbξ,t)

α
√
σ2
ka,t + σ2

kξ,t

+ γΛ−1
(
σ2
ba,t + σ2

bξ,t

) 1

α
√
σ2
ka,t + σ2

kξ,t

− 1

 ,
and the shadow cost of capital faced by the intermediary is

ζct = (µ̃Rk,t − rft)−
γ
√
σ2
ka,t + σ2

kξ,t

α
+ γΛ−1 (σka,tσba,t + σkξ,tσbξ,t)

 1

α
√
σ2
ka,t + σ2

kξ,t

− 1

− ζlt.
Proof. See Appendix A.

Finally, notice that, since the debt issued by intermediaries is long-term and since the risk-

based capital constraint does not keep the volatility of intermediary equity constant, the

intermediary can become distressed and default on its debt to the households. We assume

that distress occurs when the intermediary equity falls below an exogenously specified thresh-
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old, so that the (random) distress date of the intermediary is the first crossing time of the

threshold

τD = inf
t≥0
{wt ≤ ω̄pktAtKt} .

Notice that, since the distress boundary grows with the scale of the economy, the intermediary

can never outgrow the possibility of distress. When the intermediary is restructured, the

management of the intermediary changes. The new management defaults of the debt of the

previous intermediary, reducing leverage to θ, but maintains the same level of capital as

before. The inside equity of the new intermediary is thus

wτ+D
= ω̄

θτD
θ
pkτDAτDKτD .

We define the term structure of distress risk to be

δt (T ) = P (τD ≤ T | (wt, θkt)) .

Here, δt (T ) is the time t probability of default occurring before time T . Notice that, since

the fundamental shocks in the economy are Brownian, and all the agents in the economy have

perfect information, the local distress risk is zero. We refer to the default of the intermediary

as systemic risk, as there is a single representative intermediary in the economy, so its distress

is systemic. In our simulations, we use parameter values for ω̄ that are positive (not zero),

thus viewing intermediaries default state as a restructuring event.

2.3 Households

There is a unit mass of risk-averse, infinitely lived households in the economy. We assume

that the households in the economy are identical, such that the equilibrium outcomes are

determined by the decisions of the representative household. In addition to the productivity

shock, Zat, the representative household is also subject to a transitory discount rate shock,

so that the representative household evaluates different consumption paths {ct}t≥0 according

11



to

E
[∫ +∞

0

e−(ξt+ρht) log ctdt

]
,

where ρh is the subjective time discount of the representative household, and ct is the con-

sumption at time t. Here, exp (−ξt) is the Radon-Nikodym derivative of the measure induced

by households’ time-varying preferences or beliefs with respect to the physical measure. For

simplicity, we assume that {ξt}t≥0 evolves as a Brownian motion, uncorrelated with the

productivity shock, Zat:

dξt = σξdZξt,

where {Zξt} is a standard Brownian motion of (Ω,Ft,P), independent of Zat. In the current

setting, with households constrained in their portfolio allocation, exp (−ξt) can be interpreted

as a time-varying liquidity preference shock, as in Allen and Gale [1994], Diamond and

Dybvig [1983], and Holmström and Tirole [1998] or as a time-varying shock to the preference

for early resolution of uncertainty, as in Bhamra, Kuehn, and Strebulaev [2010a,b]. In

particular, when the households receive a positive dξt shock, their effective discount rate

increases, leading to a higher demand for liquidity.

The households finance their consumption through holdings of physical capital, holdings

of risky intermediary debt, and short-term risk-free borrowing and lending. Unlike the

intermediary sector, the households do not have access to the investment technology. Thus,

without trade between the intermediaries and the households, the physical capital kht held

by households would evolve according to

dkht = −λkkhtdt.

When a household buys kht units of capital at price pktAt, by Itô’s lemma, the value of

capital evolves according to

d (khtpktAt)

khtpktAt
=
dAt
At

+
dpkt
pkt

+
dkht
kht

+

〈
dpkt
pkt

,
dAt
At

〉
.
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Each unit of capital owned by the household also produces At units of output, so the total

return to one unit of household wealth invested in capital is

dRkt =
Atkht
khtpktAt

dt︸ ︷︷ ︸
dividend−price ratio

+
d (khtpktAt)

khtpktAt︸ ︷︷ ︸
capital gains

≡ µRk,tdt+ σka,tdZat + σkξ,tdZξt.

In addition to direct capital investment, the households can invest in risky intermediary

debt. Similarly to the stock of debt issued by intermediaries, the risky debt holdings bht of

households follow

dbht = (bt − λb) bhtdt,

where, as before, bt is the issuance rate of new debt. Hence, the total return from one unit

of household wealth invested in risky debt is

dRbt =
(Cd + λb − btpbt)Atbht

bhtpbtAt
dt︸ ︷︷ ︸

dividend−price ratio

+
d (bhtpbtAt)

bhtpbtAt︸ ︷︷ ︸
capital gains

≡ µRb,tdt+ σba,tdZat + σbξ,tdZξt.

When a household with total wealth wht buys kht units of capital and bht units of risky

intermediary debt, it invests the remaining wht − pktkht − pbtbht at the risk-free rate rft, so

that household wealth evolves as

dwht = rftwht + pktAtkht (dRkt − rftdt) + pbtAtbht (dRbt − rftdt)− ctdt. (6)

We assume that the households face no-shorting constraints, such that

kht ≥ 0

bht ≥ 0.

Thus, the households solve

max
{ct,kht,bht}

E
[∫ +∞

0

e−(ξt+ρht) log ctdt

]
, (7)
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subject to the household wealth evolution 6 and the no-shorting constraints. We have the

following result.

Lemma 2. The household’s optimal consumption choice satisfies

ct =

(
ρh −

σ2
ξ

2

)
wht.

In the unconstrained region, the household’s optimal portfolio choice is given by

 πkt

πbt

 =

 σka,t σkξ,t

σba,t σbξ,t

 σka,t σba,t

σkξ,t σbξ,t

−1  µRk,t − rft
µRb,t − rft

− σξ
 σka,t σba,t

σkξ,t σbξ,t

−1  0

1

 .
Proof. See Appendix A.

Thus, the household with the time-varying beliefs chooses consumption as a myopic in-

vestor but with a lower rate of discount. The optimal portfolio choice of the household,

on the other hand, also includes an intratemporal hedging component for variations in the

Radon-Nikodym derivative, exp (−ξt). Since intermediary debt is locally risk-less, however,

households do not self-insure against intermediary default. Appendix A provides also the

optimal portfolio choice in the case when the household is constrained. In our simulations,

the household never becomes constrained as the intermediary wealth never reaches zero.

2.4 Equilibrium

To define the equilibrium in this economy, we assume that monetary policy is implemented

via risk-free government debt, with the supply of debt a constant fraction of aggregate wealth

in the economy. While the households can short the risk-free debt in the economy, the

intermediaries are constrained to maintain a positive position in the risk-free debt through

the liquidity constraint. The risk-free rate in the economy adjusts to clear the risk-free debt

market. Comparative statics with respect to the exogenous supply of risk-free debt allows

us to evaluate the trade-off between static monetary, capital and liquidity policies.

14



Definition 1. An equilibrium in this economy is a set of price processes {pkt, pbt, rft}t≥0, a set

of household decisions {kht, bht, ct}t≥0, and a set of intermediary decisions {kt, bt, it, θkt, θbt}t≥0
such that the following apply:

1. Taking the price processes and the intermediary decisions as given, the household’s

choices solve the household’s optimization problem 7, subject to the household budget

constraint 6.

2. Taking the price processes and the household decisions as given, the intermediary’s

choices solve the intermediary optimization problem 5, subject to the intermediary

wealth evolution 3, the risk-based capital constraint 1 and the liquidity constraint 2.

3. The capital market clears:

Kt = kt + kht.

4. The risky bond market clears:

bt = bht.

5. The risk-free debt market clears:

BpktAtKt = (1− πkt − πbt)wht + (1− θkt + θbt)wt.

6. The goods market clears:

ct = At (Kt − itkt) .

Notice that the bond markets’ clearing conditions imply

(1 + B) pktAtKt = wht + wt.
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Figure 2: Equilibrium Market Clearing Conditions

Market Intermediaries Households Total

Capital kt kht Kt

Consumption itktAt ct AtKt

Risky Debt −bt bht 0

Risk-Free Debt TtAt ThtAt BAt

Notice also that the aggregate capital in the economy evolves as

dKt = −λkKtdt+ Φ (it) ktdt.

We characterize the equilibrium in terms of the evolutions of three state variables: the

leverage of intermediaries, θkt, and the relative wealth of intermediaries in the economy, ωt.

This representation allows us to characterize the equilibrium outcomes as a solution to a

system of algebraic equations, which can easily be solved numerically. In particular, we

represent the evolution of the state variables as

dθkt
θkt

= µθtdt+ σθξ,tdZξt + σθa,tdZat

dωt
ωt

= µωtdt+ σωξ,tdZξt + σωa,tdZat.

We can then express all the other equilibrium quantities in terms of the state variables, the

debt-to-equity ratio of the intermediaries θbt and the sensitivities of the return to holding

capital to output and liquidity shocks, σka,t and σkξ,t. We solve for these last two equilibrium

quantities numerically as solutions to the system of equations that

1. Equates θkt and θbt to the solution to the optimal portfolio allocation choices of the

representative intermediary;
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2. Equates the expected return to holding one unit of capital from the equilibrium returns

process to the expected return to holding one unit of capital from the equilibrium price

of capital.

The other equilibrium quantities can be expressed as follows.

1. Equilibrium price of capital, pkt, (from goods market clearing) and optimal capital invest-

ment policy, it, (from intermediaries’ optimization) as a function of the state variables

only;

2. From capital market clearing, household allocation to capital πkt as a function of state

variables only;

3. From debt market clearing, household allocation to debt, πbt, as a function of state vari-

ables and θbt;

4. From the equilibrium evolution of the price of capital, the sensitivities of the intermedi-

aries’ leverage to output and liquidity shocks, σθa,t and σθξ,t, as a function of the state

variables and σka,t and σkξ,t;

5. From the equilibrium evolution of intermediaries’ wealth, the sensitivities of the return

to holding risky debt to output and liquidity shocks, σba,t and σbξ,t, as a function of the

state variables and θbt, σka,t and σkξ,t;

6. From the households’ optimal portfolio choice, expected excess return to holding capital,

µRk,t − rft, and to holding debt, µRb,t − rft, as a function of the state variables and θbt,

σka,t and σkξ,t;

7. From the equilibrium evolution of intermediaries’ wealth, the expected growth rate of

intermediaries’ wealth share, µωt as a function of the state variables and θbt, σka,t and

σkξ,t;

8. From the equilibrium evolution of capital, the expected growth rate of banks’ leverage,

µθt as a function of the state variables and σka,t and σkξ,t;
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9. From the households’ Euler equation, the risk-free rate rft as a function of the state

variables and θbt, σka,t and σkξ,t.

The details of the solution are relegated to Appendix B.

3 Welfare

We illustrate the outcomes of the model by focusing on the welfare implications of different

levels of the policy parameters α, Λ, and B. In Figures 3–7, we present contour plots of

endogenous variables as a function of the policy parameters. In those plots, darker shading

corresponds to lower levels of the respective endogenous variable. The equilibrium outcomes

are computed using the parameters summarized in Table 1.

Table 1: Parameters

Parameter Notation Value

Expected growth rate of productivity ā 0.0651
Volatility of growth rate of productivity σa 0.388

Volatility of liquidity shocks σξ 0.0388
Discount rate of intermediaries ρ 0.06

Effective discount rate of households ρh − σ2
ξ/2 0.05

Fixed cost of capital adjustment φ0 0.1
φ1 20

Depreciation rate of capital λk 0.03

Notes: Parameters used in simulations. The parameters of the productivity growth process (ā,
σa), the parameters of the investment technology (φ0, φ1), subjective discount rates (ρh, ρ), and
depreciation (λk) are taken from Brunnermeier and Sannikov [2012].

3.1 Capital Regulation and Supply of Risk-Free Debt

We begin by considering the tradeoff between the tightness of the capital constraint, α,

and the amount of risk-free debt B supplied by the government, setting the tightness of the

liquidity constraint Λ̃ = 0.25, so that, for every dollar of defaultable liabilities, the financial

intermediary has to hold at least 25 cents of risk-free assets. The top left panel of Figure
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Figure 3: Household Welfare
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Notes: Household welfare as a function of the tightness of the capital constraint, α, the
tightness of the liquidity constraint, Λ, and the supply of risk-free debt in the economy, B.
Outcomes are computed using 1000 simulation paths, of 80 years each.

3 shows that household welfare is highest for loose capital constraints and a low supply

of the risk-free debt. Intuitively, when the supply of risk-free debt is low, the equilibrium

risk-free rate in the economy is high. Thus, if the intermediaries face a liquidity coverage

ratio constraint in this environment, issuing debt is costly for the intermediaries. Indeed,

the top left panel of Figure 4 shows that the equilibrium debt-to-equity ratio chosen by

the intermediary is highest for a moderate supply of risk-free debt and moderate levels

of tightness of the capital constraint. For the low levels of the supply of risk-free debt

and the relatively loose capital constraint that maximize expected household welfare, the

intermediaries choose lower leverage. Holding the tightness of the capital constraint fixed, as

the government increases the supply of risk-free debt, the intermediaries initially increase the
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Figure 4: Debt-to-equity Ratios
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Notes: Debt-to-equity ratio, θbt, of the financial sector as a function of the tightness of the
capital constraint, α, the tightness of the liquidity constraint, Λ, and the supply of risk-free
debt in the economy, B. Outcomes are computed using 1000 simulation paths, of 80 years
each.

supply of risky debt to the households, but, for high enough levels of the supply of risk-free

debt, intermediaries decrease their debt issuance. This is similar to the safety multiplier effect

of government debt discussed by Weymuller [2013]: when capital constraints are relatively

loose and supply of risk-free debt is moderately low, intermediaries improve the risk-sharing

capabilities of households by issuing risky debt. As the supply of risk-free debt in the economy

increases, the marginal cost of the liquidity constraint decreases, increasing the capability

of intermediaries to increase leverage. This increases the vulnerability of intermediaries,

making households less willing to lend to the intermediaries, decreasing the equilibrium level

of intermediary leverage. Similarly, as the capital constraint becomes tighter, intermediaries

are prevented from increasing leverage by regulatory constraints.
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The top left panel of Figure 5 studies the relationship between the probability of the in-

termediary becoming distressed within six months and the supply of risk-free debt and the

tightness of the capital constraint. As the supply of risk-free debt in the economy increases,

the intermediaries become more vulnerable, and the distress probability increases. This is

consistent with the intuition above: increases in the supply of risk-free debt make the liq-

uidity coverage ratio less costly for the intermediaries, which allows for more risk taking

opportunities. In particular, looser supply of risk-free credit to the economy increases the

volatility of the return to capital, as shown in the top left panel of Figure 6. While the

volatility paradox of Brunnermeier and Sannikov [2012] and Adrian and Boyarchenko [2012]

is preserved for small supply of risk-free debt in the economy, with low levels of distress

probability corresponding to high levels of local volatility, large supply of the risk-free debt

breaks this negative relationship. The top row of Figure 7 shows that, when risk-free debt is

in high supply, the transmission of the household liquidity shock is amplified, increasing the

sensitivity σkξ,t of the return on capital to the liquidity shock. Since large supply of risk-free

debt decreases the equilibrium risk-free rate, the households substitute away from risk-free

debt toward holding the risky securities.

Finally, consider the expected average consumption growth rate as a function of supply of

risk-free debt and the tightness of the capital constraint, plotted in the top left panel of

Figure 8. Just like the expected household welfare, expected consumption growth is highest

for small supplies of risk-free debt and loose capital constraints.

3.2 Liquidity Regulation and Supply of Risk-Free Debt

We turn now to the tradeoff between the tightness of the liquidity constraint, Λ, and the

amount of risk-free debt supplied by the government, setting the tightness of the capital

constraint α = 2.5. The top right panel of Figure 3 shows that the expected household welfare

is lowest for intermediate levels of both the tightness of the liquidity constraint and the supply

of risk-free debt. Examining the corresponding trade-off in terms of consumption growth and

the distress probability (top right panel of Figure 8 and 5, respectively), we see that low levels

of expected welfare correspond to high probability of distress and low expected consumption

growth. As the supply of risk-free debt decreases, expected consumption growth increases.
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Figure 5: Distress probability
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Notes: Probability of the financial sector becoming distressed within six months as a
function of the tightness of the capital constraint, α, the tightness of the liquidity constraint,
Λ, and the supply of risk-free debt in the economy, B. Outcomes are computed using 1000
simulation paths, of 80 years each.

Intuitively, for a given level of the tightness of the liquidity constraint, as the supply of

risk-free debt decreases, debt issuance becomes more costly for intermediaries, reducing the

probability of distress. Costly debt issuance, however, decreases the profitability of the

intermediaries. This reduces their availability to invest in new capital projects, decreasing

expected consumption.

We can see the effect of relaxing the supply of risk-fee debt more clearly in the top right

panel of Figure 4. As the supply of risk-free debt increases, the debt-to-equity ratio of

intermediaries increases. Similarly, as the liquidity constraint is relaxed, intermediaries can

issue more debt. Notice, however, that the debt-to-equity ratio is maximized for a moderate

supply of the risk-free debt. The top right panel of Figure 6 shows that, as the supply of
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Figure 6: Local Volatility
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√
σ2
ka,t + σ2

kξ,t, as a function of
the tightness of the capital constraint, α, the tightness of the liquidity constraint, Λ, and the
supply of risk-free debt in the economy, B. Outcomes are computed using 1000 simulation
paths, of 80 years each.

risk-free debt increases, the volatility of the return to holding capital increases. Intuitively,

higher supply of risk-free debt increases the overall wealth in the economy. Since more

wealth can be allocated to the risky capital, local volatility increases. The bottom row of

Figure 7 shows that the overall increases in return volatility is due to increased sensitivity

to the liquidity shocks, σkξ,t. Thus, as the intermediary issues more debt, the transmission

of liquidity shocks through the intermediaries to the risky capital return increases.
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Figure 7: Exposures of Return to Capital to Fundamental Shocks
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3.3 Capital and Liquidity Regulation

Finally, consider the tradeoff between liquidity and capital regulation. The bottom left panel

of Figure 3 shows that there is a tradeoff between the tightness of the capital constraint, α,

and the tightness of the liquidity constraint, Λ: high levels of household welfare are achieved

for at loose capital requirements and tight liquidity requirements. The bottom left panel of

Figure 8 reveals that the high levels of expected welfare correspond to high levels of expected

consumption growth. The bottom left panel of Figure 5 shows that the probability of distress

is lowest when both liquidity and capital constraints are tight, indicating the systemic risk

return tradeoff of Adrian and Boyarchenko [2012]: while consumption growth is highest for
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Figure 8: Consumption Growth
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capital constraint, α, the tightness of the liquidity constraint, Λ, and the supply of risk-free
debt in the economy, B. Outcomes are computed using 1000 simulation paths, of 80 years
each.

loose capital constraints, looser capital constraints increase the probability of systemic risk.

Tighter liquidity requirements further reduce the likelihood of distress. Comparison of the

lower panels of Figures 3, 8, and 5 shows that the impact of this tradeoff is maximizing

welfare when capital and liquidity requirements are set such that distress probability is

in an intermediate, and consumption growth is highest, which is achieved with relatively

loose capital but strict liquidity requirements. Figure 4 shows that the welfare maximizing

combination of capital and liquidity requirements corresponds to a high degree of leverage,

indicating that the danger of high leverage is compensated by strong liquidity requirements.

Local volatility is lowest for relatively high capital requirements, and intermediate levels of

liquidity, which corresponds to a high distress probability, as shown in Figures 5 and 6. In
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choosing between capital and liquidity requirements, the volatility paradox of Adrian and

Boyarchenko [2012] and Brunnermeier and Sannikov [2012] is thus present. Lower distress

probability can be achieved by tightening capital and liquidity requirements, but that in-

creases local volatility. In fact, Figure 7 shows that the (absolute value of) dependence

of local volatility on both the liquidity and the productivity shocks increases when capital

constraints are loosened.

4 Conclusion

Since the financial crisis, bank regulators have been developing liquidity regulations such as

the liquidity coverage ratio. Little is known about the welfare implications of such regula-

tions. The interaction of liquidity regulations with capital requirements and the supply of

risk-free assets within the macroeconomy is even less researched. In conducting such analy-

sis, we uncover notable interactions between capital and liquidity regulations and the supply

of risk-free assets. General equilibrium considerations are paramount in determining house-

hold welfare, debt-to-equity ratios, and return volatilities, demonstrating the desirability of

a macroprudential approach to regulation.

Within the context of our model, liquidity requirements are a preferable prudential policy

tool relative to capital requirements, as tightening liquidity requirements lowers the like-

lihood of systemic distress, without impairing consumption growth. In contrast, capital

requirements trade off consumption growth and distress probabilities. In addition, we find

that intermediate ranges of risk-free asset supply achieve higher welfare. This is because

very low levels of the risk-free asset make liquidity requirements costly, while a very high

supply of risk-free assets countermand the effects of prudential liquidity regulation.

Our key findings can be summarized as follows:

• The probability of systemic distress is lowered by tighter capital or liquidity require-

ments, which are substitutes in that respect.

• Consumption growth declines in the tightness of capital requirements, but the link

between consumption growth and liquidity requirements is ambiguous. There is thus a
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systemic risk-return tradeoff with respect to capital requirements, but not necessarily

with respect to liquidity requirements. Welfare tends to be highest with relatively loose

capital requirements, and strict liquidity requirements.

• A larger supply of risk-free assets increases the probability of systemic distress, as it

increases intermediaries’ ability to take on risk. An increase of risk-free assets also tends

to lower consumption growth via its impact on the risk-free rate. However, the impact

of the amount of short term debt on welfare importantly depends on interactions with

the level of liquidity and capital requirements. Intermediate levels of short term asset

supply tends to be welfare maximizing.

• Higher leverage tends to be associated with looser capital requirements, tighter liquidity

requirements, and intermediate levels of short term asset supply.

The impact of liquidity regulation on growth, systemic risk, and local volatility thus has to

be analyzed in conjunction with the tightness of capital regulation and the supply of the

risk-free asset.
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A Proofs

A.1 Intermediaries’ Optimization

Recall that the representative intermediary maximizes a mean-variance objective of the in-
stantaneous growth rate of wealth

max
θkt,θbt,it

1

dt
Et
[
dwt
wt

]
− 1

dt

γ

2
Vt

[
dwt
wt

]
,

subject to the risk-based leverage constraint

θkt ≤ α−1
(
σ2
ka,t + σ2

kξ,t

)− 1
2 ,

the liquidity constraint

Λθbt ≥ (θkt − 1) ,

and the dynamic budget constraint

dwt
wt

= rftdt+ θkt (drkt − rftdt)− θbt (drbt − rftdt) .

Notice first that, since the investment choice only enters the expected growth rate of wealth,
we can directly take the first order condition with respect to investment to obtain

Φ (it)
′ = p−1kt ,

or

it =
1

φ1

(
φ2
0φ

2
1

4
p2kt − 1

)
.

Consider now the intermediaries’ optimal portfolio choice. We have

Et
[
dwt
wt

]
= rftdt+ θkt

(
µRk,t + Φ (it)−

it
pkt
− rft

)
dt− θbt (µRb,t − rft) dt.

Similarly,

Vt

[
dwt
wt

]
= (θktσka,t − θbtσba,t)2 dt+ (θktσkξ,t − θbtσbξ,t)2 dt.

Denote by ζct the time t Lagrange multiplier on the risk-based capital constraint and by ζlt
the time t Lagrange multiplier on the liquidity constraint, so that the Lagrangian for the
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intermediaries’ problem is given by

Lt = rft + θkt (µ̃Rk,t − rft)− θbt (µRb,t − rft)−
γ

2
(θktσka,t − θbtσba,t)2

− γ

2
(θktσkξ,t − θbtσbξ,t)2 + ζct

 1

α
√
σ2
ka,t + σ2

kξ,t

− θkt

+ ζlt (Λθbt − (θkt − 1)) ,

where we have denoted µ̃Rk,t = µRk,t + Φ (it) − it
pkt

. Taking the first order conditions, we
obtain

0 = (µ̃Rk,t − rft)− γσka,t (θktσka,t − θbtσba,t)− γσkξ,t (θktσkξ,t − θbtσbξ,t)− ζct − ζlt
0 = − (µRb,t − rft) + γσba,t (θktσka,t − θbtσba,t) + γσbξ,t (θktσkξ,t − θbtσbξ,t) + Λζlt,

or, in matrix form,[
µ̃Rk,t − rft
− (µRb,t − rft)

]
= γ

[ (
σ2
ka,t + σ2

kξ,t

)
− (σka,tσba,t + σkξ,tσbξ,t)

− (σka,tσba,t + σkξ,tσbξ,t)
(
σ2
ba,t + σ2

bξ,t

) ] [
θkt
θbt

]
+

[
1 1
0 −Λ

] [
ζct
ζlt

]
.

A.1.1 Case 1: Neither constraint binds

In this case, ζlt = ζct = 0, and we can use the first order conditions to solve for the optimal
portfolio choice of the representative intermediary[

θkt
θbt

]
= γ−1

[ (
σ2
ka,t + σ2

kξ,t

)
− (σka,tσba,t + σkξ,tσbξ,t)

− (σka,tσba,t + σkξ,tσbξ,t)
(
σ2
ba,t + σ2

bξ,t

) ]−1 [
µ̃Rk,t − rft
− (µRb,t − rft)

]
,

or, equivalently,

θkt = γ−1 (σka,tσbξ,t − σkξ,tσba,t)−2
[
(µ̃Rk,t − rft)

(
σ2
ba,t + σ2

bξ,t

)
− (µRb,t − rft) (σka,tσba,t + σkξ,tσbξ,t)

]
θbt = γ−1 (σka,tσbξ,t − σkξ,tσba,t)−2

[
(µ̃Rk,t − rft) (σka,tσba,t + σkξ,tσbξ,t)− (µRb,t − rft)

(
σ2
ka,t + σ2

kξ,t

)]
.

Thus, when the intermediary is unconstrained, the optimal portfolio choice of the interme-
diary corresponds to the standard solution for the portfolio allocation of a mean-variance
investor with CRRA coefficient γ.
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A.1.2 Case 2: Liquidity constraint binds but not the capital constraint

When the liquidity constraint binds, Λθbt = θkt − 1, or, equivalently, θbt = Λ−1 (θkt − 1).
Substituting into the first order conditions, we obtain[
µ̃Rk,t − rft − γΛ−1 (σka,tσba,t + σkξ,tσbξ,t)
− (µRb,t − rft) + γΛ−1

(
σ2
ba,t + σ2

bξ,t

) ]
= γθkt

[ (
σ2
ka,t + σ2

kξ,t

)
− Λ−1 (σka,tσba,t + σkξ,tσbξ,t)

− (σka,tσba,t + σkξ,tσbξ,t) + Λ−1
(
σ2
ba,t + σ2

bξ,t

) ]
+ ζlt

[
1
−Λ

]
.

Thus, the intermediaries’ optimal allocation to capital is given in this case by

θkt = det−1t
[
−Λ (µ̃Rk,t − rft) + γ (σka,tσba,t + σkξ,tσbξ,t) + µRb,t − rft − γΛ−1

(
σ2
ba,t + σ2

bξ,t

)]
,

and the Lagrange multiplier on the liquidity constraint by

ζlt = det−1t γ (µ̃Rk,t − rft)
[
(σka,tσba,t + σkξ,tσbξ,t)− Λ−1

(
σ2
ba,t + σ2

bξ,t

)]
− det−1t γ (µRb,t − rft)

[(
σ2
ka,t + σ2

kξ,t

)
− Λ−1 (σka,tσba,t + σkξ,tσbξ,t)

]
+ det−1t γ2Λ−1 (σka,tσbξ,t − σkξ,tσba,t)2 ,

where

dett = −γΛ−2
[
(Λσka,t − σba,t)2 + (Λσkξ,t − σbξ,t)2

]
.

A.1.3 Case 3: Capital constraint binds but not the liquidity constraint

In this case, ζlt = 0 and θkt = θ̄kt ≡ α−1
(
σ2
ka,t + σ2

kξ,t

)− 1
2 . Substituting into the first order

conditions, we obtain[
ζct
θbt

]
=

[
1 −γ (σka,tσba,t + σkξ,tσbξ,t)
0 γ

(
σ2
ba,t + σ2

bξ,t

) ]−1 [
µ̃Rk,t − rft − γ

(
σ2
ka,t + σ2

kξ,t

)
θ̄kt

− (µRb,t − rft) + γ (σka,tσba,t + σkξ,tσbξ,t) θ̄kt

]
,

so that intermediary leverage is given by

θbt = γ−1
(
σ2
ba,t + σ2

bξ,t

)−1 [− (µRb,t − rft) + γ (σka,tσba,t + σkξ,tσbξ,t) θ̄kt
]

and the Lagrange multiplier on the capital constraint by

ζct = µ̃Rk,t − rft − γ
(
σ2
ka,t + σ2

kξ,t

)
θ̄kt + γ (σka,tσba,t + σkξ,tσbξ,t) θbt.

A.1.4 Case 4: Both constraints bind

When both constraints bind, θkt = θ̄kt and θbt = Λ−1
(
θ̄kt − 1

)
. Substituting into the first

order conditions, we obtain[
1 1
0 −Λ

] [
ζct
ζlt

]
=

[
µ̃Rk,t − rft − γ

(
σ2
ka,t + σ2

kξ,t

)
θ̄kt + γΛ−1 (σka,tσba,t + σkξ,tσbξ,t)

(
θ̄kt − 1

)
− (µRb,t − rft) + γ (σka,tσba,t + σkξ,tσbξ,t) θ̄kt − γΛ−1

(
σ2
ba,t + σ2

bξ,t

) (
θ̄kt − 1

) ] .
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Thus the Lagrange multiplier on the liquidity constraint is given by

ζlt = Λ−1
[
(µRb,t − rft)− γ (σka,tσba,t + σkξ,tσbξ,t) θ̄kt + γΛ−1

(
σ2
ba,t + σ2

bξ,t

) (
θ̄kt − 1

)]
,

and the Lagrange multiplier on the capital constraint by

ζct = (µ̃Rk,t − rft)− γ
(
σ2
ka,t + σ2

kξ,t

)
θ̄kt + γΛ−1 (σka,tσba,t + σkξ,tσbξ,t)

(
θ̄kt − 1

)
− ζlt.

A.2 Households’ Optimization

Recall that the representative household maximizes expected discounted utility of consump-
tion

max
ct,kht,bht

E
[∫ +∞

0

e−ξt−ρht log ctdt

]
,

subject to the dynamic budget constraint

dwht
wht

= πkt (dRkt − rftdt) + πbt (dRbt − rftdt) + rftdt−
ct
wht

dt,

and no shorting constraints

πkt ≥ 0

πbt ≥ 0.

Instead of solving the dynamic optimization problem, we follow Cvitanić and Karatzas [1992]
and rewrite the household problem in terms of a static optimization. Cvitanić and Karatzas
[1992] extend the Cox and Huang [1989] martingale method approach to constrained opti-
mization problems, such as the one that the households face in our economy.
Define K = R2

+ to be the convex set of admissible portfolio strategies and introduce the
support function of the set −K to be

δ (x) = δ (x|K) ≡ sup
~π∈K

(−~π′x)

=

{
0, x ∈ K

+∞, x 6∈ K .

We can then define an auxiliary unconstrained optimization problem for the household, with
the returns in the auxiliary asset market defined as

rvft = rft + δ (~vt)

dRv
kt = (µRk,t + v1t + δ (~vt)) dt+ σka,tdZat + σkξ,tdZξ,t

dRv
bt = (µRb,t + v2t + δ (~vt)) dt+ σba,tdZat + σbξ,tdZξ,t,

for each ~vt = [v1t v2t]
′ in the space V (K) of square-integrable, progressively measurable

processes taking values inK. Corresponding to the auxiliary returns processes is an auxiliary
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state-price density

dηvt
ηvt−

= − (rft + δ (~vt)) dt− (~µRt − rft + ~vt)
′ (σ′Rt)

−1
d~Zt,

where
~µRt =

[
µRk,t
µRb,t

]
; σRt =

[
σka,t σkξ,t
σba,t σbξ,t

]
; ~Zt =

[
Zat
Zξt

]
.

The auxiliary unconstrained problem of the representative household then becomes

max
ct

E
[∫ +∞

0

e−ξt−ρht log ctdt

]
subject to the static budget constraint:

wh0 = E
[∫ +∞

0

ηvt ctdt

]
.

The solution to the original constrained problem is then given by the solution to the uncon-
strained problem for the v that solves the dual problem

min
v∈V (K)

E
[∫ +∞

0

e−ξt−ρhtũ (ληvt ) dt

]
,

where ũ (x) is the convex conjugate of −u (−x)

ũ (x) ≡ sup
z>0

[log (zx)− zx] = − (1 + log x)

and λ is the Lagrange multiplier of the static budget constraint. Cvitanić and Karatzas
[1992] show that, for the case of logarithmic utility, the optimal choice of v satisfies

v∗t = arg min
x∈K

{
2δ(x) +

∣∣∣∣(~µRt − rft + x)′ σ−1Rt
∣∣∣∣2}

= arg min
x∈K

∣∣∣∣(~µRt − rft + x)′ σ−1Rt
∣∣∣∣2 .

Thus,

v1t =

{
0, µRk,t − rft ≥ 0

rft − µRk,t, µRk,t − rft < 0

v2t =

{
0, µRb,t − rft ≥ 0

rft − µRb,t, µRb,t − rft < 0
.

35



Consider now solving the auxiliary unconstrained problem. Taking the first order condition,
we obtain

[ct] : 0 =
e−ξt−ρht

ct
− ληvt ,

or

ct =
e−ξt−ρht

ληvt
.

Substituting into the static budget constraint, we obtain

ηvtwht = Et
[∫ +∞

t

ηvscsds

]
= Et

[∫ +∞

t

e−ξs−ρhs

λ
ds

]
=

e−ξt−ρht

λ
(
ρh − σ2

ξ/2
) .

Thus

ct =

(
ρh −

σ2
ξ

2

)
wht.

To solve for the household’s optimal portfolio allocation, notice that:

d (ηvtwht)

ηvtwht
= −ρhdt− dξt +

1

2
dξ2t =

(
−ρh +

1

2
σ2
ξ

)
dt− σξdZξt.

On the other hand, applying Itô’s lemma, we obtain

d (ηvtwht)

ηvtwht
=
dηvt
ηvt

+
dwht
wht

+
dwht
wht

dηvt
ηvt

.

Equating the coefficients on the Brownian terms, we obtain

~π′t = (~µRt − rft + ~vt)
′ (σ′RtσRt)

−1 − σξ [0 1]σ−1Rt .

B Equilibrium Derivation
In this Appendix, we provide the details of the derivation of the equilibrium outcomes.

B.1 Capital evolution

Recall that we defined the fraction of intermediary wealth allocated to capital as

θkt =
pktAtkt
wt

.
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Applying Ito’s lemma to the number of units of capital held by the intermediary

kt = θktωtKt,

we obtain

dkt
kt

=
dωt
ωt

+
dθkt
θkt

+
dKt

Kt

+

〈
dωt
ωt
,
dθkt
θkt

〉
.

Recall on the other hand that the capital held by the intermediary evolves as

dkt
kt

= (Φ (it)− λk) dt.

Equating coefficients, we obtain

σθa,t = −σωa,t
σθξ,t = −σωξ,t
µθt = Φ (it) (1− θktωt)− µωt + σ2

θa,t + σ2
θξ,t.

B.2 Intermediary wealth evolution

Turn now to equilibrium evolution of intermediaries’ wealth. Recall that we have defined
the fraction of total wealth in the economy held by the intermediaries to be

ωt =
wt

pktAtKt

.

Thus, applying Ito’s lemma, we obtain

dωt
ωt

=
dwt
wt
− d (pktAt)

pktAt
− dKt

Kt

+

〈
d (pktAt)

pktAt

〉2

−
〈
dwt
wt

,
d (pktAt)

pktAt

〉
.

Recall further

dwt
wt

= θkt (drkt − rftdt)− θbt (drbt − rftdt) + rftdt

= θkt

[(
µRk,t + Φ (it)−

it
pkt
− rft

)
dt+ σka,tdZa,t + σkξ,tdZξ,t

]
− θbt [(µRb,t − rft) dt+ σba,tdZa,t + σbξ,tdZξ,t] + rftdt,

and

d (pktAt)

pktAt
=

(
µRk,t + λk −

1

pkt

)
dt+ σka,tdZa,t + σkξ,tdZξ,t

dKt

Kt

= (Φ (it) θktωt − λk) dt.
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Equating coefficients, we obtain

µωt = θktΦ (it) (1− ωt)− θbt (µRb,t − rft) + (θt − 1) (µRk,t − rft) +
1

pkt
(1− θktit)

+ (1− θkt)
(
σ2
ka,t + σ2

kξ,t

)
+ θbtσka,tσba,t + θbtσkξ,tσbξ,t

σωa,t = (θkt − 1)σka,t − θbtσba,t
σωξ,t = (θkt − 1)σkξ,t − θbtσbξ,t.

B.3 Equilibrium pricing kernel

Notice that we can express the household optimal portfolio allocation as

πkt =
pktAtkht
wht

=
1− θktωt

1 + B − ωt
πbt =

pbtAtbht
wht

=
θbtωt

1 + B − ωt
.

Substituting into the households’ optimal portfolio allocation decision and solving for excess
returns, we obtain

µRk,t − rft =
(
σ2
ka,t + σ2

kξ,t

)
πkt + (σka,tσba,t + σkξ,tσbξ,t) πbt + σkξ,tσξ

=
(
σ2
ka,t + σ2

kξ,t

) 1− θktωt
1 + B − ωt

+ (σka,tσba,t + σkξ,tσbξ,t)
θbtωt

1 + B − ωt
+ σkξ,tσξ

µRb,t − rft =
(
σ2
ba,t + σ2

bξ,t

)
πbt + (σka,tσba,t + σkξ,tσbξ,t) πkt + σbξ,tσξ

=
(
σ2
ba,t + σ2

bξ,t

) θbtωt
1 + B − ωt

+ (σka,tσba,t + σkξ,tσbξ,t)
1− θktωt

1 + B − ωt
+ σbξ,tσξ.

Thus, we can express the equilibrium pricing kernel in terms of the primitive shocks (dZat, dZξt)
as

dΛt

Λt

= −rftdt− ηatdZat − ηξtdZξt,

where the price of risk of productivity shocks, ηat, is given by

ηat = σka,t
1− θktωt

1 + B − ωt
+ σba,t

θbtωt
1 + B − ωt

,

and the price of risk of liquidity shocks, ηξt, by

ηξt = σkξ,t
1− θktωt

1 + B − ωt
+ σbξ,t

θbtωt
1 + B − ωt

+ σξ.

While it is natural to express the pricing kernel in terms of the primitive shocks in the
economy, these shocks are not readily observable. Instead, we express the pricing kernel in
terms of shocks to output and leverage. Define the standardized innovation to (log) output
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as

dŷt ≡ σ−1a (d log Yt − Et [d log Yt]) = dZat,

and the standardized innovation to the growth rate of leverage as

dθ̂t ≡
(
σ2
θa,t + σ2

θξ,t

)− 1
2

(
dθkt
θkt
− Et

[
dθkt
θkt

])
=

σθa,t√
σ2
θa,t + σ2

θξ,t

dZat +
σθξ,t√

σ2
θa,t + σ2

θξ,t

dZξt.

Then

dZξt =

√
1 +

σ2
θa,t

σ2
θξ,t

dθ̂t −
σθa,t
σθξ,t

dŷt,

so that we can express the equilibrium pricing kernel as

dΛt

Λt

= −rftdt− ηytdŷt − ηθtdθ̂t,

where the price of risk of output, ηyt, is given by

ηyt = ηat −
σθa,t
σθξ,t

ηξt =

(
σka,t −

σθa,t
σθξ,t

σkξ,t

)
1− θktωt

1 + B − ωt
+

(
σba,t −

σθa,t
σθξ,t

σbξ,t

)
θbtωt

1 + B − ωt
− σθa,t
σθξ,t

σξ,

and the price of risk of leverage, ηθt, by

ηθt =

√
1 +

σ2
θa,t

σ2
θξ,t

ηξt =

√
1 +

σ2
θa,t

σ2
θξ,t

[
σkξ,t

1− θktωt
1 + B − ωt

+ σbξ,t
θbtωt

1 + B − ωt
+ σξ

]
.

B.4 Equilibrium price of capital

Recall that the goods market clearing condition gives

ct + itktAt = AtKt,

and that the intermediaries’ optimal investment policy is

it =
1

φ1

(
φ2
0φ

2
1

4
p2kt − 1

)
.

Diving both sides by AtKt, we obtain

1 =

(
ρh −

σ2
ξ

2

)
pkt (1 + B − ωt) +

1

φ1

(
φ2
0φ

2
1

4
p2kt − 1

)
θktωt.

39



Define

β =
2

φ2
0φ1

(
ρh −

σ2
ξ

2

)
,

so that the price of capital solves

0 = p2ktθktωt + 2β (1 + B − ωt) pkt −
4

φ2
0φ1

− 4

φ2
0φ

2
1

θktωt,

or, equivalently,

pkt =
−β (1 + B − ωt) +

√
β2 (1 + B − ωt)2 + 4

φ20φ
2
1
θktωt (φ1 + θktωt)

θktωt
.

Applying Ito’s lemma to the goods market clearing condition, we obtain

0 = 2p2ktθktωt
dpkt
pkt

+ p2ktθktωt

〈
dpkt
pkt

〉2

+

(
p2kt −

4

φ2
0φ

2
1

)
θktωt

d (θktωt)

θktωt

+ 2β (1 + B − ωt) pkt
dpkt
pkt
− 2βωtpkt

dωt
ωt
− 2βωtpkt

〈
dωt
ωt
,
dpkt
pkt

〉
.

Notice that we can express

dpkt
pkt

= dRkt − p−1kt dt−
(
ā+

σ2
a

2

)
dt− σadZat + λkdt− (σka,t − σa)σadt.

Thus, equating coefficients, we obtain

0 = 2pkt (θktωtpkt + β (1 + B − ωt))
(
µRk,t − p−1kt − ā−

σ2
a

2
+ λk − (σka,t − σa)σa

)
+ p2ktθktωt

[
(σka,t − σa)2 + σ2

kξ,t

]
+

(
p2kt −

4

φ2
0φ

2
1

)
θktωt (1− θktωt) Φ (it)− 2βωtpktµωt

− 2βωtpkt [σωa,t (σka,t − σa) + σωξ,tσkξ,t]

0 = (θktωtpkt + β (1 + B − ωt)) (σka,t − σa)− βωtσωa,t
0 = (θktωtpkt + β (1 + B − ωt))σkξ,t − βωtσωξ,t.

Using

σωa,t = (θkt − 1)σka,t − θbtσba,t
σωξ,t = (θkt − 1)σkξ,t − θbtσbξ,t,
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we can rewrite the above as

βωtθbtσba,t = − (θktωtpkt + β (1 + B − ωt)) (σka,t − σa) + βωt (θkt − 1)σka,t

βωtθbtσbξ,t = − (θktωtpkt + β (1 + B − ωt))σkξ,t + βωt (θkt − 1)σkξ,t.

Simplifying, we obtain

σba,t = −β (1 + B − θktωt) + θktωtpkt
βωtθbt

(σka,t − σa) +
θkt − 1

θbt
σa

σbξ,t = −β (1 + B − θktωt) + θktωtpkt
βωtθbt

σkξ,t,

and

βωtσωa,t = (θktωtpkt + β (1 + B − ωt)) (σka,t − σa)
βωtσωξ,t = (θktωtpkt + β (1 + B − ωt))σkξ,t.

B.5 Risk-free rate

Consider finally the risk-free rate in the economy. From the households’ Euler equation, we
have

rft =

(
ρh −

σ2
ξ

2

)
+

1

dt
Et
[
dct
ct

]
− 1

dt
Et

[〈
dct
ct

〉2

+

〈
dct
ct
, dξt

〉]
.

From the goods’ market clearing condition, we have

ct = AtKt (1− itθktωt) = AtKt

[
1− 1

φ1

(
φ2
0φ

2
1

4
p2kt − 1

)
θktωt

]
.

Applying Ito’s lemma, we obtain

dct = ct
dAt
At

+ ct
dKt

Kt

− ct
itθktωt

1− itθktωt
d (θktωt)

θktωt
− 2AtKtθktωt

(
φ2
0φ1

4

)
p2kt

dpkt
pkt

− AtKtθktωt

(
φ2
0φ1

4

)
p2kt

(〈
dpkt
pkt

〉2

+ 2

〈
dpkt
pkt

,
dAt
At

〉)
,

so that

dct
ct

=
dAt
At

+
dKt

Kt

− itθktωt
1− itθktωt

d (θktωt)

θktωt
− 2

(
it + φ−11

)
θktωt

1− itθktωt

(
dpkt
pkt

+
1

2

〈
dpkt
pkt

〉2

+

〈
dpkt
pkt

,
dAt
At

〉)
.
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Thus

1

dt
Et
[
dct
ct

]
= ā+

σ2
a

2
− λk +

θktωt
1− itθktωt

Φ (it) (1− it)−
(
it + φ−11

)
θktωt

1− itθktωt
(
(σka,t − σa)2 + σ2

kξ,t

)
− 2

(
it + φ−11

)
θktωt

1− itθktωt

(
µRk,t − p−1kt − ā−

σ2
a

2
+ λk

)
1

dt
Et

[〈
dct
ct

〉2
]

=

(
σa − 2

(
it + φ−11

)
θktωt

1− itθktωt
(σka,t − σa)

)2

+

(
2

(
it + φ−11

)
θktωt

1− itθktωt

)2

σ2
kξ,t

1

dt
Et
[〈

dct
ct
, dξt

〉]
= −2

(
it + φ−11

)
θktωt

1− itθktωt
σkξ,tσξ,

and the risk-free rate is given by

rft

(
1 + 2

(
it + φ−11

)
θktωt

1− itθktωt

)
= ρh −

σ2
ξ

2
+ ā+

σ2
a

2
− λk +

θktωt
1− itθktωt

Φ (it) (1− it)

−
(
it + φ−11

)
θktωt

1− itθktωt
(
(σka,t − σa)2 + σ2

kξ,t

)
− 2

(
it + φ−11

)
θktωt

1− itθktωt

(
µRk,t − rft − p−1kt − ā−

σ2
a

2
+ λk

)
−

(
σa − 2

(
it + φ−11

)
θktωt

1− itθktωt
(σka,t − σa)

)2

−

(
2

(
it + φ−11

)
θktωt

1− itθktωt

)2

σ2
kξ,t

+ 2

(
it + φ−11

)
θktωt

1− itθktωt
σkξ,tσξ.
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