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Abstract

The growth of wholesale-funded credit intermediation has motivated liquidity regulations. We
analyze a dynamic stochastic general equilibrium model in which liquidity and capital regulations
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ranges of risk-free asset supply achieve higher welfare.
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1 Introduction

While the role of liquidity transformation in the financial sector is well understood in partial
equilibrium settings (e.g. Diamond and Dybvig [1983] and Kahn and Santos [2005]), there are
only few, recent examples of dynamic general equilibrium models that incorporate systemic
liquidity crisis (e.g. Angeloni and Faia [2013], Gertler and Kiyotaki [2012], and Martin,
Skeie, and Von Thadden [2013]). These models don’t typically study the role of liquidity
requirements such as the Liquidity Coverage Ratio (LCR). The LCR has been developed
in reaction to the growth of wholesale-funded credit intermediation outside of commercial
banks which limits central banks’ ability to act as lender of last resort (see Adrian and Shin
[2010] and Adrian and Ashcraft [2012]).

The LCR was proposed by the Basel Committee on Banking Supervision (BCBS) in 2010
(see BCBS [2010] and BCBS [2013]) as a minimum requirement for the liquidity insurance of
bank holding companies (BHC). Because the LCR is imposed at the holding company level,
it covers entities such as broker-dealer and derivatives subsidiaries which do not have access
to the discount window, in addition to the commercial bank subsidiary. The LCR, which
must exceed unity, is the ratio of haircutted liquid assets to liabilities that are expected to
evaporate in liquidity stress. Haircuts are higher for less liquid assets, while runoff rates for
liabilities are higher for items that are less stable. Haircuts and runoff rates are calibrated
to liquidity at a 30 day time horizon.

In this paper, we incorporate liquidity policies in the theory of Adrian and Boyarchenko
[2012], which explicitly models endogenous and systemic risk in an equilibrium setting with
liquidity risk. We study the equilibrium impact of liquidity requirements, capital require-
ments, and the risk-free asset supply. In our framework, the LCR is a requirement for banks
to hold a certain amount of liquid assets in proportion to the short term riskiness of lia-
bilities. Both the liquidity requirement and the capital requirement impact the risk taking
of intermediaries. In equilibrium, these constraints interact with the total supply of the
risk-free asset in determining the pricing of risk, and the equilibrium amount of risk. Pru-
dential capital and liquidity regulation thus affect the systemic risk return tradeoff between

the pricing of risk and the level of systemic risk.



Within the context of our model, liquidity requirements are a preferable prudential policy
tool relative to capital requirements, as tightening liquidity requirements lowers the like-
lihood of systemic distress, without impairing consumption growth. In contrast, capital
requirements trade off consumption growth and distress probabilities. In addition, we find
that intermediate ranges of risk-free asset supply achieve higher welfare. This is because
very low levels of the risk-free asset make liquidity requirements costly, while a very high

supply of risk-free assets countermand the effects of prudential liquidity regulation.

1.1 Related literature

While the literature on macroprudential policies in dynamic general equilibrium models is
recent, it is growing rapidly (see Goodhart, Kashyap, Tsomocos, and Vardoulakis [2012],
Angelini, Neri, and Panetta [2011], Angeloni and Faia [2013|, Korinek [2011], Bianchi and
Mendoza [2011], Nunio and Thomas [2012], and Farhi and Werning [2013]). The distinguish-
ing feature of the current paper is to focus on the LCR, while other papers primarily focus
on capital requirements and monetary policy. An exception to that is presented by Good-
hart et al. [2012], which studies liquidity requirements in general equilibrium. While our
analysis focuses on the LCR, Goodhart et al. [2012] analyze the welfare implications of the
Net Stable Funding Ratio (NSFR). The LCR is calibrated to potential liquidity shortages
at the 30 day horizon, while the NSFR is calibrated to illiquidity at longer run horizons.
The NSFR was proposed by BCBS [2010] in 2010, but has not been implemented, while the
LCR is in the process of implementation (see BCBS [2013]). Goodhart et al. [2012] find the
NSFR to be a good pre-emptive macroprudential tool, in comparison to cyclical variation in
capital requirements or underwriting standards. The focus of our analysis is on the uncon-
ditional calibration of the LCR, which is more in line with the current approach to liquidity
regulation by the BCBS.

There is some literature on liquidity regulation in partial equilibrium settings. Farhi, Golosov,
and Tsyvinski [2009] provide a justification for liquidity requirements within a Diamond and
Dybvig [1983] banking system. Cao and Illing [2010] show that liquidity requirements are
advantageous in dealing with systemic liquidity risk relative to capital requirements. Perot-

tia and Suarez [2011] argue that Pigouvian taxation is preferable to liquidity requirements
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due to lower distortions. Ratnovski [2009] points out that liquidity requirements can miti-
gate moral hazard due to public liquidity provision via lender of last resort facilities. Rochet
[2008] provides an overview of liquidity regulation within the context of the banking liter-
ature. The main difference between our approach and this work is that we consider the
impact of liquidity regulations within a dynamic macroeconomy, while the banking liter-
ature considers only particle equilibrium effects within static settings. Our main findings
rely crucially on the endogeneity of asset risk and return which is totally missed in partial
equilibrium settings. Our approach is thus macroprudential, while the banking literature
typically employs a microprudential perspective.

Liquidity requirements have long played a central role in monetary economics. However, the
focus of liquidity regulation has traditionally been on reserve requirements. For example,
the credit channel of monetary transmission by Bernanke and Blinder [1988] relies on the
scarcity of bank reserves. Indeed, in the U.S., the Federal Reserve used changes in reserve
requirements as a policy instrument until the early 1990s, and emerging market economies
tend to use variation in central bank liquidity requirements as a policy tool to this day.
The type of liquidity requirement that we are studying here is conceptually distinct from
reserve requirements, as it does not necessarily involve money or deposits. Indeed, the LCR
can be satisfied by only holding liquid securities such as Treasury bills, and would apply to
institutions such as broker-dealers that do not issue any deposits.

Our approach is closely related to the intermediary asset pricing theories of He and Krishna-
murthy [2013] and Brunnermeier and Sannikov [2012], who explicitly introduce a financial
sector into dynamic models of the macroeconomy. Our approach differs in important as-
pects from that work. Most importantly, we assume that the capital constraint on financial
intermediaries is risk based. In contrast, He and Krishnamurthy [2013] have a constraint
on outside equity financing without any constraint on leverage. Brunnermeier and Sannikov
[2012] require intermediaries to manage leverage in a way to make their liabilities instanta-
neously riskless. Our setting gives rise to pro-cyclical intermediary leverage, a fact that is
strongly supported by the data, as Adrian and Boyarchenko [2012, 2013| show. In contrast,
He and Krishnamurthy [2013] and Brunnermeier and Sannikov [2012] exhibit countercyclical

leverage.



2 The Model

We consider a continuous time, infinite horizon economy. Uncertainty is described by a two-
dimensional, standard Brownian motion Z; = [Zu, Zg| for t > 0, defined on a completed
probability space (2, F,P), where F is the augmented filtration generated by Z;. There
are three types of agents in the economy: (passive) producers, financially sophisticated

intermediaries and unsophisticated households.

2.1 Production

There is a single consumption good in the economy, produced continuously. We assume that
physical capital is an input into the production of the consumption good, so that the total

output in the economy at date t > 0 is
)/;f = Ath7

where K; is the aggregate amount of capital in the economy at time ¢, and the stochastic

productivity of capital {A; = e}, follows a geometric diffusion process of the form
dat = adt + UadZat-

The stock of physical capital in the economy depreciates at a constant rate Ax, so that the

total physical capital in the economy evolves as
th - (-[t - )\k) tht,

where [; is the reinvestment rate per unit of capital in place. There is a fully liquid market for
physical capital in the economy, in which both the financial intermediaries and the households
are allowed to participate. We denote by pgsA; the price of one unit of capital at time ¢ > 0

in terms of the consumption good.



2.2 Financial Intermediaries

There is a unit mass of identical, infinitely lived financial intermediaries in the economy. The
financial intermediaries serve two functions in the economy. First, they generate new capital
through investment in the productive sector. As in Brunnermeier and Sannikov [2012], we
assume that the intermediaries have access to a superior investment technology relative to
households. Thus, the intermediaries serve an important role in propagating growth in the
economy. Second, since intermediaries accumulate wealth through retained earnings, they
provide risk-bearing capacity to the households. By issuing risky debt to the households,
the financial intermediaries increase market completeness and improve risk-sharing within
the economy.

As in our previous work, we assume that the intermediaries are debt-financed, which allows
us to abstract from modeling the dividend payment decision (“consumption”) of the inter-
mediary sector and to assume that an intermediary invests maximally if the opportunity
arises. In particular, financial intermediaries create new capital through capital investment.
Denote by k; the physical capital held by the representative intermediary at time ¢ and by
1;A; the investment rate per unit of capital. Then, without trade between households and
intermediaries, the stock of capital held by the representative intermediary would evolve

according to

Here, @ (-) reflects the costs of (dis)investment. We assume that ® (0) = 0, so in the absence
of new investment, capital depreciates at the economy-wide rate \,. Notice that the above
formulation implies that costs of adjusting capital are higher in economies with a higher level
of capital productivity, corresponding to the intuition that more developed economies are
more specialized. We follow Brunnermeier and Sannikov [2012] in assuming that investment

carries quadratic adjustment costs, so that ® has the form

@ (i) = g0 (V1+ 61— 1),



for positive constants ¢g and ¢;.
Each unit of capital owned by the intermediary produces A; (1 — ¢;) units of output net of
investment. As a result, the total return from one unit of intermediary capital invested in

physical capital is given by

(1 — i) Aiky d (kepreAr) ( , it )
dryy, = —————dt + ——————= =dRp; + | ® (1;) — — | dt.
' Kipre A PN Kipre A ' ( t) Pkt
dividend:;)rice ratio capit;fgains

Here, dRy,; is the return on holding capital earned by the representative household in the
economy. Compared to the households, the financial intermediaries earn an extra return to
holding firm capital to compensate them for the cost of investment. This extra return is
partially passed on to the households as coupon payments on the intermediaries’ debt.

The intermediaries finance their investment in new capital projects by issuing risky floating
coupon bonds to the households. To keep the balance sheet structure of the financial insti-
tutions time-invariant, we assume that the bonds mature at a constant rate )\, so that the
time ¢ probability of a bond maturing before time ¢+ dt is A\,dt. Notice that this corresponds
to an infinite-horizon version of the “stationary balance sheet” assumption of Leland and
Toft [1996]. Denoting by 6, the issuance rate of bonds at time ¢, the stock of bonds b; on a

representative intermediary’s balance sheet evolves as

dbt - (6t - )\b) btdt

Each unit of debt issued by the intermediary pays CyA; units of output until maturity and
A; units of output at maturity. Similarly to the capital stock in the economy, the risky
bonds are liquidly traded, with the price of one unit of intermediary debt at time ¢ in terms
of the consumption good given by py;A;. The total net cost of one unit of intermediary debt

is therefore given by

Ci+ X —0 Ab d (bypp A
dry, = (Cq b tDot) Ay tdt+ (beppe At) — dRy.
R bt Ay PN biput Ay B
dividend:{)rice ratio capit;{gains



Thus, the cost of debt to the intermediary equals the return on holding bank debt for the
households.

The key assumptions in this paper concern the regulatory constraints faced by the inter-
mediary. First, as in Adrian and Boyarchenko [2012, 2013|, we assume that intermediary
borrowing is constrained by a risk-based capital constraint and, in particular, that the in-
side capital of the intermediary, wy, is sufficient to absorb a shock to the asset-side of their

balance sheet of o standard deviations

a\/% (kyd (pktAt)>2 < wy, (1)

where <>2 is the quadratic variation operator. The risk-based capital constraint implies a

time-varying constraint on the intermediary’s capital allocation choice, given by

Dot Arky 1

=
W ar] L d(prtAt)
dat PrtAt

In our previous work, we make the case for using a value-at-risk (VaR) constraint to model the
capital requirements faced by banking institutions, and show that it generates many empirical
regularities, such as procyclicality of intermediary leverage and intermediated credit, and the
positive price of risk associated with shock to intermediary leverage. Further, in Adrian and
Boyarchenko [2013] we show that, even in an economy with two types of intermediaries which
face different types of funding constraints, the VaR constraint generates procyclical leverage
for the banking sector, as well as the empirical regularity that bank leverage leads asset
growth for the whole financial system.

The novel assumption in this paper consists of the liquidity regulation faced by financial
institutions. Similar to the new liquidity requirements proposed by the Basel Committee
on Banking Supervision, we assume that the financial intermediaries are required to hold

instantaneous risk-free debt (“cash”) in proportion to their risky debt liabilities

A/Ti > ApyAsby, (2)



where A,7; is the value of cash held by the intermediaries and A is the tightness of the
liquidity constraint. As A becomes smaller, the liquidity constraint becomes more relaxed,
with the limiting case of A = 0 corresponding to an economy with no liquidity constraints.
At the other extreme, when A = 1, intermediaries have to fully back their liabilities with
liquid securities, corresponding to the traditional narrow model of banking.

Consider now the budget constraint of an intermediary in this economy, which holds the
balance sheet in Figure 1. An intermediary in this economy holds capital investment projects
(k) and cash (7;) on the asset side of its balance sheet and has bonds (b;) on the liability

side. In mathematical terms, we can express the corresponding budget constraint as
Pre Atk + ATy = por Aibe + wy, (3)

where w; is the implicit value of equity in the intermediary. Thus, in terms of flows, the

intermediary’s equity value evolves according to

dw
?t = ekt (d?”kt — Tftdt) — th (drbt - Tftdt) + Tftdt, (4)
t

where 7, is the economy-wide risk-free rate and 6 is the fraction of intermediary wealth
allocated to issuing debt. Notice that, with this notation, we can represent the liquidity

constraint as
1+ Oy — 0, > NGy,
or, equivalently,
(1 . A) Oy = My > (B — 1) .

As in He and Krishnamurthy [2012], we assume that the intermediary is myopic and maxi-

mizes a mean-variance objective of instantaneous wealth

max B [di] -2y, [di} , (5)

Ort,O0b¢,it Wy Wy



Figure 1: Intermediaries’ Balance Sheet

Assets Liabilities
Productive capital (A;prik:) Risky debt (A;ppib;)
Risk-free debt (A7) Inside equity (w;)

subject to the dynamic intermediary budget constraint 4, the risk-based capital constraint
constraint 1 and the liquidity constraint 2. Here, v measures the degree of risk-aversion
of the representative intermediary; when ~ is close to zero, the intermediary is almost risk-
neutral and chooses its portfolio each period to maximize the expected instantaneous growth
rate. While in the Appendix we derive the optimal portfolio and investment choice for the
financial intermediary for the general case, we focus on the case when ~ is close to zero, so
that the intermediary is always at either the risk-based capital constraint or the liquidity

constraint. In particular, we have the following result.

Lemma 1. The representative financial intermediary optimally invests in new projects at

1 (et ,
Zt—a(Tpkt_l)'

For nearly risk-neutral intermediaries (y close to 0), the optimal allocation to firm capital is

rate

given by

1
[ 2 2
Q[ Tjgr T Okey

While the intermediaries are not liquidity-constrained, the optimal debt-to-equity ratio is

1+ Ay

0 = min

Y (OkatTbat + Oke1Tbe t)

—1(._2 2 \—1
Ot =7 (00 + Ubg,t) — (HRot — Tp1) + - ;
@1/ Oka,t + Ol t




and the shadow cost of capital faced by the intermediary is

. Z't v \/ O-/%aﬂf + O-Z:f,t
Cct = MRkt + o (Zt> +— =T —

Dkt o

+ ¥ (OkatObat + ThetObet) Oor-

When the intermediary becomes liquidity-constrained, so that Oy = A™' (Og — 1), the fraction

of intermediary equity allocated to capital is

Ore = det; " [—A (firre — 71e) + ¥ (TkatObar + OnetOver) + prne — T — YA (0has + Ugg,t)} ,

and the shadow cost of liquidity faced by the intermediary is

CGe = dety 'y (firre — 71¢) [(OkatObat + Oreaoer) — A1 (Ohas + o) ]
— det; 'y (proe — 7t) [(Okay + Oher) — A" (OkatOras + Ok i0be,t)]

_ _ 2
+ det; 'yPAT (Oka,tTbet — OketObat) s

where det, = —yA~2 [(Aaka,t — oba,t)z + (Aoge, — O'bg,t)2]. In the case when both the capital

and the liquidity constraints bind, the shadow cost of liquidity faced by the intermediary is

1
+ 'YAil (Ul?a,t + Ugg,t) —1

/ 2 2
QN[ Opa st Tiet

_ Y (OkatObat + OketObe.t)
Ge=N" | (HRos — 75t) — - /Z §2 5
Q[ Opa st Tiey

and the shadow cost of capital faced by the intermediary is

. RRY. Ofat T T . 1
Cet = (flmrt — Tpt) — o + YA (OkatObat + ke 10be,t) - — = L] — G
@1/ Okayt T Ol
Proof. See Appendix A. n

Finally, notice that, since the debt issued by intermediaries is long-term and since the risk-
based capital constraint does not keep the volatility of intermediary equity constant, the
intermediary can become distressed and default on its debt to the households. We assume

that distress occurs when the intermediary equity falls below an exogenously specified thresh-
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old, so that the (random) distress date of the intermediary is the first crossing time of the

threshold
Tn = 1n < A KL .
D %Zg {wt > WPkt A t}

Notice that, since the distress boundary grows with the scale of the economy, the intermediary
can never outgrow the possibility of distress. When the intermediary is restructured, the
management of the intermediary changes. The new management defaults of the debt of the
previous intermediary, reducing leverage to #, but maintains the same level of capital as
before. The inside equity of the new intermediary is thus

0,
w =w TDkaD ATD K

Tg D"
We define the term structure of distress risk to be
(St (T) = ]P) (TD S T| (wt, th)) .

Here, §; (T) is the time ¢ probability of default occurring before time 7". Notice that, since
the fundamental shocks in the economy are Brownian, and all the agents in the economy have
perfect information, the local distress risk is zero. We refer to the default of the intermediary
as systemic risk, as there is a single representative intermediary in the economy, so its distress
is systemic. In our simulations, we use parameter values for w that are positive (not zero),

thus viewing intermediaries default state as a restructuring event.

2.3 Households

There is a unit mass of risk-averse, infinitely lived households in the economy. We assume
that the households in the economy are identical, such that the equilibrium outcomes are
determined by the decisions of the representative household. In addition to the productivity
shock, Z,;, the representative household is also subject to a transitory discount rate shock,

so that the representative household evaluates different consumption paths {¢;},,, according
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to

+o00
E {/ e~ &tent) log ¢, dt | |
0

where pj, is the subjective time discount of the representative household, and ¢; is the con-
sumption at time ¢. Here, exp (—¢;) is the Radon-Nikodym derivative of the measure induced
by households’ time-varying preferences or beliefs with respect to the physical measure. For
simplicity, we assume that {&:},,, evolves as a Brownian motion, uncorrelated with the

productivity shock, Z,;:
dgt = O‘gngt,

where {Z } is a standard Brownian motion of (€2, 7, P), independent of Z,;. In the current
setting, with households constrained in their portfolio allocation, exp (—¢;) can be interpreted
as a time-varying liquidity preference shock, as in Allen and Gale [1994], Diamond and
Dybvig [1983], and Holmstrom and Tirole [1998] or as a time-varying shock to the preference
for early resolution of uncertainty, as in Bhamra, Kuehn, and Strebulaev [2010a,b]. In
particular, when the households receive a positive d¢§; shock, their effective discount rate
increases, leading to a higher demand for liquidity.

The households finance their consumption through holdings of physical capital, holdings
of risky intermediary debt, and short-term risk-free borrowing and lending. Unlike the
intermediary sector, the households do not have access to the investment technology. Thus,
without trade between the intermediaries and the households, the physical capital kj; held

by households would evolve according to
dkht - —)\kkhtdt

When a household buys kj; units of capital at price pyp;A;, by Itd’s lemma, the value of

capital evolves according to

d(khtpktAt) _ dA, 4 dpit 4 dkpy + <dpkt dAt>
k?htpktAt Ay Pkt kny Pkt 7 Ay .
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Each unit of capital owned by the household also produces A; units of output, so the total

return to one unit of household wealth invested in capital is

Ak d (knepreA)
kt nipee A . Ko A MRk At 4 Okg1dZ o + Ope 1dZgy

dividend—price ratio capital gains

In addition to direct capital investment, the households can invest in risky intermediary
debt. Similarly to the stock of debt issued by intermediaries, the risky debt holdings by, of

households follow

dbht - (6t - )\b) bhtdt,

where, as before, 6, is the issuance rate of new debt. Hence, the total return from one unit

of household wealth invested in risky debt is

Cq+Xp— 0 A d (b A

det = ( d b tpbt) 12t dt + ( ht Dbt t) = ,uRb’tdt + Uba,tdZat —|— O'bgytdZ&.
o briPot A PN briPot A
dividend:;rice ratio capitaxlrgains

When a household with total wealth wy, buys kj; units of capital and by, units of risky
intermediary debt, it invests the remaining wps — prekne — Puebpe at the risk-free rate ry, so

that household wealth evolves as

dwp, = 1 pwhe + PriAikn (AR — 7 pdt) + ppAibpg (dRy — 7pdt) — cidt. (6)

We assume that the households face no-shorting constraints, such that

kpe >0
bpe > 0.
Thus, the households solve
T et
max E e~ &t tPnt) oo ¢ dt | | 7
{Ct7kht7bht} |:/0 s ( )
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subject to the household wealth evolution 6 and the no-shorting constraints. We have the

following result.

Lemma 2. The household’s optimal consumption choice satisfies

o¢
Ct = (Ph - ?) Wh-

In the unconstrained region, the household’s optimal portfolio choice is given by

-1 -1
Tt Okat Oket Okat Obayt MRkt — T ft Okat Obayt 0

= — O¢
Tht Oba,t Obgt Oket  Obegt KRbt — Tft Oket Obegt 1
Proof. See Appendix A. m

Thus, the household with the time-varying beliefs chooses consumption as a myopic in-
vestor but with a lower rate of discount. The optimal portfolio choice of the household,
on the other hand, also includes an intratemporal hedging component for variations in the
Radon-Nikodym derivative, exp (—&;). Since intermediary debt is locally risk-less, however,
households do not self-insure against intermediary default. Appendix A provides also the
optimal portfolio choice in the case when the household is constrained. In our simulations,

the household never becomes constrained as the intermediary wealth never reaches zero.

2.4 Equilibrium

To define the equilibrium in this economy, we assume that monetary policy is implemented
via risk-free government debt, with the supply of debt a constant fraction of aggregate wealth
in the economy. While the households can short the risk-free debt in the economy, the
intermediaries are constrained to maintain a positive position in the risk-free debt through
the liquidity constraint. The risk-free rate in the economy adjusts to clear the risk-free debt
market. Comparative statics with respect to the exogenous supply of risk-free debt allows

us to evaluate the trade-off between static monetary, capital and liquidity policies.
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Definition 1. An equilibrium in this economy is a set of price processes {Pit, Dot, T'ft}4=q» @ S€t
of household decisions {kng, bpt, Ct}tzo; and a set of intermediary decisions {ky, 6, iy, Ok, ebt}tzo

such that the following apply:

1. Taking the price processes and the intermediary decisions as given, the household’s
choices solve the household’s optimization problem 7, subject to the household budget

constraint 6.

2. Taking the price processes and the household decisions as given, the intermediary’s
choices solve the intermediary optimization problem 5, subject to the intermediary

wealth evolution 3, the risk-based capital constraint 1 and the liquidity constraint 2.

3. The capital market clears:

Kt - kt + kht-

4. The risky bond market clears:

bt == bht-

5. The risk-free debt market clears:

B A Ky = (1 — m — ) Wiy + (1 — Oy + Opr) .

6. The goods market clears:

C = At (Kt — itkt) .

Notice that the bond markets’ clearing conditions imply

(1 + B) pk:tAth = Wpt + Wy.
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Figure 2: Equilibrium Market Clearing Conditions

Market Intermediaries Households | Total
Capital ky ks K,
Consumption ek Ay Ct A K,
Risky Debt —b, b 0
Risk-Free Debt T Ay Thi Ay BA;

Notice also that the aggregate capital in the economy evolves as

We characterize the equilibrium in terms of the evolutions of three state variables: the
leverage of intermediaries, 0y;, and the relative wealth of intermediaries in the economy, w.
This representation allows us to characterize the equilibrium outcomes as a solution to a
system of algebraic equations, which can easily be solved numerically. In particular, we

represent the evolution of the state variables as

do
Q_kt — ,Uetdt + Ugg’tngt + Uaa,tdZat
kt
dw
w_t — ,uwtdt + Jwg,tdzgt + Uwa,tdZat~
t

We can then express all the other equilibrium quantities in terms of the state variables, the
debt-to-equity ratio of the intermediaries 6, and the sensitivities of the return to holding
capital to output and liquidity shocks, oy, and oge ;. We solve for these last two equilibrium

quantities numerically as solutions to the system of equations that

1. Equates 6;; and 6, to the solution to the optimal portfolio allocation choices of the

representative intermediary;
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2. Equates the expected return to holding one unit of capital from the equilibrium returns
process to the expected return to holding one unit of capital from the equilibrium price

of capital.
The other equilibrium quantities can be expressed as follows.

1. Equilibrium price of capital, py, (from goods market clearing) and optimal capital invest-
ment policy, i;, (from intermediaries’ optimization) as a function of the state variables

only;

2. From capital market clearing, household allocation to capital m;; as a function of state

variables only;

3. From debt market clearing, household allocation to debt, m, as a function of state vari-

ables and 0y;

4. From the equilibrium evolution of the price of capital, the sensitivities of the intermedi-
aries’ leverage to output and liquidity shocks, 0y, and oy, as a function of the state

variables and oy, and o 4;

5. From the equilibrium evolution of intermediaries’ wealth, the sensitivities of the return
to holding risky debt to output and liquidity shocks, o4, and oue, as a function of the

state variables and Oy, 0pqs and ope;

6. From the households’ optimal portfolio choice, expected excess return to holding capital,
LRkt — T, and to holding debt, pipy: — 754, as a function of the state variables and 0y,

Okayt and Opey;

7. From the equilibrium evolution of intermediaries’ wealth, the expected growth rate of

intermediaries’ wealth share, p,; as a function of the state variables and 0y, ok, and

Okets

8. From the equilibrium evolution of capital, the expected growth rate of banks’ leverage,

o as a function of the state variables and oyq; and oge ¢
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9. From the households’ Euler equation, the risk-free rate ry as a function of the state

variables and Oy, e and o .

The details of the solution are relegated to Appendix B.

3 Welfare

We illustrate the outcomes of the model by focusing on the welfare implications of different
levels of the policy parameters a, A, and B. In Figures 3-7, we present contour plots of
endogenous variables as a function of the policy parameters. In those plots, darker shading
corresponds to lower levels of the respective endogenous variable. The equilibrium outcomes

are computed using the parameters summarized in Table 1.

Table 1: Parameters

Parameter Notation  Value
Expected growth rate of productivity a 0.0651
Volatility of growth rate of productivity Oq 0.388
Volatility of liquidity shocks o 0.0388
Discount rate of intermediaries P 0.06
Effective discount rate of households | p, —02/2  0.05
Fixed cost of capital adjustment oo 0.1
&1 20
Depreciation rate of capital Ak 0.03

NOTEs: Parameters used in simulations. The parameters of the productivity growth process (a,
04), the parameters of the investment technology (g, ¢1), subjective discount rates (p, p), and
depreciation (\;) are taken from Brunnermeier and Sannikov [2012].

3.1 Capital Regulation and Supply of Risk-Free Debt

We begin by considering the tradeoff between the tightness of the capital constraint, «,
and the amount of risk-free debt B supplied by the government, setting the tightness of the
liquidity constraint A = 0.25, so that, for every dollar of defaultable liabilities, the financial
intermediary has to hold at least 25 cents of risk-free assets. The top left panel of Figure
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Figure 3: Household Welfare
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NoTES: Household welfare as a function of the tightness of the capital constraint, «, the
tightness of the liquidity constraint, A, and the supply of risk-free debt in the economy, B.
Outcomes are computed using 1000 simulation paths, of 80 years each.

3 shows that household welfare is highest for loose capital constraints and a low supply
of the risk-free debt. Intuitively, when the supply of risk-free debt is low, the equilibrium
risk-free rate in the economy is high. Thus, if the intermediaries face a liquidity coverage
ratio constraint in this environment, issuing debt is costly for the intermediaries. Indeed,
the top left panel of Figure 4 shows that the equilibrium debt-to-equity ratio chosen by
the intermediary is highest for a moderate supply of risk-free debt and moderate levels
of tightness of the capital constraint. For the low levels of the supply of risk-free debt
and the relatively loose capital constraint that maximize expected household welfare, the
intermediaries choose lower leverage. Holding the tightness of the capital constraint fixed, as

the government increases the supply of risk-free debt, the intermediaries initially increase the
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Figure 4: Debt-to-equity Ratios

0.5 12 0.5
20
, 0-4 10 , 04
© ©
1] (2] ]_5
<03 8 <03
£ £
[] Q
T 02 T 0.2
IS S
& &
0.1 0.1
0 0
2 3 4 5 02 04 06 08
Capital Liquidity
25
— L
08 20
> 06 15
=
>
g
304 10

©
N
3

2 3 4 5
Capital

NoOTES: Debt-to-equity ratio, 6y, of the financial sector as a function of the tightness of the
capital constraint, «, the tightness of the liquidity constraint, A, and the supply of risk-free
debt in the economy, B. Outcomes are computed using 1000 simulation paths, of 80 years
each.

supply of risky debt to the households, but, for high enough levels of the supply of risk-free
debt, intermediaries decrease their debt issuance. This is similar to the safety multiplier effect
of government debt discussed by Weymuller [2013]: when capital constraints are relatively
loose and supply of risk-free debt is moderately low, intermediaries improve the risk-sharing
capabilities of households by issuing risky debt. As the supply of risk-free debt in the economy
increases, the marginal cost of the liquidity constraint decreases, increasing the capability
of intermediaries to increase leverage. This increases the vulnerability of intermediaries,
making households less willing to lend to the intermediaries, decreasing the equilibrium level
of intermediary leverage. Similarly, as the capital constraint becomes tighter, intermediaries

are prevented from increasing leverage by regulatory constraints.
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The top left panel of Figure 5 studies the relationship between the probability of the in-
termediary becoming distressed within six months and the supply of risk-free debt and the
tightness of the capital constraint. As the supply of risk-free debt in the economy increases,
the intermediaries become more vulnerable, and the distress probability increases. This is
consistent with the intuition above: increases in the supply of risk-free debt make the lig-
uidity coverage ratio less costly for the intermediaries, which allows for more risk taking
opportunities. In particular, looser supply of risk-free credit to the economy increases the
volatility of the return to capital, as shown in the top left panel of Figure 6. While the
volatility paradox of Brunnermeier and Sannikov [2012] and Adrian and Boyarchenko [2012]
is preserved for small supply of risk-free debt in the economy, with low levels of distress
probability corresponding to high levels of local volatility, large supply of the risk-free debt
breaks this negative relationship. The top row of Figure 7 shows that, when risk-free debt is
in high supply, the transmission of the household liquidity shock is amplified, increasing the
sensitivity e, of the return on capital to the liquidity shock. Since large supply of risk-free
debt decreases the equilibrium risk-free rate, the households substitute away from risk-free
debt toward holding the risky securities.

Finally, consider the expected average consumption growth rate as a function of supply of
risk-free debt and the tightness of the capital constraint, plotted in the top left panel of
Figure 8. Just like the expected household welfare, expected consumption growth is highest

for small supplies of risk-free debt and loose capital constraints.

3.2 Liquidity Regulation and Supply of Risk-Free Debt

We turn now to the tradeoff between the tightness of the liquidity constraint, A, and the
amount of risk-free debt supplied by the government, setting the tightness of the capital
constraint a = 2.5. The top right panel of Figure 3 shows that the expected household welfare
is lowest for intermediate levels of both the tightness of the liquidity constraint and the supply
of risk-free debt. Examining the corresponding trade-off in terms of consumption growth and
the distress probability (top right panel of Figure 8 and 5, respectively), we see that low levels
of expected welfare correspond to high probability of distress and low expected consumption

growth. As the supply of risk-free debt decreases, expected consumption growth increases.
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Figure 5: Distress probability
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NoTEs:  Probability of the financial sector becoming distressed within six months as a
function of the tightness of the capital constraint, a, the tightness of the liquidity constraint,
A, and the supply of risk-free debt in the economy, B. Outcomes are computed using 1000
simulation paths, of 80 years each.

Intuitively, for a given level of the tightness of the liquidity constraint, as the supply of
risk-free debt decreases, debt issuance becomes more costly for intermediaries, reducing the
probability of distress. Costly debt issuance, however, decreases the profitability of the
intermediaries. This reduces their availability to invest in new capital projects, decreasing
expected consumption.

We can see the effect of relaxing the supply of risk-fee debt more clearly in the top right
panel of Figure 4. As the supply of risk-free debt increases, the debt-to-equity ratio of
intermediaries increases. Similarly, as the liquidity constraint is relaxed, intermediaries can
issue more debt. Notice, however, that the debt-to-equity ratio is maximized for a moderate

supply of the risk-free debt. The top right panel of Figure 6 shows that, as the supply of
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Figure 6: Local Volatility
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NotTEs: Instantaneous volatility of the return to capital, 4 /cr,%a,t + a,%gﬁt, as a function of

the tightness of the capital constraint, «, the tightness of the liquidity constraint, A, and the
supply of risk-free debt in the economy, B. Outcomes are computed using 1000 simulation
paths, of 80 years each.

risk-free debt increases, the volatility of the return to holding capital increases. Intuitively,
higher supply of risk-free debt increases the overall wealth in the economy. Since more
wealth can be allocated to the risky capital, local volatility increases. The bottom row of
Figure 7 shows that the overall increases in return volatility is due to increased sensitivity
to the liquidity shocks, oy¢;. Thus, as the intermediary issues more debt, the transmission

of liquidity shocks through the intermediaries to the risky capital return increases.
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3.3

Finally, consider the tradeoff between liquidity and capital regulation. The bottom left panel
of Figure 3 shows that there is a tradeoff between the tightness of the capital constraint, «,
and the tightness of the liquidity constraint, A: high levels of household welfare are achieved
for at loose capital requirements and tight liquidity requirements. The bottom left panel of
Figure 8 reveals that the high levels of expected welfare correspond to high levels of expected
consumption growth. The bottom left panel of Figure 5 shows that the probability of distress
is lowest when both liquidity and capital constraints are tight, indicating the systemic risk

return tradeoff of Adrian and Boyarchenko [2012]: while consumption growth is highest for

Figure 7: Exposures of Return to Capital to Fundamental Shocks
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NoTEs: Exposures oy, and oge of return to capital to fundamental shocks Z,; and
Z¢t as a function of the tightness of the capital constraint, a, the tightness of the liquidity
constraint, A, and the supply of risk-free debt in the economy, B. Outcomes are computed
using 1000 simulation paths, of 80 years each.

Capital and Liquidity Regulation
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Figure 8: Consumption Growth
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NoOTEs: Average annual consumption growth rate as a function of the tightness of the
capital constraint, «, the tightness of the liquidity constraint, A, and the supply of risk-free
debt in the economy, . Outcomes are computed using 1000 simulation paths, of 80 years
each.

loose capital constraints, looser capital constraints increase the probability of systemic risk.
Tighter liquidity requirements further reduce the likelihood of distress. Comparison of the
lower panels of Figures 3, 8, and 5 shows that the impact of this tradeoff is maximizing
welfare when capital and liquidity requirements are set such that distress probability is
in an intermediate, and consumption growth is highest, which is achieved with relatively
loose capital but strict liquidity requirements. Figure 4 shows that the welfare maximizing
combination of capital and liquidity requirements corresponds to a high degree of leverage,
indicating that the danger of high leverage is compensated by strong liquidity requirements.
Local volatility is lowest for relatively high capital requirements, and intermediate levels of

liquidity, which corresponds to a high distress probability, as shown in Figures 5 and 6. In
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choosing between capital and liquidity requirements, the volatility paradox of Adrian and
Boyarchenko [2012] and Brunnermeier and Sannikov [2012] is thus present. Lower distress
probability can be achieved by tightening capital and liquidity requirements, but that in-
creases local volatility. In fact, Figure 7 shows that the (absolute value of) dependence
of local volatility on both the liquidity and the productivity shocks increases when capital

constraints are loosened.

4 Conclusion

Since the financial crisis, bank regulators have been developing liquidity regulations such as
the liquidity coverage ratio. Little is known about the welfare implications of such regula-
tions. The interaction of liquidity regulations with capital requirements and the supply of
risk-free assets within the macroeconomy is even less researched. In conducting such analy-
sis, we uncover notable interactions between capital and liquidity regulations and the supply
of risk-free assets. General equilibrium considerations are paramount in determining house-
hold welfare, debt-to-equity ratios, and return volatilities, demonstrating the desirability of
a macroprudential approach to regulation.

Within the context of our model, liquidity requirements are a preferable prudential policy
tool relative to capital requirements, as tightening liquidity requirements lowers the like-
lihood of systemic distress, without impairing consumption growth. In contrast, capital
requirements trade off consumption growth and distress probabilities. In addition, we find
that intermediate ranges of risk-free asset supply achieve higher welfare. This is because
very low levels of the risk-free asset make liquidity requirements costly, while a very high
supply of risk-free assets countermand the effects of prudential liquidity regulation.

Our key findings can be summarized as follows:

e The probability of systemic distress is lowered by tighter capital or liquidity require-

ments, which are substitutes in that respect.

e Consumption growth declines in the tightness of capital requirements, but the link

between consumption growth and liquidity requirements is ambiguous. There is thus a

26



systemic risk-return tradeoff with respect to capital requirements, but not necessarily
with respect to liquidity requirements. Welfare tends to be highest with relatively loose

capital requirements, and strict liquidity requirements.

e A larger supply of risk-free assets increases the probability of systemic distress, as it
increases intermediaries’ ability to take on risk. An increase of risk-free assets also tends
to lower consumption growth via its impact on the risk-free rate. However, the impact
of the amount of short term debt on welfare importantly depends on interactions with
the level of liquidity and capital requirements. Intermediate levels of short term asset

supply tends to be welfare maximizing.

e Higher leverage tends to be associated with looser capital requirements, tighter liquidity

requirements, and intermediate levels of short term asset supply.

The impact of liquidity regulation on growth, systemic risk, and local volatility thus has to
be analyzed in conjunction with the tightness of capital regulation and the supply of the

risk-free asset.
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A  Proofs

A.1 Intermediaries’ Optimization

Recall that the representative intermediary maximizes a mean-variance objective of the in-
stantaneous growth rate of wealth

1 dwy, 1~ dwy
~E, |2 - Sy, | 2
Ot db [ wy 1 dt2 " {wt } ’

subject to the risk-based leverage constraint

-1 2 2
6kt S (07 (Uka,t + ng,t) 5

N|=

the liquidity constraint
Ay > (O — 1),
and the dynamic budget constraint

dw
Tt = Tpedt + Oy (drye — 1 padt) — Oy (dry, — 7 pdl) -
t

Notice first that, since the investment choice only enters the expected growth rate of wealth,
we can directly take the first order condition with respect to investment to obtain

P (it)/ = plztlv

R
-2 (88)

Consider now the intermediaries’ optimal portfolio choice. We have

or

dw ‘ i
E, {—t] = 7l + Oy (MRIWS + @ (i) — — — 7“ft> dt — Opt (peroe — 7p2) dt.
Wt pkt

Similarly,

dw
v [ﬁ} = (Okt0kas — OntObat)” dt + (Ors0nes — Onone)” dt.
¢

Denote by (. the time ¢ Lagrange multiplier on the risk-based capital constraint and by (;
the time ¢ Lagrange multiplier on the liquidity constraint, so that the Lagrangian for the
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intermediaries’ problem is given by

(thaka,t - ebto-ba,t)Q

Li=1p~4 O, (fret — 7re) — Ovt (Lrot — T5t) — %

1

[ 2 2
QN[O T Ohet

where we have denoted figy: = ke + P (i) — p"—;. Taking the first order conditions, we
obtain

. (OreOper — ebtabg,t)Q + Cet — Ot | + G (A — (O — 1)),

2

0= (frkt — 71t) — Vkat (OutTkat — OntObat) — YOhet (OrtTresr — Opeoner) — Cot — Cue
0=— (ot — 71t) + Ybart (OktOkar — ObtObart) + YObet (Oreorer — Opover) + Ay,

or, in matrix form,

[ fRkt — Tt } . { (0qs + 0;%“) — (Oka,tTbast + Tk tObe t) } [ O ]
— (1Bbe — T fe) — (Oka,tObat + ke iObe 1) (Uga,t + Ufg,t) One

+{(1) —1AH§Z]'

A.1.1 Case 1: Neither constraint binds

In this case, (;; = (,+ = 0, and we can use the first order conditions to solve for the optimal
portfolio choice of the representative intermediary

2 2 -1 .
[ Ot ] =~ [ (Cfas + ng,t) — (Oka,tObat + Oke t0bet) ] { fiRks — Tt ]
e ~ (OkatObas + Okea0bes) (b + Oic2) — (MRbt — T5t)

or, equivalently,

2 [(ﬂRk,t — ) (Ugm + aig,t) — (prbt — 7t) (Oka,tObat + ng,tabg,t)]

[(ﬂRk,t - Tft) (Uka,taba,t + ng,tabg,t) - (MRb,t - Tft) (Uza,t + 0'135715)] .

—1 —
Ot = Y (Uka,tUbg,t - ng,taba,t)

1 —2
Op = Y (Uka,tUbg,t - ng,taba,t)

Thus, when the intermediary is unconstrained, the optimal portfolio choice of the interme-
diary corresponds to the standard solution for the portfolio allocation of a mean-variance
investor with CRRA coefficient ~.
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A.1.2 Case 2: Liquidity constraint binds but not the capital constraint

When the liquidity constraint binds, Ay = 0, — 1, or, equivalently, 0 = A™! (6 — 1).
Substituting into the first order conditions, we obtain

Rkt — Tft — YA (CkatObat + OketOne t) — 6, (Uia,t + Ul%;f,t) - At (Oka,tTba,t + Uk&tabé,t)
— (Rbs — 7“ft) + AT (Uga,t + Ul?f,t) - (Okat0bat + Ok tObe 1) + AT (Ul?a,t + (Tl?“)

+Qt[_1A]

Thus, the intermediaries’ optimal allocation to capital is given in this case by

Ore = det; " [—A (firie — 71e) + ¥ (TkaiObar + OnetOves) + prne — T — YA (05 + aig,t)} ,

and the Lagrange multiplier on the liquidity constraint by

G = dety 'y (fugrg — Tt [(Uka,taba,t + Opesopes) — A7 (Uga,t + 02@)]
— det; 'y (proe — 7t) [(Okay + Oher) — A" (OkatOra + Ok i0be,t)]

_ _ 2
+ det; 'yPAT (OkatObet — OketObat) s
where

dett = —’}/A72 [(Aaka,t — Uba,t)2 + (AO’k&t — O-bﬁ,t)ﬂ .

A.1.3 Case 3: Capital constraint binds but not the liquidity constraint

_ 1
In this case, (; = 0 and 0 = O = (U,za’t + Jl%ﬁ,t) 2 Substituting into the first order
conditions, we obtain

-1 - —
l Cet } _ [ I — (Ulm,tffba,t + ng,tabg,t) ] l HURkt — T — 7 (O-I%a,t + U}%g,t) Ore -
O 0 Y (Uga,t + Uz?g,t) — (trbt — 75e) + 7 (OkatObat + OkeiOve ) O |’

so that intermediary leverage is given by
Ot =7 (0pas + Uz?g,t)_l [— (Rt — T5) + 7 (OkatObat + Oret0be.t) Ot
and the Lagrange multiplier on the capital constraint by
Cet = [Rkt — Tt — (Uia,t + Ulzé,t) Ot + 7 (That0bat + Ohe 10te.t) O

A.1.4 Case 4: Both constraints bind

When both constraints bind, 6 = 65 and 0y = A~ (ékt — 1). Substituting into the first
order conditions, we obtain

{ I 1 } { Get } _ { firke — Tt — 7V (Ohas + Ohes) Okt + YA (OkatOba + Oke 100 1) (ékg— 1)
0 —A e - (,URb,t - 7"ft) + (Uka,t(fba,t + ng,ﬂbg,t) Ore — VAfl (Uga,t + Ugg,t) (Hkt - 1)
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Thus the Lagrange multiplier on the liquidity constraint is given by

Ge=A" [(MRb,t — 74) — Y (OkatObat + Ohet0pet) O + YA (aia,t + ofg,t) (Q_k;t — 1)] )

and the Lagrange multiplier on the capital constraint by

Cot = (Bmng — ) — 7 (Ohas + Uzg,t) Okt + YA (OkatOba + Onet0ves) (Ot — 1) — G-

A.2 Households’ Optimization
Recall that the representative household maximizes expected discounted utility of consump-

tion

+o0
max [E {/ e tPrt log cydt | |
0

ct,knt,bnt
subject to the dynamic budget constraint

d'tht

= Tt (AR — 754dt) 4 Ty (A Ry — 7pedt) + 7ot — idif,
Wht Why

and no shorting constraints

T > 0
e > 0.

Instead of solving the dynamic optimization problem, we follow Cvitani¢ and Karatzas [1992]
and rewrite the household problem in terms of a static optimization. Cvitani¢ and Karatzas
[1992] extend the Cox and Huang [1989] martingale method approach to constrained opti-
mization problems, such as the one that the households face in our economy.

Define K = R2 to be the convex set of admissible portfolio strategies and introduce the
support function of the set —K to be

§(x) =0 (z|K)=sup (—7z)

TeK
_ 0, zxzekK
| 4o, €K

We can then define an auxiliary unconstrained optimization problem for the household, with
the returns in the auxiliary asset market defined as

T4 =T+ 0 (V)
AR}, = (frkt + vie + 0 (Th)) dt + OpardZar + Oe ¢
dRy, = (bt + vor + 0 (V1)) dt + 0p tdZgs + Ope 1dZ¢ 4,

for each ¥, = [vy; vo]' in the space V (K) of square-integrable, progressively measurable
processes taking values in K. Corresponding to the auxiliary returns processes is an auxiliary

34



state-price density

dny
n;-

R URE ¢ Okat Ok¢t 7 Zat
Rt = ;7 ORrt = ;= :
i { [LRb ¢ } ’ ! { Obat  Obet } o { Zet }

The auxiliary unconstrained problem of the representative household then becomes

+0o0
max E [/ e StPrt |og ctdt}
0

=—(rp+6(0))dt — (g —rpe + ) (O-/Rt)il dZ,,

where

Ct

subject to the static budget constraint:

“+oo
wpo = E [/ n;’ctdt} )
0

The solution to the original constrained problem is then given by the solution to the uncon-
strained problem for the v that solves the dual problem

+o00
min E {/ Pt (Anp )dt] ,
0

veV(K)
where @ (z) is the convex conjugate of —u (—z)

u(x) = szli%) [log (zx) — zz] = — (1 + log x)

and A is the Lagrange multiplier of the static budget constraint. Cvitani¢ and Karatzas
[1992] show that, for the case of logarithmic utility, the optimal choice of v satisfies

vf:argmin{% —|—H/LRt—Tft+x aRtH }
reK

= argminH(ﬂRt Tft"'m) URtIH

rzeK
Thus,
iy — 0, MREt — Tpe > 0
— MRkyts HREt — Tpe <0
Vo — 0, fry: — T >0
L=
— MRbts MRot — T <0
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Consider now solving the auxiliary unconstrained problem. Taking the first order condition,
we obtain

6_§t_pht
[Ct] 0= - /\n}t}a
Ct
or
efgtfpht
C+r =
' A7)y

Substituting into the static budget constraint, we obtain

too y +oo e—ﬁs—PhSd e—&t—pnt
N, wp = E {/ 15 Cs s}:E [/ —s}:—.
e ' t ' t A A(ph—0§/2)

o¢
Ct =\ Pp — 7 Wht-

To solve for the household’s optimal portfolio allocation, notice that:

Thus

d (772) wht)

1 1
i —ppdt — d&; + §d§§ = (—ph + —a§> dt — oedZg.
t

2

On the other hand, applying It6’s lemma, we obtain

d(nfwn) ﬁ 4 dwpy X dwp, %

M Whe Ny Why Whe N

Equating the coefficients on the Brownian terms, we obtain
Ty = (Hre — e + ;) (U;%tURt)_l —o¢[0 1] U;ctl'
B Equilibrium Derivation

In this Appendix, we provide the details of the derivation of the equilibrium outcomes.

B.1 Capital evolution

Recall that we defined the fraction of intermediary wealth allocated to capital as
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Applying Ito’s lemma to the number of units of capital held by the intermediary
ki = Oprwi K,

we obtain

S w O K

dkt dwt dekt th < dwt dekt >
T - |
t

—, ==
we Oy

Recall on the other hand that the capital held by the intermediary evolves as

dk
k—t = (D (i) — \p) dt.
t
Equating coefficients, we obtain
Ofat = —Owait
Oget — —Owet

Mat = (D (Zt) (]_ — th(A)t> - th + O-gll,t + O‘gﬁ,t'

B.2 Intermediary wealth evolution

Turn now to equilibrium evolution of intermediaries’ wealth. Recall that we have defined
the fraction of total wealth in the economy held by the intermediaries to be

Wy

B pktAth.

Wy

Thus, applying [to’s lemma, we obtain

% . dw, - d(pk:tAt) B dK; i <d(pktAt)>2 - <% d(pktAt)>
PrtAy Wy ’ PrtAs '

Wt Wy pk:tAt K
Recall further

dw
Tt = th (d?”kt — Tftdt) - ebt (d/rbt - Tftdt> + ,rftdt
t

. 7
= Okt |:(MRk:,t + @ (i) — p—t - Tft) dt 4 OpedZq s + O—kg,tdzf,t:|

kt
— O [((Lrot — 7p1) At + Ova1dZa s + Ove1dZe 1) + 7 1idt,

and

d<pktAt) - (
PreAy B

dK;

K

1
MRkt + Ak — p_> At + OpadZa s + OperdZe s
ket

= ((I) (Zt) thwt — Ak) dt
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Equating coefficients, we obtain

1 .
Mot = 011 (Zt (1 - Wt) — Oy (,URbt - 7”ft) (et - 1) (,URk,t - Tft) + ]; (1 — thit)
t

Owa,t = (@kt - Oka,t — ebtgbat

)

(1= Ore) (Ukat + ng t) + Obt0katObat + ObtOne tObe ¢
)o

Owet = (ekt - )

Oket — 9bt0bgt

B.3 Equilibrium pricing kernel
Notice that we can express the household optimal portfolio allocation as

Prt Atk 1= Orswi

Tkt =

Wht 1 + B— Wt
T — Dot Arbng o Opewy
bt = Wht ]. + B — Wt .

Substituting into the households’ optimal portfolio allocation decision and solving for excess
returns, we obtain

URkt — Tft = (Uza,t + Uzgt) 7Tkt + (Oka,tObat + Oke tObe t) Tot + Oke 10¢
— Oy Oy
= (Thtay + Thes) —1 B T TratTbar T Theatres) T o Ok
KRbt — Tft = (Uga,t + 02§¢) Tt + (Oka,tObat + Oke t0be t) Tht + Ope 10¢
Ope 1 — O
2 2 btwt ktWt
= (o, ,+o0 ——————— + (OkatObat + Oke 1O —————— + Ope 10¢.
(e + Tie 1) T (ThatObat + ThetObee) T — o e

Thus, we can express the equilibrium pricing kernel in terms of the primitive shocks (dZ, dZ¢;)
as

dA\
Tt = —71 ¢t — NatdZ0s — NeedZes,
t

where the price of risk of productivity shocks, 1., is given by

at = Oka —+Ua T 1,
Nat k’t1+8—wt b’t1+l5’—wt

and the price of risk of liquidity shocks, ne, by

— 0 1 — Opewy g Opry
et k&tl“‘B—wt b&tl“—B—wt

While it is natural to express the pricing kernel in terms of the primitive shocks in the
economy, these shocks are not readily observable. Instead, we express the pricing kernel in
terms of shocks to output and leverage. Define the standardized innovation to (log) output
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as

dj = o, " (dlogY; — E; [dlog Y}]) = dZu,

and the standardized innovation to the growth rate of leverage as

dOy AB

Ofa,t

R 1
db, = (52 ) 2o —E || ) = ——
t (Uea;t + 0-95,16) < th ' [ th :|) Ug + 0'25
a,t )t

Then

AZe = |1+ H“tdet %0 4g,,

Uegt Oo¢,t

so that we can express the equilibrium pricing kernel as

dA,

T = —Tftdt - Uytd?)t - W@tdén
¢

where the price of risk of output, 7, is given by

1+B—wt

. Ofa,t 09a,t 1 — Oy
Nyt = Nat — 77§t = | Okat — Oket + | Obayt —
Og¢t

and the price of risk of leverage, 1y, by

9at J 1— ektwt
I
The. The. 1+5B -

Mot =

B.4 Equilibrium price of capital

Recall that the goods market clearing condition gives
cr + itk Ay = Ay Ky,

and that the intermediaries’ optimal investment policy is

= <¢o¢> P2 — 1>'

Diving both sides by A;K;, we obtain

2 2
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Og¢ ¢

2 2
\/ Tbat T Tpe s

Oprr

Ofa,t

O
Opg

pkt 1) Hktwt.

1+B Wt

09a,t0_
be,
Oo¢t &t 1+B—wt

+O'§:| .

Op¢ t



Define

so that the price of capital solves

4 4
Rdr B

0= pktektwt +28(1+ B —wy) prr — ——5 Okt

or, equivalently,

—5 (1+B—0Jt)+\/52 (1—|—B—wt) ¢2¢29kt0}t (Cbl“‘ek:twt)

Ot

Pkt =

Applying Ito’s lemma to the goods market clearing condition, we obtain

dpy, dpri \ 4 d (O
0= 2pkt‘9ktwt ]i +pkt‘9ktwt < ;kt> + (pit - —) thWtM

kt ¢%¢2 Ot
dps dwy dw; dp
+2p (1 + B — Wt)pkt— - 25thkt— — 2Bwiprt < ! kt>
Dkt Wy Wt Dkt

Notice that we can express

2

%) dt — 04dZu + Medt — (Oray — 0a) Tudt.

d
Pr ARy — p@%ﬁ—-<a4—
Prt

Thus, equating coefficients, we obtain

o2
0 = 2pkt (Orewipre + B (1 + B —wy)) (MRk,t — p];tl —a— 7‘1 + N — (Okat — 0a) Ua)

+ DOy [(Uka,t - Ua)2 + U}%g,t] + <pit - ) Orewr (1 — Opwy) @ (i) — 2BwiPrt et

4
P30t
— 2Bwipkt [Owat (Okat — Oa) + Owe10ke 1]
0 = (Orewipre + B (1 + B — wi)) (Okat — 0a) — BwiOuat

0 = (Opewipre + B (1 + B —wy)) Orer — BwiOuwes.
Using

Owa,t = (th - 1) Oka,t — ebto-ba,t

Owet = (th - 1) Oket — ebtabg,t;
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we can rewrite the above as

Buwibpobar = — Owiprr + B (1 + B — wy)) (Okar — 0a) + Bwr Okt — 1) Okar
Bwibpope s = — (Opewepre + B (L + B — wi)) oker + Bwi Ok — 1) oke z

Simplifying, we obtain

S _6 (14 B — Opwr) + Oprwrpre (Oras — 0a) + Ot — 1Cfa
’ Buwiby 7 Ope

s = _ﬁ (14 B — Oppor) + gktthkto-k{t;
’ Buwibp ’

and

BwiOuatr = (Orewipre + B (1 + B — wi)) (Okat — 0a)
BwiOwet = (Orrwipre + B (1 + B —wy)) Ope .

B.5 Risk-free rate

Consider finally the risk-free rate in the economy. From the households’ Euler equation, we
have
oF 1 dc 1 de; \ * dc
§ t t t
= e —E, |—| ——=E — —.d :
"t (ph 2)+dtt{ct} dt ' <ct>+<ct’£t>

From the goods’ market clearing condition, we have
. 1 (5% ,
et = AKi (1 — i) = Ay |1 — a Tpkt — 1) Oppwr| -

Applying Ito’s lemma, we obtain

dc — . dAt T th . itektwt d (thwt)
' ' Ay ! K, tl — 0wy Oy

cb%qbl 2 dps ? dps dA,
— A K0 — —_— 2( ——, —
184 ktwt( 1 Dt Dot + pkt, A ,
so that

@ - dA,  dK, 10wy d(ektwt) Z(it + ¢f1) Orewy dpr 4 l <%>2 + <dpkt dAt>
Pkt 2\ Pre '

4 Pri——

— 2Ath9ktwt (
Prt

@) 2 dpr

Ct Ay K a 1 — 40w O 1 — 40w,

—_—,

Pt Ay
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Thus

it + ¢1_1) Orews

N2,
1-— itthwt ((O-ka7t Ua) + O-k£7t)

<1>(it)(1—it)—(

1 dCt _ 0'2 ektwt
Rl i [ SR S
dt ¢ |: :| o+t 2 et 1— itgktwt

(it -+ (b;l) thwt 1 _ 0'2
—92 _ _ - 4 A
1-— itektwt H Rkt Prt 4 2 * k
1
—E;

de\?| i 01) Ousr | 2+ i+ 97 O ?
dt C_t — |7 1-— itthwt Thast T 1— itektwt O-k&t

1 d v+ o7t) 0
—E, |:<%7d§t>} B (lt on ) ktwto_k&ta&

dt + 1-— itthwt

Cy

and the risk-free rate is given by

i+ O7h) Opw o? 2 0w , ,
Tft<1+2(t d)l) kt t):Ph——é—f—a‘l—&—>\k+Lq>(Zt)(1—Zt)

1-— itektwt 2 2 1-— Z.tektwt

i+ o) 0
B (Zt ¢1 ) ktWt ((Uk:a,t . Ua)2 +01%g,t)

1 — 000
(it + ¢1") Oraor L o
_9 et g Za
1= 4,000, URkt — Tt — Dpy — Q 9 + Ak
2 2
(it + ¢1_1> Orewy (it + bel) Orews 9
— a — 2 ; a,t — Ya — |2 .
(0- 1— Ztthwt (Uk ! 7 ) 1— Ztek‘twt O-kf,t

(it + bel) Orews
1-— Z.tektwt

+ 2 O'k&tO'g.
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