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1 Introduction

We propose a model that relaxes the assumption, standard in the economics literature,
that risk aversion is constant for all payoff horizons. We define pseudo-recursive prefer-
ences similar to Epstein-Zin (Epstein and Zin, 1989) but generalized to allow for horizon-
dependent risk aversions. As the experimental evidence indicates, we assume agents are
more risk averse for short horizons payoffs. Our model remains tractable, and usual recur-
sive techniques can be applied. We find horizon-dependent risk aversion solves important
puzzles in finance. First, the model can be calibrated to match the usual asset pricing mo-
ments without implying an extreme preference for early resolutions of uncertainty, diffi-
cult to reconcile with micro evidence and introspection and a fundamental challenge to
the standard framework as pointed out in Epstein et al. (2014). Second, horizon-dependent
risk aversion can reconcile the high market returns observed in the data with a strong ap-
petite for long-term risk holdings. This explains, among others, the low risk premia of buy-
and-hold assets such as private equity and housing documented in e.g. Moskowitz and
Vissing-Jergensen (2002); Giglio et al. (2014); Chambers et al. (2019); the downward slop-
ing term-structures of excess equity returns during the recent financial crisis of 2007-2009
in van Binsbergen et al. (2012); Bansal et al. (2019); and the low demand for long-term
insurance and for options with medium and long maturities, a puzzle discussed in e.g.
Garleanu et al. (2008); Akaichi et al. (2019).

Our first contribution is methodological: we introduce horizon-dependent risk aver-
sion within the standard recursive utility model of Epstein and Zin (1989), which allows
us to build on its success at explaining asset pricing moments when combined with long-
run risk. We assume risk aversions decrease with the temporal horizon, as suggested by
experimental evidence, and analyze the pricing implications of our preference model. We
show that commonly used recursive techniques can be adapted to our setting of pseudo-
recursive preferences, enabling us to derive closed-form solutions. Our baseline model
can accommodate numerous extensions, be it on the valuation of risk (habit formation,
disappointment aversion, loss aversion, etc.), or on the quantity of risk (rare disasters,
production-based models, etc.). Further, under our preference model, inter-temporal deci-
sions for deterministic payoffs are unchanged from the standard, time consistent, model;

but intra-temporal allocations across risky assets are dynamically time inconsistent. We can



therefore study the optimal decisions and pricing impact of horizon-dependent risk aver-
sion in isolation from quasi-hyperbolic discounting, and in general from models of time
inconsistent inter-temporal decisions.

Combining recursive Epstein-Zin preferences with risk to the expected growth and
volatility of consumption, the standard long-run risk model has had great success at match-
ing asset pricing moments and at explaining their apparent "puzzles" (see Cochrane (2016)
for a review of the literature). It explains the high equity premium, matches various cross-
sectional evidence, captures the macroeconomic announcement premium (excess returns
around the Federal Reserve’s regular monetary policy meetings), and results in time-
varying risk premia that rationalize the volatility puzzle and return predictability. To
do so, however, the model also implies that the representative agent has a high to ex-
treme timing premium, a measure of her preferences for early versus late resolutions of
uncertainty: 30% in the calibration of Bansal and Yaron (2004) and 80% in Bansal, Kiku,
and Yaron (2009). This corresponds to the portion of her lifetime consumption the agent
would be willing to forego in order to be told all her future consumption shocks in the
next period rather than over time. Such a strong preference for an early resolution of un-
certainty appears inconsistent with the evidence, for instance on investors’ inattention to
their wealth, and with commonsense considerations; raising doubts as to the validity of the
whole model (Epstein, Farhi, and Strzalecki, 2014). Further, agents are exposed to larger
aggregate risks the longer the horizon of asset payoffs, making it hard for the standard
model to explain several observed features of the data: the low risk premia of illiquid long-
term buy-and-hold assets such as private equity and housing; the examples of downward
sloping term-structures of risk premia; the low demand for long-term insurance and for
options with medium or long maturities.

The core contribution of our paper is to formally show horizon-dependent risk aver-
sion can reconcile these sets of evidence, the macroeconomic asset pricing data with mi-
croeconomic attitudes towards information, risk valuations and risk appetites. To apply
our utility model and methodology to equilibrium asset pricing, we consider a represen-
tative agent who trades and clears the market every period, and, as such, cannot pre-
commit to any specific strategy: unable to commit to future behavior but aware of her
dynamic inconsistency, in the spirit of Strotz (1955), the agent optimizes in the current

period, fully anticipating reoptimization in future periods. Solving our model this way



yields a canonical one-period pricing problem in which the Euler equation is satisfied,
and the law of one price and no-arbitrage conditions hold. In a Lucas-tree endowment
economy with long-run risk, we find that the pricing of shocks that impact consumption
levels is unchanged from the standard model — reflecting that the dynamic inconsistency
in our model does not concern inter-temporal decisions. In contrast, shocks to consump-
tion risk (volatility) directly affect intra-temporal decisions, and their pricing changes un-
der horizon-dependent risk aversion: the lower risk aversion at long horizons reduces the
pricing of volatility shocks and this effect accumulates over time. The model can be cali-
brated to capture the usual asset pricing moments, but because of this dichotomy in the
pricing impact of our model, lowering long-horizon risk aversions compared to the short-
horizon increases the impact of consumption level shocks on the equity premium relative
to volatility shocks. This allows us to discipline the calibration of our model: we use re-
cent evidence on the macroeconomic announcement premium as a share of the total equity
premium (Lucca and Moench, 2015; Ai and Bansal, 2018) to quantify the wedge between
short and long-horizon risk aversions. We obtain a long-term risk aversion roughly half
that of the the immediate risk aversion, consistent with the estimates in the experimental
literature (Onculer, 2000). In contrast, calibrating the same level of risk aversion for imme-
diate and long-term risks, the standard model, overestimates the contribution of volatility
risk prices to the equity premium.

We then analyze how horizon-dependent risk aversion affects the timing premium —
the willingness to pay for early resolutions of uncertainty. Specifically, we formally derive
how two consumption streams with identical risk but different timing for information ar-
rivals are valued: one where shocks are revealed gradually as they are realized over time,
the other where all future shocks are revealed at the same early date. Agents value these
consumption streams differently, even though the ex-ante distributions of risk are rigor-
ously identical. Whether and how the two valuations differ depends on the wedge between
risk aversions for short-horizon payoffs versus for long-horizon payoffs as well as on their
values relative to the elasticity of inter-temporal substitution. A consumption stream with
early resolution of uncertainty shifts the risk of all future shocks into a short-horizon risk,
moving from a risk assessment using the lower risk aversion at long horizons to a risk
assessment using the higher risk aversion at short horizons. This lowers the attractiveness

of early resolution of uncertainty, compared to the standard framework with Epstein-Zin



preferences. We formalize this intuition and prove the timing premium is unambiguously
lowered when risk aversion is decreasing in horizon. Our model calibrated to match the
usual asset pricing moments and the macro-announcement premium results in a reason-
able level of timing premia, lower than 10%.

Finally we turn to the model’s implications for the valuation and demand for risk at
different horizons of asset payoffs. If agents trade every period, our calibrated model im-
plies the compensation, or excess returns, they require for taking risk increases with the
temporal horizon of payoffs: decreasing term structures of risk aversions do not imply
decreasing term structures of risk premia. On the other hand, investors who adopt buy-
and-hold strategies have greater risk appetites for assets with longer payoff horizon. The
differential pricing implications of our model for liquid one-period risks and long-term
locked-in investments can explain important puzzles in finance, in particular the low risk
premia for private equity and housing, the sharply downward sloping term-structures of
equity returns during the financial crisis of 2007-2009 and the low demand for long-term
insurance and hedging options at all but immediate maturities.

In sum, the model of preferences we propose, where risk aversions differ for short-
horizon and long-horizon payoffs, can address the early versus late resolution of uncer-
tainty critique and explain several important puzzles in finance on the valuation and ap-
petite for long-term risks. We can solve these challenges to the long-run risk framework
concerning the timing and pricing of uncertainty without compromising on the model’s
ability to match the usual asset pricing moments, and without departing from the method-
ology of the widely-used Epstein-Zin preferences.

After a review of the literature, we present our model of preferences in Section 2. In
Section 3, we derive the risk pricing implications of our model and its calibration. We
analyze the preference for early or late resolution of uncertainty in Section 4. In Section 5,
we analyze the valuation and demand for risk at different horizons; and how it relates to

the evidence in the data. Section 6 concludes. All mathematical proofs are in the Appendix.

Related literature

This paper is the first to solve for equilibrium asset prices in an economy populated by
agents with dynamically inconsistent risk aversions. Our methodology, which guarantees



the no-arbitrage condition despite time inconsistency, follows Luttmer and Mariotti (2003),
and our work complements theirs. They show that dynamically inconsistent preferences
for inter-temporal trade-offs of the kind examined by Harris and Laibson (2001) have only
limited implications for asset pricing, and little power to explain cross-sectional variations
in asset returns. Given that cross-sectional asset pricing involves intra-period risk-return
tradeoffs, it is indeed quite intuitive that inter-temporal dynamic inconsistency is not suit-
able to address puzzles related to risk premia.

Our model generalizes Epstein-Zin preferences by relaxing the dynamic consistency
axiom of Kreps and Porteus (1978) to analyze the relationship between the timing and
pricing of uncertainty. We choose the CRRA model for risk adjustments, standard to the
macro-finance literature. In contrast, Routledge and Zin (2010), Bonomo et al. (2011) and
Schreindorfer (2014) follow Gul (1991) and relax the independence axiom to analyze the
asset pricing impact of disappointment aversion within a recursive framework. They find
that their models generate endogenous predictability (Routledge and Zin, 2010); match
various asset pricing moments (Bonomo et al., 2011); and price the cross-section of op-
tions better than the standard model (Schreindorfer, 2014). Similarly, Andries (2015) in-
troduces loss aversion in recursive preferences a la Epstein and Zin (1989) and shows it
helps match the security market line, while Dew-Becker (2012) uses a model of habit to ob-
tain time varying risk premia. Our framework can also accommodate these non-standard
utility functions for the valuation of risk. Within the classical model of Epstein and Zin
(1989), none of the above-mentioned preference models address the "excessive preference
for early resolutions of uncertainty puzzle", pointed out by Epstein et al. (2014) or explain
the pricing and demand for risk at long-horizons — the two questions of interest in our
analysis.

To capture various asset pricing moments, the long-run risk literature relies on the pric-
ing of shocks to consumption growth and to consumption volatility. Hansen et al. (2008)
directly measure consumption growth shocks in the data, and Bryzgalova and Julliard
(2015) use cross-sections of returns to provide evidence consumption growth shocks are
priced, which is consistent also with equity premia around the Federal Open Market Com-
mittee (FOMC) meetings (Lucca and Moench, 2015; Ai and Bansal, 2018). The importance
of a volatility risk channel is supported by Campbell et al. (2016), who show that it is cru-

cial for asset returns in a CAPM framework, and who relate this to other works on the



relation between volatility risk and returns (Ang et al., 2006; Adrian and Rosenberg, 2008;
Drechsler and Yaron, 2010; Bollerslev and Todorov, 2011; Menkhoff et al., 2012; Boguth
and Kuehn, 2013). However, direct evidence in the data of time-varying uncertainty in the
consumption process remains elusive.

The literature concerning the preferences for early resolutions of uncertainty in the
long-run risk framework, and the related evidence is further discussed in Section 4; that
concerning the demand and valuation of risk at different payoff horizons is at the core of
Section 5.3, and presented in details there.

2 DPreferences with horizon-dependent risk aversion

Field and laboratory experiments document that risk-taking behavior is affected by how
far in the future a risk occurs: subjects tend to be more averse to risks in the near future
than to risks in the distant future. Early work by Jones and Johnson (1973) provides ev-
idence for such horizon-dependent risk aversions from a simulated medical trial. More
recent studies use the standard protocol of Holt and Laury (2002) to elicit risk aversion
— Noussair and Wu (2006) in a within-subjects design and Coble and Lusk (2010) in an
across-subjects design — and find risk aversion decreases as risk becomes more distant
in time. The same pattern is documented by Sagristano, Trope, and Liberman (2002) and
Baucells and Heukamp (2010) using binary choice among lotteries, as well as by Onculer
(2000) and Abdellaoui, Diecidue, and Onculer (2011) using certainty equivalents. Onculer
(2000) thus quantifies the premium for risk at different horizons and shows it is twice
higher for immediate payoffs than for delayed lotteries.!

Figure 1 provides an example of preferences with horizon-dependent risk aversion.
Under this illustrative example, all subjects are asked to rank a lottery with payoff x = 1
for certain versus a lottery with payoff x = 3 with a 50% chance, and x = 0 otherwise.
All subjects choose their rankings at time t = 0; however for some the lottery happens at
time ¢t = 2 (the "distant risk" case), and for some the lottery happens at time t = 1 (the
"imminent risk" case).

The experimental evidence shows that subjects may prefer the certain lottery over the

IThe premium for risk is measured as the difference between the expected payoff of a lottery and the
value, or certainty equivalent, subjects assign to it.
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Figure 1: Preferences with horizon-dependent risk aversion.

risky one when the risk is immediate but prefer the same risky lottery over the certain one
when the risk is distant in the future. For a real life intuitive example, think of someone
paying a considerable amount of money for a parachute jumping experience, and then re-
fusing to actually jump once in the plane. This is the notion of horizon-dependent risk aversion
as introduced by Eisenbach and Schmalz (2016) in a static, time separable, framework.

In the illustrative example above, one subgroup ranks lotteries with horizon t = 1
and the other subgroup ranks lotteries with horizon t = 2: within each subgroup the
ranking is for lotteries that will happen at the same time. That the rankings change with
the horizon reveals a dynamic inconsistency in intra-temporal choices, not in inter-temporal
choices. In particular, the well documented hyperbolic discounting (e.g. Phelps and Pollak,
1968; Laibson, 1997) or other time inconsistencies concerning inter-temporal decisions do

not influence, or cause, the evidence discussed above.2

2.1 Dynamic preference model

To explore the formal implications of horizon-dependent risk aversion in a dynamic frame-
work, we introduce it in the recursive utility Epstein-Zin preferences, the standard model
for long-run risk pricing. Epstein-Zin preferences are dynamically consistent (by defini-
tion). We generalize their model by relaxing the dynamic consistency axiom of Kreps and
Porteus (1978). To simplify the exposition, we present the model with only two levels of
risk aversion 7y and 7: we assume that the agent treats immediate uncertainty with risk
aversion 1, and all delayed uncertainty with risk aversion 7y, where v > % > 1 in line with

2Eisenbach and Schmalz (2016) also show that horizon-dependent risk aversion is conceptually orthog-
onal to time-varying risk aversion (Constantinides, 1990; Campbell and Cochrane, 1999) .



the experimental evidence.?

At any time t, we denote by E;[-] = E[- | Z;] the expectation conditional on Z;, the

information set at time t.

Definition 1 (Dynamic horizon-dependent risk aversion). The agent’s life-time utility in
period t of a consumption stream {Cy } > is given by

Vi = ((1 ~B)C; P+ BEV,T] ) o (1)

where the continuation value V1 satisfies the recursion

1

Vir = (=B Cif + B 75 ) @

The lifetime utility V; depends on the deterministic current consumption C; and on the

certainty equivalent E; [‘7;_17] = of the continuation value V1, where the aggregation
of the two periods occurs with constant elasticity of intertemporal substitution given by
1/p > 0 under the subjective time discount f > 0. However, the certainty equivalent
of consumption starting at ¢ + 1 is calculated with relative risk aversion vy > 0, wherein
the certainty equivalents of consumption starting at t + 2 and beyond are calculated with
relative risk aversion v > 0. Adapted to the preferences of Definition 1, the experimental
evidence in Onculer (2000) is consistent with 7 ~ %7.4

This is the concept of horizon-dependent risk aversion applied to the recursive valu-
ation of certainty equivalents, as in Epstein-Zin preferences, but with risk aversion v for
imminent uncertainty and risk aversion 7 for delayed uncertainty. Our model nests the
Epstein-Zin model when v = 7, and, in turn, nests the standard time-separable model
with constant relative risk aversion (CRRA) when v = 4 = p. Any difference in the re-

sults we derive below under the preferences of Definition 1 to those obtained under the

30ur approach, with only two levels of risk aversion, is analogous to the -6 framework (Phelps and
Pollak, 1968; Laibson, 1997) as a special case of the general non-exponential discounting model of Strotz
(1955). In Appendix A, we present the model for general sequences {y;, };,>1 of risk aversion at horizon h. As
long as risk aversions reach a constant level beyond a given horizon, closed form solutions similar to those
derived in Sections 3, 4, 5 and 5.3 obtain.

4In Section 3.2, we find a calibration of the model with ¥ ~ %’y allows to match the asset pricing evidence.



standard Epstein-Zin model thus hinges on y # 1.

The horizon-dependent valuation of risk implies a dynamic inconsistency, as the un-
certain consumption stream starting at t + 1 is evaluated as V;_; by the agent’s self at t and
as Vi1 by the agent’s self at ¢ + 1:

~ 1-

‘7t+1 = ((1 5) t—|—1 ‘l‘rBEtH[ t+27]

1

7)11 #Vipn = ((1 B)C t+1 Y + BEr [V, t+27]1 §>1p

‘b

H

Crucially, this disagreement between the agent’s continuation value \7t+1 at t and the
agent’s utility V;; at t 41 arises only for uncertain consumption streams. For any deter-
ministic consumption stream the horizon dependence in Equation (1) becomes irrelevant
and we have

1
_ 1— e
Vigr = Vi = ((1 —B) ZhZOﬁth+f+h) g

Our model implies dynamically inconsistent risk preferences while maintaining dynami-
cally consistent time preferences, focusing strictly on the experimental evidence described
above. The results we obtain in the analysis that follows can therefore be attributed to
horizon-dependent risk aversion, orthogonal to extant models of time inconsistency, such

as hyperbolic discounting.

2.2 Generalized preference model

In the preferences of Definition 1, we opted for CRRA risk adjustments. However, similarly
to the Epstein-Zin model, our model of horizon-dependent risk aversion accommodates
any preferences in the Chew-Dekel class of betweenness-respecting models (Dekel, 1986;
Chew, 1989). The general model is defined as:

Definition 2 (Generalized dynamic horizon-dependent risk aversion). The agent’s utility
in period t is given by

V= (-4 p (RulFenr] ) 0) 7, ©)



where the continuation value V1 satisfies the recursion

1

Vi = (1= B) Cif + B (Resa [Wia] ) ') 7 @)

and Ry[ - | and R;| - | are certainty-equivalent operators for utility functions U and U in the Chew-
Dekel class of betweenness-respecting models.

Examples of certainty equivalent operators other than CRRA (of Equations (1) and (2))
could be those of a CRRA habit model (Campbell and Cochrane, 1999) with risk aversions
v > 7 or those of the disappointment aversion model (Gul, 1991) with first-order risk
aversion coefficients § > 0. As mentioned in our review of the literature, introducing
these "exotic" risk adjustments helps explain cross-sectional evidence (Routledge and Zin,
2010; Bonomo et al., 2011; Schreindorfer, 2014; Andries, 2015), orthogonal to the timing
and pricing of risk we analyze in this paper and to our notion of horizon-dependent risk
aversion. The cross-sectional results derived under the standard Epstein-Zin model would
remain valid under the preferences of Definition 2.

At a deeper level, the preferences of Definition 2 allow for great flexibility: agents could
have first-order risk aversion (disappointment aversion or loss aversion) for immediate
risk but standard concave utility for longer horizons; they could have time-varying risk
aversion for immediate risks only; the gap between their immediate and long-term risk
aversions could vary with market conditions; etc. Our first contribution is conceptual: we
propose a model of preferences that allows for the analysis of new and complex forms of

dynamic inconsistencies within a simple framework.

2.3 Timing of risk and dynamic inconsistency

An agent with the time-inconsistent preferences of Definition 1 or Definition 2 can be either
naive or sophisticated about the disagreement between her temporal selves; in addition,
she may be able to commit to multi-period strategies or be compelled to reoptimize every
period. These modeling choices matter for dynamic outcomes, and the asset prices we
derive. In contrast, the valuation of early versus late resolution of uncertainty is by nature
a static problem: its solutions are the same for naive and sophisticated investors, with or

without commitment.

10



We follow the tradition of Strotz (1955), and assume the agent is fully rational and so-
phisticated when making choices in period t to maximize V;. Self t realizes that her valua-
tion of future consumption, given by V;, 1, differs from the objective function V;,; which
self t + 1 will maximize. The solution then corresponds to the subgame-perfect equilib-
rium in the sequential game played among the agent’s different selves (see Appendix A.1).

We assume no commitment in Section 3, as appropriate for a representative agent who
trades and clears the market at all times, and as such cannot precommit to a given strategy
— similar to the framework of Luttmer and Mariotti (2003) for non-geometric discount-
ing. However, in Section 5, we analyze the implications of letting the sophisticated agents
commit to buy-and-hold strategies, e.g. for illiquid assets and periods of liquidity crises
in which one-period pricing breaks down.

Extending our results to an agent naive about her own dynamic inconsistencies is
straightforward and does not present any conceptual challenge. We briefly discuss and
derive formal results for this alternative approach in Appendix A.3.

3 Asset prices

We derive the marginal pricing of risk in a standard Lucas-tree endowment economy, in
which a representative agent with the horizon-dependent preferences of Definition 1 sets
equilibrium prices. All decisions are made in sequential one-period problems, where the
no-arbitrage condition is automatically satisfied despite the agent’s time inconsistent pref-
erences (see Appendix A.1 for details). This one-period pricing framework is the classical
approach.

Assuming a sophisticated representative agent with the preferences of Definition 1,
who trades and re-optimizes her utility every period and cannot commit to any specific
strategy, the object of interest for asset pricing purposes is the stochastic discount factor
(SDF). The SDF’s derivation is based on the inter-temporal marginal rate of substitution

aVi/dWiq

11 —
tt+1 th/dCt ’

which satisfies the Euler equation, whereby the equilibrium price at time t of a future
payoff X; 1 is given by Py = E;[I1; 111 X441

11



Proposition 1. An agent with the horizon-dependent risk aversion preferences of Definition 1 has
a one-period stochastic discount factor

Cit) Vo ) (V)
ntm:ﬁ(il) o Ve ) (Vi) 5)
—— \BW]T iy
[\ v h/—/
(1) R (1)

The SDF consists of three multiplicative parts. The first term (I) is standard, capturing
the inter-temporal substitution between t and t + 1, and is governed by the time discount
factor B and the elasticity of inter-temporal substitution 1/p.

The second term (II) captures the unexpected shocks realized in t + 1 to consumption

in the long-run, i.e. beyond t + 1. It compares the ex-post realized t 4 1 utility V;,; to

its ex-ante certainty equivalent E; [thj:ﬂ = ; both the comparison as well as the certainty
equivalent are evaluated with immediate risk aversion 7. The same term obtains under
standard Epstein-Zin preferences with the difference that, in our model, the t + 1 utility
of self ¢ (Vt+1) differs from that of self t + 1 (V;11).

Finally, the third term (III) captures the dynamic inconsistency in our model by loading
on the disagreement between selves t and t + 1 when evaluating their ¢ + 1 utilities, given

by the ratio Vt+1 / Vi1

3.1 Risk model, risk prices

To interpret what aggregate shocks the three terms (I), (II) and (III) in the stochastic dis-
count factor of Equation (5) price, we assume a log-normal endowment consumption pro-
cess where both the expected growth and uncertainty are time varying, in line with the
long-run risk literature (e.g. Bansal and Yaron, 2004; Bansal et al., 2009):

Ci41 — Ct = He + PeXt + AcOrWe 111
Xi41 = VXt + KxOrWy p11 (6)

2 2 2 2
041 =0+ Vg (Ut -0 ) + e Weo p41
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For simplicity, we assume that x; is one dimensional and the three shocks w. ¢, wy + and w ¢
areii.d. N(0,1) and orthogona1.5 Both vy and v, are contracting. Throughout, ¢; = log C;.
Before deriving the pricing of the shocks {wc, wy ¢, ws¢} under horizon-dependent
risk aversion, we briefly explain the role they play in the long-run risk model. This allows
us to clarify the comparisons we draw later between ours and the classical framework.

The consumption process (6) accounts for time variations in expected consumption
growth, through the state variable x;, consistent with direct evidence in the data (Hansen
etal., 2008). Cross-sectional asset pricing returns demonstrate further that shocks to x; are
priced in the data (Hansen et al., 2008; Bryzgalova and Julliard, 2015), capturing in par-
ticular the value premium from Fama and French (1993); while the analysis of the macro-
announcement premium shows their pricing contributes to a large portion of the market
equity premium (55% in Ai and Bansal, 2018, and 80% in Lucca and Moench, 2015, who
study a shorter, more recent, time period). This set of evidence provides a foundation for
combining expected growth risk in the consumption process (6) with recursive non time-
separable preferences such as Epstein-Zin preferences: the long-run risk framework.

The time variations in the volatility o3, in consumption process (6) have a separate role
to play: though not directly observable in the data, they are necessary to generate time-
varying risk premia, and for the model to capture the volatility puzzle (Shiller, 1981).°

We now turn to how horizon-dependent risk aversion (Definition 1) affects the pricing
of these consumption shocks. To derive closed-form solutions, we focus on the case p =1,
a unit elasticity of inter-temporal substitution.” From Proposition 1, the variable of interest
in our analysis is the ratio between the t 4 1 value of self (\ZH) and thatofself t +1 (V;11).

Taking logs, we obtain:

>These assumptions can be generalized. We employ them here to make our results comparable to those
of Bansal and Yaron (2004) and Bansal et al. (2009).

6Just like the standard Epstein-Zin model, our framework allows for the analysis of additional shocks in
the consumption process (6), e.g. jumps. Drechsler and Yaron (2010) show such shocks help capture other
features in the data, notably the pricing of variance swaps and their ability to predict market equity returns
(Bollerslev et al., 2009).

In Appendix C, we consider p # 1 and the approximation of a rate of time discount close to zero, f ~ 1.
We show our main results remain valid as long as the elasticity of inter-temporal substitution is greater or
equal to one (1/p > 1) — a constraint the standard long-run risk model must also satisfy to match asset
pricing data.

13



Lemma 1. Under the Lucas-tree endowment process (6) and p =1,

~ 1 - ~
U1 = V1 = 5 B (Y =) <0¢§ + g + Po(7)? “<27> OFi1, (7)
where ¢, is independent of both «y and 7, and ¥, (7y) < 0 is independent of y:

Pec

(PU = 1 - ﬁVx, (8)
Pl = 5 ’31(1—;17) (o2 + ¢22) ©)

Equation (7) reflects that the t + 1 value of self ¢ (v;1) and that of self t + 1 (v;11) only
differ in their ¢ 4 1 valuation of uncertain consumption starting in t + 2 onwards, which is
governed by volatility oy 1. Self t evaluates this uncertainty with low risk aversion y while
self t + 1 evaluates it with high risk aversion vy; implying that vy — v;,1 is positive, and
increasing in y — 7y and in the amount of uncertainty driven by volatility ;.

From terms (II) and (III) in Equation (5), horizon-dependent risk aversion affects only
the pricing of shocks that correlate with variations in the ratio Vi / Vi, therefore with vari-

ations in 0;. From Lemma 1, we derive the central result:

Proposition 2. Horizon-dependent risk aversion does not affect the equilibrium risk prices of
shocks to consumption levels (immediate consumption shocks and shocks to consumption growth,).

If the agent faced consumption level shocks only, she could anticipate how her future
self reoptimizes, and her time inconsistency would not cause additional uncertainty in her
one-period decision making. Only unanticipated changes in her intra-temporal decisions,
when the quantity of risk varies through time, interact with her dynamic inconsistency to
modify risky assets” excess returns compared to the time consistent model. This result cru-
cially hinges on the fact that, in our preference framework, only intra-temporal decisions
are time inconsistent: inter-temporal decisions are unchanged from the standard model.
One important implication of Proposition 2 is that the macroeconomic announcement pre-
mium described and analyzed in Lucca and Moench (2015) and Ai and Bansal (2018) is the
same under standard Epstein-Zin preferences and horizon-dependent risk aversion.

Let us now turn to the pricing of all shocks, including shocks to volatility ¢;. From

Lemma 1 we obtain:
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Proposition 3. Under the Lucas-tree endowment process (6) and p = 1, the stochastic discount
factor satisfies

41 — Et[mtp11] = —y&eoiwe i1 + (1 — ) Pottx 01wy 141

+ (1= 7) o (7) dowe,p1. (10)

The risk free rate is independent of 7y:

1
rep = —1og B+ pc + Pexr + (5 — ’y) (xzatz (11)

The pricing of the immediate consumption shocks, given by the term ya.c;w, ¢ 1; the
pricing of drift shocks, the term (1 — y) ¢ppax 07w, 141; as well as the risk-free rate, in Equa-
tions (10) and (11); all depend only on the immediate risk aversion <, and are unchanged
from the standard long-run risk model.? In contrast, from Equations (9) and (10), we obtain
the formal result:

Corollary 1. For an agent with horizon-dependent risk aversion, v > 7y unambiguously lowers
the pricing of volatility shocks:

Po()_1-7
R 12

Our model yields a negative price for volatility shocks: (1 — ) ¢ (7) a¢Wg ¢ 11 in Equa-
tion (10). Assets with payoffs that covary with aggregate volatility provide valuable in-
surance, consistent with the existing long-run risk literature and the observed evidence
from variance swaps and option straddles returns (see Dew-Becker et al., 2016, and An-
dries et al., 2016 for recent examples). However, shocks to volatility make future intra-
temporal decisions uncertain and, for this reason, how risky they are depends on horizon-
dependent risk aversion. Due to the lower risk aversion ¢ < -, their implied long-run
uncertainty does not "feel" as costly, which reduces the value of hedges against volatility
shocks; the intuition behind Corollary 1.

Before turning to the quantitative analysis of our model, let us pause to interpret the

8When p # 1, the risk-free rate can depend on 4, though not the risk prices for immediate consumption
shocks and drift shocks — see Appendix C.
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qualitative implications of our results. First, as discussed above, the pricing of shocks to
consumption levels, i.e. to C;1/C; and to x;, allows the standard long-run risk model to
match the market equity premium, the macroeconomic announcement premium and the
value premium. From Equations (8) and (10), the pricing of these shocks is exactly the
same under horizon-dependent risk aversion: the preference model of Definition 1 retains
the same ability to match these market premia.

Second, the shocks to consumption growth uncertainty in process (6) allow to obtain
time-varying risk premia and explain the market volatility puzzle in the standard long-run
risk model. As Equation (10) shows, time variations in risk premia arise from the pricing
of both the immediate consumption shocks and the long-run consumption growth shocks
— the terms yac0rw. ;11 and (1 — ) oWy 11 — and not through the pricing of shocks
to volatility. Variations in the pricing of risk thus remain unchanged by the introduction
of horizon-dependent risk aversion with y < 7, providing the exact same rationalization
of the volatility puzzle.

Third, in calibrations of the consumption process (6), the pricing of shocks to volatil-
ity under the Epstein-Zin model also contributes to the equity premia, sometimes to a
large extent (e.g. Bansal et al., 2009). Introducing horizon-dependent risk aversion unam-
biguously reduces the magnitude of their impact. In the extreme case y ~ 1, the pricing of
volatility shocks goes to zero (Corollary 1). To assess our model, we appeal to the evidence
concerning the macroeconomic announcement premium and its share of the equity pre-
mium (80% in Lucca and Moench, 2015, 55% in Ai and Bansal, 2018). As driven exclusively
by the pricing of shocks to consumption levels, the magnitude of this share provides direct
evidence on the relative values of the risk prices of immediate and long-term consumption
shocks versus volatility shocks; and, in turn, on how small the long-run risk aversion y of
the representative agent must be compared to her immediate risk aversion <. This allows

us to discipline the calibration of our model.

3.2 Model calibration

The consumption processes (6) is calibrated, Table 1, strictly as in Bansal et al. (2009).”
This allows us to highlight how the horizon-dependent risk aversion preference model

9Table 1 also provides the calibration of the dividend growth processes (15) in Sections 5 and 5.3.
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Table 1: Calibration.

Process Parameters
ct pe = 0.15% ¢ =1 ae =1
Xt vy = 0.975 oy = 0.0038
ot c=072% vy, =099 &, = 0.00028%
ds ug =015% ¢; =25 ng =596 X =26

of Definition 1, rather than changes in the calibration for the endowment process, affects

prices. In line with Bansal et al. (2009), we use B = 0.9989 for the monthly rate of time
1

discount. The elasticity of inter-temporal substitution is ;

C for p # 1 results).
The wedge between the immediate risk aversion y and the long horizon risk aversion 7,

1 throughout (see Appendix

by reducing the pricing of shocks to volatility (see Corollary 1), impacts the equity pre-
mium. And because 7y # 7 affects only the pricing of volatility shocks in the consumption
process (6), but not that of shocks to both immediate and long-run consumption growth,
increases in the wedge v — 7y lead monotonically to similar increases in the share of the eq-
uity premium that comes from the pricing of consumption level shocks, measured in the
data by the macroeconomic announcement premium. We quantify this relation in Table 2.
Under the calibration of the consumption process (6) in Bansal et al. (2009) (Table 1) and
given the data estimates in Lucca and Moench (2015); Ai and Bansal (2018), we calibrate
the horizon-dependent risk aversion model of Definition 1 with v = 11 and ¥ = 5.3.1° The
immediate risk aversion 7y = 11, slightly higher than under Bansal et al. (2009), compen-
sates for the lower pricing of volatility shocks when 7y < < in order to capture the equity
premium. Crucially, the calibration of the wedge between the immediate and long-term
risk aversions under which the macro-accouncement premium contribution to the equity
premium obtains as in the data matches exactly the experimental evidence in Onculer
(2000): v ~ %fy.

10The calibration of the standard Epstein and Zin (1989) model in Bansal et al. (2009), with vy = 4 = 10
matches the macroeconomic announcement premium in Ai and Bansal (2018) but underestimates it relative
to Lucca and Moench (2015); ours falls between the two estimates in Ai and Bansal (2018) and Lucca and
Moench (2015).
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Table 2: Equity and macro-announcement premia.

Market returns Macro-announcement

share

Data 7.66% 55% — 80%
Calibration y~1,7=11 5.90% 96%
¥y=2,v=11 6.31% 89%
¥y=4v=11 7.13% 77%
¥ =4.65v=11 7.40% 73%
¥y=53y=11 7.66% 70%
¥y=7v=11 7.95% 64%
¥y=8y=11 8.76% 60%
Bansal et al. (2009): ¥ = v =10 8.75% 54%

Annualized returns under p = 1 and the calibration of Table 1;
Data is from Bansal et al. (2009), annual 1930-2008; and from Lucca and Moench (2015); Ai and Bansal (2018).

4 Preference for early or late resolution of uncertainty

To what extent do the horizon-dependent risk aversion preferences of Definition 1 affect
agents’ decisions regarding the timing of information arrivals? To analyze this issue, and
determine whether agents have a preference for early or late resolutions of uncertainty,
we strictly follow the set up of Epstein et al. (2014). Two types of consumption streams,
subject to the exact same shocks over time, are evaluated at a given time ¢. In the first
case, consumption shocks are revealed gradually, whenever they are realized: the shock
affecting consumption at time t + h is revealed at t 4 h, for all horizons i > 1. In the
second case, all future consumption shocks are revealed in the next period, at time t + 1,
even when they affect consumption at a later period: the shock affecting consumption at
t + his revealed at time f + 1, forall h > 1.

Crucially, even when she receives the information about her future consumption shocks
earlier, the agent cannot act on the information to change her future consumption stream.
From the point of view of time ¢, when the agent evaluates the two consumption streams
with or without early resolution of uncertainty, the distributions of future risks are there-
fore exactly the same in both cases; in the expected utility framework, she would assign

them the exact same value. However, in the non time-separable models of Epstein and Zin
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(1989) and Definition 1, two consumption streams with ex ante identical risks, but different
timing for the resolution of uncertainty, can have different values.

An agent with Epstein-Zin utility prefers early resolutions of uncertainty if and only
if her risk aversion is greater than her inverse elasticity of inter-temporal substitution:
v > p.!! How much she prefers early resolutions depends on the wedge vy — p and on the
magnitude of the uncertainty in the consumption shocks. However, choosing a consump-
tion stream with an early resolution (i.e., where all shocks are revealed at time ¢ + 1) rather
than the same consumption stream with late resolutions (i.e., where shocks are revealed as
they come over time) corresponds to shifting all future risk, short-term and long-term, to
a next-period risk. Whether long-term risks are evaluated with the same risk aversion as
immediate risks will thus matter for the relative values of the two theoretical consumption
streams, and therefore for the preference for early or late resolutions of uncertainty.'?

Importantly, assigning values to the two consumption streams above is a static prob-
lem: the agent evaluates the two (infinite) streams of consumption, with early or late res-
olution of uncertainty, exactly once. How her preferences change over time, whether she
is naive or sophisticated about it, whether she can commit to specific future choices, are
irrelevant to the relative values she assigns to the two consumption streams, i.e. to her

preference for early or late information.

4.1 Timing premium

Denoting by V;* the agent’s utility at ¢ if all uncertainty (i.e., the entire sequence of shocks

{wiin} p>1 In the consumption process (6)) is resolved at f + 1, and by V; the agent’s utility

o see why, note that in the case where all future shocks are revealed at t + 1, the shocks to consumption
from t + 2 onward are evaluated with the inverse elasticity of inter-temporal substitution p since they are
no longer uncertain; whereas, when shocks are revealed over time, variations in consumption from t + 2
onward are still risky at ¢ 4+ 1 and thus evaluated with risk aversion «.

12In Appendix B.1, we derive the timing premium under hyperbolic discounting, whereby y = 7 but, at
time ¢, the value V; is derived with time discount parameter §, and the continuation value Vt+1 is derived
with time discount parameter > . The preference for an early resolution of uncertainty still holds if and
only if 4 > p, but the magnitude of the timing premium is lower than if the time discount is § everywhere
(and greater than if it is B everywhere). Introducing hyperbolic discounting has, however, a small quantita-
tive effect: e.g. under the calibration of Bansal and Yaron (2004) with constant volatility, ¥ = 10, p = 1, and
B = 0.8, = 0.998, the timing premium only goes from 27% (under § = B = 0.998) to 22.5%.
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if uncertainty is revealed over time, the timing premium is defined as

Vi -V

TP; =
t v

This timing premium represents the fraction of utility, or equivalently the fraction of life-
time consumption, the agent is willing to forgo for an early rather than late resolution of
uncertainty. As before, we assume a unit elasticity of inter-temporal substitution. The for-
mal derivations are presented for the case 0; = ¢ in consumption process (6), where they
are more readily interpretable and convey all the relevant intuitions. The interested reader

can find the derivations for the case with time varying volatility in Appendix B.1.

Proposition 4. An agent with the horizon-dependent risk aversion preferences of Definition 1 with

p =1, facing the consumption process (6) with oy = o, has a constant timing premium

1 N 2
TP:1—exp(§ (1—(7—(14—/3) (’y—’y))) 151[520&%02), (13)
where a2 = a? + (%)20&

To highlight the role played by horizon-dependent risk aversion, note that an agent

with the standard Epstein-Zin preferences with risk aversion 7 has a timing premium
ﬁZ

1-p2

When v > 7, the timing premium is instead determined by:

given by TP = 1 — exp (% (1—1) oczz,(72> , obtained by setting v = 7 in Equation (13).

Y—A+B)(r—7) <7

Corollary 2. For an agent with horizon-dependent risk aversion, v > 7y unambiguously lowers
the timing premium.

When would the timing premium turn negative, indicating a preference for late reso-
lution? For an Epstein-Zin agent, this happens if and only if v < p. In our model, with
p = 1 and the consumption process (6) with o; = ¢, the timing premium is negative if and
only if

Y<1+Q@+B)(r-7)- (14)
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When ¢ > 7, we immediately obtain 1+ (1+ ) (v —7) > p = 1, and the agent with
horizon-dependent risk aversion can have a preference for late resolution, even when both
risk aversions y and 7y are greater than the inverse elasticity of inter-temporal substitution
— as long as the decline in risk aversion across horizons is sufficiently large. For example,
suppose we set immediate risk aversion v = 10 and B close to 1. Then the agent will prefer
uncertainty to be resolved late rather than early according to the condition of Equation (14)
as long as 4 < 5.5 which is substantially larger than p = 1.1

Corollary 3. An agent with horizon-dependent risk aversion can prefer a late resolution of uncer-
tainty even when all risk aversions exceed the inverse elasticity of inter-temporal substitution, i.e.
when v > 7y > p.

The result of Corollary 3 is of particular interest because extant calibrations of the long-
run risk model with Epstein-Zin preferences require -y greater than p by an order of mag-
nitude to match equilibrium asset pricing moments — hence the high timing premia they
imply. Under horizon-dependent risk aversion, the same calibration for y and p no longer
automatically implies such a strong preference for early resolutions of uncertainty. This is
true even when the long-run risk aversion % also remains above the inverse elasticity of
inter-temporal substitution, in line with the micro evidence.!*

Ai and Bansal (2018) document a high macroeconomic announcement premium, as
measured by the high share of the equity premium that realizes around pre-scheduled
FOMC meetings (55% over the 1961-2014 period), and argue that this pricing of shocks to
future consumption levels implies a strong preference for early resolution of uncertainty.
Indeed, the link between the two is tight for time consistent recursive preferences: both are
determined by the wedge v — p (see Proposition 1) . In contrast, Corollary 3 establishes that

a high v — p need not imply a high or even a positive timing premium under the horizon-

13In the calibrated model of Section 3.2, with time varying volatility in the consumption process (6), we
obtain a preference for late resolution whenever y < 4.42 when y = 10.

14In following the analysis of Epstein et al. (2014) and assuming only two levels of risk aversion 1y, 7, we are
implicitly mixing two comparisons: gradual resolution versus one-shot resolution and early resolution ver-
sus late resolution. In addition, we are placing the early resolution at time t 4 1, exactly in the period where
the risk aversion changes from v to 7. However, we show in Appendix B.2 that the results of Proposition 4
and Corollaries 2 and 3 below are robust by (i) allowing for a general decreasing sequence of risk aversions
{71 }-1 to show that the result is based on horizon-dependent risk aversion and not on a particular period
and (ii) comparing resolution of all uncertainty at ¢ 4 1 to resolution of all uncertainty at t 4 2 to show that
the relevant comparison is between early and late resolution, not between gradual and one-shot resolution.
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dependent risk averse preferences of Definition 1; whereas we showed in Section 3 that the
macroeconomic announcement premium is unchanged by our model. Our framework de-
couples microeconomic interpretations regarding preferences for early or late information
from the direct evidence in macroeconomic data (macroeconomic annoucement premia
or asset pricing moments). We show in below, in Section 4.2 that an equity premium and
macroeconomic announcement premium consistent with the evidence no longer implies
a strong preference for early resolutions of uncertainty (see Table 2).

We believe this result is key for several reasons. First, it is worth noting that the recur-
sive utility Epstein-Zin model has little microeconomics or experimental foundation, con-
trary to other models of preferences commonly used in finance, e.g. prospect theory (Kah-
neman and Tversky, 1979), disappointment aversion (Gul, 1991), habit and dynamic incon-
sistency such as hyperbolic discounting (Laibson, 1997) or our model of preferences (Defi-
nition 1). The long-run risk model built its success solely on its ability to match macroeco-
nomics evidence, meaning microeconomic inferences should be subject to deep scrutiny.

Second, we argue, in line with Epstein et al. (2014), that the magnitudes for the timing
premia implied by calibrations of the long-run risk model with standard Epstein-Zin pref-
erences are excessive. There is no direct evidence on the "correct" values of timing premia,
by construction a purely theoretical question: we do not know how much an agent who
cannot act to modify the consumption stream she will receive would pay to receive early
information about it. But it seems somewhat unreasonable that she would be willing to
forgo a large fraction of her wealth for earlier resolutions. Even more problematic for the
timing premia obtained under the long-run risk calibration of Epstein-Zin preferences,
the microeconomic evidence indicates many individuals behave as if they prefer to delay
receiving information and avoid early resolutions, even in cases where information can
be used to improve outcomes. In the health economics literature for instance, various ex-
amples of "information avoidance" are documented, whereby individuals prefer to not be
told about their own test results, including concerning life-threatening diseases (e.g. Os-
ter et al., 2013; Persoskie et al., 2014). Golman et al. (2016) provide an extensive survey of
such behaviors. Closer to the theoretical framework we use to derive the timing premium,
investors’ inattention to their own wealth disputes the notion of a strong preference for
early resolution of consumption risk; even more so because early information is instru-

mental in this case (inertia in portfolio allocations comes at a cost, e.g. Brunnermeier and
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Nagel, 2008; Calvet et al., 2009; Bilias et al., 2010; Andersen et al., 2015). These examples do
not, per se, constitute a direct proof of a preference for late resolution of uncertainty, but
they appear inconsistent with the high timing premium implied by the existing calibra-
tions of the long-run risk model (usual citations).'® Further, Karlsson et al., 2009; Alvarez
et al., 2012; Sicherman et al., 2016 document that more risk averse investors are also more
inattentive. This is inconsistent with the standard model: from Proposition 4 for the case
v = 7 (Epstein-Zin preferences), the timing premium is strictly increasing in -y, corre-
sponding to a stronger preference for early resolutions of risk, or less inattention for the
more risk averse investors. In contrast, our model may be consistent with the evidence:
more risk averse investors may also have more strongly horizon-dependent preferences
(see Proposition 4 for the respective roles of y and v — 7y in the timing premium).
Though circumstantial, the numerous examples above where agents prefer not to ob-
serve early information even when they can act on it make the magnitude of the timing
premia under the standard long-run risk model appear unreasonable. A representative
agent whose implied preferences appear contrary to commonsense considerations — here
on early versus late resolution of uncertainty — raises doubts as to the legitimacy of the
long-run risk model, despite its ability to match the macroeconomic evidence on equilib-

rium asset prices.®

4.2 Timing premium in the calibration of Section 3.2

Figure 2 plots the timing premium for both horizon-dependent risk aversion and for stan-
dard Epstein-Zin preferences, when the immediate risk aversion is y = 11, as in Section
3.2. It illustrates the first-order impact that horizon-dependent risk aversion has on the
timing premium, and the potential for our model to address the critique of Epstein et al.
(2014). Depending on v, an agent with horizon-dependent risk aversion can have a sig-
nificantly lower willingness to pay for an early resolution than in the standard model. In

fact, for delayed risk aversion ¢y < 4.65, the agent prefers a late resolution of risk (negative

5Golman et al., 2016 discuss other theoretical rationalizations; Andries and Haddad, 2018 propose a
model of information aversion that explains investors’ inattention in the data.

l6Aggregation theorems for Epstein and Zin (1989) preferences (Duffie and Lions, 1992) indicate that if
most individuals have low or even negative timing premia, so would the marginal, representative, investor
who sets prices.
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timing premium).

Delayed risk aversion 7y = 5.3 combined with immediate risk aversion v = 11, which
matches both the equity and the macro-announcement premia (Section 3.2), imply a tim-
ing premium of 10%, corresponding to the share of her lifetime consumption the repre-
sentative investor would be willing to pay to observe all her future consumption shocks
next period. The introspection as well as the available evidence we discuss above, circum-
stantial as it may be, indicate this is a considerably more reasonable value than the 30%
obtained for the standard Epstein-Zin model in the calibration of Bansal and Yaron (2004),

and of course the 80% timing premium under Bansal et al. (2009).

Timing premium

Fraction of
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Figure 2: Effect of horizon-dependent risk aversion (HDRA) on willingness to pay for early
resolution of uncertainty (timing premium), compared to Epstein-Zin preferences (EZ) with
v =11.
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5 Long-term valuations, long-term demand

Many puzzles remain on the valuation and demand for long-horizon assets. The long-
run risk model with standard Epstein-Zin preferences calibrated to match asset pricing
moments (e.g. Bansal and Yaron, 2004; Hansen et al., 2008; Bansal et al., 2009) implies
agents face greater aggregate shocks at longer horizons, and therefore require a greater
compensation, or risk premia, to invest in long-term assets. But counter-examples to this
simple rule abound, whereby investors appear to demand low expected excess returns
at long horizons and to be willing to hold considerable risks, as we review in details in
Section 5.3.

The model of Definition 1 formalizes the experimental evidence that agents have lower
risk aversions for long-horizon payoffs than for immediate risks. Under these preferences,
it seems immediate that a financial asset expected to deliver payoffs far in the future should
be evaluated with a lower price of risk than one with payoffs at a short horizon. This sim-
ple narrative yields potentially opposite implications than the standard model, i.e. lower
risk premia for long-term assets; and a potential explanation for the evidence in the data.
It does not take into account, however, that investors may not assess risky assets whithin
buy-and-hold strategies, under which the horizon of payoffs may matter. In the one pe-
riod pricing model for instance, where trading occurs every period, all financial assets are
priced at the next period horizon, no matter when payoffs are to be paid, so the one-for-one
relation between risk aversions and risk prices need not obtain.

To derive the implications of our model with respect to the valuation and demand
for assets with different horizons, we focus on equity risk. In line with the long-run risk

literature, we assume that dividends have log-normal growth:

diy1 —dp = fg + GaXi + XXcOrWe p41 + XgoOrW4 411, (15)

where the shocks wy; are i.i.d. N'(0,1) and orthogonal to the consumption shocks w,
wyt and wy ¢ of process (6); ¢, captures the link between the mean consumption growth
and the mean dividend growth; x the correlation between immediate consumption and
dividend shocks in the business cycle.!”

7Once again, these assumptions can be generalized, but they are those of Bansal and Yaron (2004) and
Bansal et al. (2009).
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5.1 Long-term risk premia

In Section 3, we derived equilibrium asset prices under the representative agent assump-
tion in a one-period trading paradigm. However, individual investors trade a much lower
frequencies. Recent direct evidence on trading activities in their retirement accounts in-
dicates investors re-adjust their portfolios once a year on average (Sicherman et al., 2016).
Why investors trade so rarely may be exogenously imposed, e.g. through infrequent trad-
ing opportunities, or endogenously optimal, e.g. when buy-and-hold strategies help avoid
rising information costs (Alvarez et al., 2012; Andries and Haddad, 2018), or the high trad-
ing costs of illiquid assets. The literature on asset prices with liquidity risk points out the
additional risk premium directly attributable to illiquidity (e.g. Acharya and Pedersen,
2005; Lee, 2011; Muir, 2016).'8 Our approach here is complementary since our focus is on
how illiquidity, in the form of low trading frequencies, affect the slope of risk premia in

their variations with the risk horizons.

Proposition 5. Under the horizon-dependent risk aversion preferences of Definition 1 and p = 1,

the stochastic discount factor for an investment strategy at horizon h > 1 is given by'®

1 >51—7 51—y Taml
pand-hold _ gh (CH—h) « Vi « Vi X e X Veen
tt+h - C 1=y 7l=7 vi-7
f Ef[VtH L \Et+1 [Vt+2 } Etin— [Vt+h }
high « low 5

Compared to the one-period investor, with implicit risk aversion <y for future shocks at
all horizons, an agent who assumes no retrading at the intermediate dates between t and
t 4 h evaluates the shocks between t + 2 and t + h with lower risk aversion y — suggesting
a higher willingness to pay for risky assets and therefore lower expected returns than

under frequent intermediate trading.
Proposition 6. Under the Lucas-tree endowment process (6) and the dividend process (15),

1. Under high frequency (one-period) strategies,

18Gee also Duffie (2010) and Tirole (2011) for surveys of the literature on liquidity.
9The more general case with p # 1 is provided in Appendix A.2.
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o the difference between long-term versus short-term risk compensations investors require
is lower when v > 7, but of the same sign, than under the standard model -y = 7;*°

o the difference between long-term versus short-term risk compensations investors require

is greater when oy is high.
2. Under investment strategies at horizon h > 1,

e the long-term risk compensations investors require decreases with h > 1 when 7y < vy;

they can become lower than for short-term risks.

o the downward pressure from h > 1 and 7y < vy is greater when oy is high.

Proposition 6 derives from the intuition, explored and discussed in previous sections,
that the less dynamic choices are, the more time inconsistencies in the agents” preferences
can affect equilibrium outcomes. In particular, for buy-and-hold investors, the relation
between horizon-dependent risk aversions and horizon-dependent risk prices becomes
tighter. Because their appetite for risk is greater at longer horizons of payoffs, illiquidity
has an ambiguous impact on prices: it makes asset holdings riskier because less capable
to compensate income shocks — the traditional channel

Propositions 5 and 6 contain partial equilibrium results: they derive the valuations of
risk for an investor who chooses a fixed strategy for the next i periods and commits to it.?!
Nonetheless, a growing literature establishes that households” demand influences general
equilibrium outcomes, in particular via intermediaries holdings (He and Krishnamurthy,
2013; Koijen and Yogo, 2015; Haddad and Muir, 2017), and therefore affects prices. We

appeal to these results to derive the following testable implications:

Corollary 4. Under the Lucas-tree endowment process (6) and the dividend process (15), and the
calibration of Table 1:

1. Equity expected returns are higher at long horizons for assets with no trading costs.

20Similarly, we derive a flatter slope, but of same sign for the term-structure of zero-coupon bond yields in
Appendix B.5. Taking into account inflation risk, as in e.g. Bansal and Shaliastovich (2013), allows to obtain
upward sloping bond yields and match the evidence.

2lWe show in Appendix A.3 that naive agents in the one-period standard framework behave as buy-and-
hold investors: an asset with payoff horizon / is evaluated at frequency h under Proposition 5.
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2. The higher the trading costs, the lower the expected returns at long horizons relative to short

horizons.

3. Differences in the pricing of long and short horizon assets are greater the higher the consump-

tion volatility.

We assess in Section 5.3 how well the testable predictions of Corollary 4 fare in the data;
and how much the horizon-dependent risk aversion model helps understand puzzling

empirical evidence on the pricing of long-term assets.

5.2 Long-term risk taking

We turn to the analysis of agents’ optimal risk taking, as a function of the horizon of their
portfolios” rebalancing. An investor with the horizon-dependent risk aversion preferences
of Definition 1 and horizon & > 1 optimizes at time ¢ the value V; of her wealth W; by
choosing her consumption plan {Ct, C;11, ..., Ct1 51} and her investment portfolio, under
the constraint her risk share position remains constant over / periods. She has access to a
risky asset with dividend process (15), on which she invests a share 0; of her savings. The
rest of her portfolio accrues at the risk-free rate. Her optimization problem at time ¢ for
horizon h > 1 is given by:

1
i} o om (7 ]
Vi (W) = 1-8)C + BR: ( V, W
t (W) (o max (1-8)C p t( r1 ( t+1)>
s.t.
Wiyt = 0 (Wi — Cipn) Riprr, VT € {1, 1}, (16)
h-1
Ciospen = 3¢ "Criv.
=0

To simplify the analysis, we analyze the risk dividend process (15) in the special case

0 = 0'.22

Proposition 7. Under the horizon-dependent risk aversion preferences of Definition 1 and p = 1,

an investor with horizon h > 1 optimizing Problem (16) under dividend process (15) in the special

22The case with time varying volatility is analyzed in Appendix B.7
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case 0y = 0 invests, on average, a share 0 = 01 + Oy of her savings into the risky asset, such that
the myopic demand is:

1 E(R,,—R
o= (7= o? ( m:)ljo'z f’h) +o(1—-p), (17)
= 1h
()
and the hedging demand is:
‘71.‘+1 .

€00  w Rt 1- ifh =1
. L (wtﬂzm ) [ W =10 e g

1+w%>(1_2_,2h) V07 1-%) ifh>1

h

E (Rm,h —R f,h) and (7,% are the expected excess returns and the variance of the total risky returns
between t and t + h, with o7, the contribution of the t + 1 shocks.?®

The solutions of Proposition 7 simplify greatly under an i.i.d dividend process, in
which case the hedging demand disappears:

1 E(R; —R
(7=7) h—1 (B 2 f)+0(1_ﬁ)'

0 —

in which case it is transparently clear the risk share increases with the horizon / if and only
if 9 < <. This increase occurs rapidly, e.g. the demand for risk at the two-month horizon
in the calibration of Section 3.2 with v = 5.3 and y = 11 is more than 1/3 greater than at
the one month horizon.

When the dividend process of the risky asset has predictable components, the variance

of the cumulated risk returns (731 , increases, but less than linearly, with the horizon /. From

23The solutions of Equations (17) and (18) are exact for i = 1; for h > 1, the exact solution for 6 is:

V,

41
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2
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hedging demand decreases in absolute value with /1, even when 7 = <. Both variations

Equations (17) and (18), the myopic demand increases and the term in the

are however greatly amplified by 7 < . In the calibration of Section 3.2 with 7 = 5.3
and v = 11, the hedging demand for the two-period horizon is 40% smaller, in abso-
lute value, than under the standard model, and the myopic demand 35% greater. Since
cov (X\;t—fl, Rm,t+1> > 0 in the solution to optimization problem (16), these variations in
the myopic and the hedging demand both contribute to a greater risk share 6 as the hori-
zon h increases.

Corollary 5. The demand for risk in optimization problem (16) with dividend process (15) is in-
creasing in the investment horizon h:

o faster when 7y < vy if dividends have predictable components,
o only when 7y < «y if dividends have i.i.d growth,

e in the calibration of Section 3.2, the demand for risk is 35% greater at the two-period than at

the one-period horizon.

5.3 Related empirical evidence

We turn to how well the implications derived in Corollaries 4 and 5 match the empirical
evidence; and argue the horizon-dependent risk aversion model provides a reasonable
answer to various important puzzles in finance, without sacrificing the ability to match

the usual asset pricing moments (as seen in Section 3).

Illiquid long-term assets. Illiquidity has been extensively analyzed as an additional
source of risk to the investors, resulting in higher returns compensations (e.g. Acharya and
Pedersen, 2005). Corollary 4 however proposes another viewpoint whereby illiquidity, by
making trades less frequent and the assessment horizons longer, serves as a commmitment
device to evaluate long-term payoffs with lower long-term risk aversion. This second chan-
nel via which illiquidity decreases the pricing of risk, specific to horizon-dependent risk

aversion, can rationalize the low risk premia we observe in the data for several illiquid
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long-term assets, a puzzle otherwise. The abnormally low excess returns in private eq-
uity investments (e.g. Moskowitz and Vissing-Jergensen, 2002) and in real estate holdings
(Giglio et al., 2014; Chambers et al., 2019) are two extensively documented and analyzed
such examples in the literature.

Term-structures of expected returns. Starting with van Binsbergen et al. (2012), several
recent papers (van Binsbergen et al., 2012; Lustig et al., 2016; van Binsbergen and Koijen,
2016; Giglio et al., 2014; Dew-Becker et al., 2016; Andries et al., 2016) provide empirical ev-
idence of downward sloping term structures of expected excess returns for various types
of risk; a puzzle for the long-run risk model. These striking empirical findings have started
a vigorous debate and triggered numerous new theoretical works (Kogan and Papaniko-
laou, 2010, 2014; Ai et al., 2015; Garleanu et al., 2012; Favilukis and Lin, 2015; Croce et al.,
2015; Andries, 2015; Curatola, 2015; Backus et al., 2016; Marfe, 2015; Nzesseu, 2018), explic-
itly focused on systematically deriving downward sloping term structures of risk prices.
However, Bansal et al. (2019), but also van Binsbergen et al. (2013); van Binsbergen and Koi-
jen (2016), document that expected excess returns of dividend risk are upward sloping on
average, but became sharply downward sloping during the financial crisis of 2007-2009.
Gormsen (2016) further indicates that low price-dividend ratios driven, in particular, by
periods of high volatility, correspond to more upward sloping term structures of dividend
expected excess returns. Other asset classes on the other hand display downward sloping
term-structures in and out of crisis, e.g. Andries et al. (2016) for the price of variance risk
and Giglio et al. (2014) for housing.

Horizon-dependent risk aversion and the results of Corollary 4 allow to shed light on
these various conflicting results: they suggest differences in trading costs across markets
and across different time periods can greatly influence the slopes of the term-structures of
expected returns with smaller or even negative slopes under lower liquidity. They explain
why expected excess returns on dividend risk are increasing in the horizon of payoffs in
normal one-period pricing conditions, even more so when volatility is high as pointed
out in Gormsen (2016) (Points 1. and 3. in Corollary 4); but turned downward sloping
during the recent financial crisis when liquidity broke down and trading costs, i.e. bid-
ask spreads, shot up dramatically (see e.g. Pedersen, 2009; Brunnermeier, 2009; Bansal
etal., 2019), as van Binsbergen et al. (2013); van Binsbergen and Koijen (2016); Bansal et al.
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(2019) document (Point 2. in Corollary 4). Additional supporting evidence for our horizon-
dependent risk aversion model can be found in Weber (2016) who shows that higher cash-
flow durations, i.e. longer payoff horizons, of equity shares have a downward influence
on expected returns only within short-sale constrained stocks, in line with the results of
Corollary 4.

Risk positions and investment horizons Abstracting from labor income and life-cycle
considerations, which are not modeled in our analysis, our horizon-dependent risk aver-
sion model results in a simple rule of thumb for risk taking decisions, Corollary 5: the
longer the rebalancing horizon, the more investors should be willing to take risks.

In line with this result, Shum and Faig (2006) find, using data from the 1995 Survey of
Consumer Finances, that those who are saving for the long-term (retirement) allocate more
of their financial portfolios to equities, than those saving for the short-term, e.g. to buy or
renovate a home. To assess the validity of Corollary 5 further, we compare the risk-taking
evidence of mutual funds and hedge funds investors. The evidence shows hedge funds,
which are characterized by their considerably more binding constraints, have more volatile
and higher risk than mutual funds (Ackermann et al., 1999), and even more so for hedge
funds with greater lockup constraints (Aragon, 2007). Similarly, mutual funds with higher
exit costs tend to be more actively traded and to hold more illiquid assets (Pastor et al.,
2017), resulting in riskier returns (Kacperczyk et al., 2005). Both lockup conditions and exit
costs provide valid proxies to assess the trading frequencies of the different portfolios, with
greater constraints corresponding to longer investment horizons. The evidence above thus

provides further support for the results derived under horizon-dependent risk aversion.

Insurance and hedging at different horizons The counterpart to the greater risk-taking
in financial portfolios at longer horizons, and another direct result from Corollary 5, is that
the demand for insurance should decrease with the risk horizon. In addition, investors as-
sign lower values to buy-and-hold long-term term hedging assets under Corollary 4. As
the supply side for such assets (insurances or banks) assesses their risk at high frequen-
cies (e.g. daily P&L running), the horizon-dependent risk aversion model predicts trading
volumes sharply decreasing with the horizon of insurable or hedgeable risks.

The evidence in the data strongly supports the results of Corollaries 4 and 5. In Akaichi
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et al. (2019), the authors find the willingness to pay for lifetime insurance policies falls be-
low the existing market rates, explaining why they are largely not being sold anymore
(American Association for Long-Term Care Insurance, 2015). The authors show further
the additional premium individuals in their survey would be willing to pay for an ad-
ditional year of coverage decreases fast with the horizon; they are below their actuarial
fair values beyond the three-year horizon. Further evidence is found in option markets.
Garleanu et al. (2008) formalize why end-users hedging demands impact option prices,
whereby a higher demand can sustain higher prices and thus higher risk-aversions in op-
tion suppliers (e.g. banks) and greater volumes. Under this channel, horizon-dependent
risk aversion predicts low volumes and low prices in options, at all but short maturities.
This is verified by Dew-Becker et al. (2016); Andries et al. (2016) who find close to zero
assigned value for medium and long-term variance risk insurance. It is also reflected by
the trading volumes in option markets. Garleanu et al. (2008) reports the average non-
market-maker net demand for put and call equity option contracts is 10 times higher for
options up to six-month maturities than for the 6-months to one-year maturities, and 15
times higher than for options at any higher than one year maturities. Both sets of results,
important puzzles in empirical finance, are well explained by our horizon-dependent risk
aversion model; including why the decrease in volumes and hedging costs decrease so fast
(Corollary (5)).

6 Conclusion

Calibrations of the long-run risk model (Bansal and Yaron, 2004; Bansal et al., 2009) are
difficult to reconcile with the microeconomic foundations of the preferences they employ.
Epstein et al. (2014) point out they imply a willingness to pay for earlier resolutions of
uncertainty that defies both observed behaviors in the data and introspection. We show
that relaxing the restriction of Epstein and Zin (1989) that risk preferences be constant
across horizons makes it possible to retain the desirable pricing properties of the long-run
risk model, including the matching of the equity premium and of the macroeconomic an-
nouncement premium, and at the same time obtain reasonable implications for the timing
of the resolution of uncertainty.

We show further horizon-dependent risk aversion preferences formally imply assets
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with high trading costs and/or low liquidity can have relatively low risk premia at long-
horizon; and that investors may be willing to take more risk over longer lock-in periods
— illiquidity provides a form of commitment device to accept more risk, with lower risk
compensation. This feature of our model allows to explain several features of the data
and important puzzles in empirical finance, such as the abnormally low returns in pri-
vate equity and housing investments, the downward sloping term-structure of equity risk
during the financial crisis of 2007-2009, and the very low trading volumes for medium to
long-term options and insurance.

We conclude that formalizing a model where risk aversion is higher at short-horizons
than long-horizons, consistent with the experimental evidence, provides a useful new tool
for asset pricing and macro-finance. We focused our attention on applications to finance
but the tractability of this model makes it suitable to analyze features of other markets,

such as health decisions, where attitudes towards risk and time inconsistencies are key.
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Appendix

A Derivations under general sequence of risk aversions

Let {7}, }1>1 be a decreasing sequence representing risk aversion at horizon k. In period ¢,
the agent evaluates a consumption stream starting in period ¢ + h by

1-p

1-p
1- 1- -
Vitrn = ((1 —B) Cpphy + BErin [Vttﬁﬁﬂ 1 WhH) forall h >0. (19)

The agent’s utility in period t is given by setting i = 0 in (19) which we denote by V; = V;;
for all t:

1
1\ T5
1— _ =
Vi = ((1 —B)C; P+ BE| VT 71)
As in the Epstein-Zin model, utility V; depends on deterministic current consumption C;

ti+1
the aggregation of the two periods occurs with constant elasticity of inter-temporal sub-

. . 19,1 71 . . )
and a certainty equivalent E; [V 71} " of uncertain continuation values Vi t+1, where

stitution given by 1/p, regardless of the horizon /. However, in contrast to the Epstein-Zin
model, the certainty equivalent of consumption starting at ¢ 4- 1 is calculated with relative
risk aversion 71, wherein the certainty equivalent of consumption starting at ¢ + 2 is calcu-
lated with relative risk aversion 7», and so on. Our model therefore nests the Epstein-Zin
model if we set y;, = -y for all h, which, in turn, nests the standard time-separable model
for v = p.

In order to derive the closed-form solution for V; = V;;, we assume that risk aversion is
decreasing until some horizon H and constant thereafter, y;, > 7.1 forh < Hand 7y, = %y
for h > H. Starting with V; ;| , our model then corresponds to the standard Epstein-Zin
recursion with risk aversion % for which we can use the standard solution. Determining
V} then is just a matter of solving backwards.
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A.1 Stochastic discount factor

We present the derivation of the stochastic discount factor with a general sequence of risk
aversions {} };>1. The equations simplify to the ones in the main text by setting v = 7
and vy, = 7y for h > 2.

Proof of Proposition 1. This appendix derives the stochastic discount factor of our dy-
namic model using an approach similar to the one used by Luttmer and Mariotti (2003)
for dynamic inconsistency due to non-geometric discounting. In every period ¢ the agent
chooses consumption C; for the current period and state-contingent levels of wealth {W;_; ¢}

for the next period to maximize current utility V; subject to a budget constraint and antic-

*

ipating optimal choice Cj, , in all following periods (7 > 1):

d=p \ T-p
1-p .\t
max 1-8)C + BE: | (V,
Jnax (( B)CI* 4+ BE | (Vi) ] >
s.t. ITCy + E¢[I1i11Wiyq] < ITiW;

1

1—p T—p
Viten = ((1 —B) ( ;:Lh)l ¥+ BEi1 [(Vt’fﬂrhﬂ)l %H} 1_7'1“) forall h>1.

Denoting by A; the Lagrange multiplier on the budget constraint for the period-t problem,
24

the first order conditions are:
e For C;:

1-p

11?;1
((1 —B) G+ BE Vi 1| ) (1-B)C, " =An

24For notational ease we drop the star from all Cs and Vs in the following optimality conditions but it

should be kept in mind that all consumption values are the ones optimally chosen by the corresponding
self.
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e For each Wi 4:

1 1 1 = et d 1 =
1-p ((1—/3) G+ B | Vo ﬂ) By Pl Vet

I—p
Ht—HS
=Prlt+1,s| —/=A;.
I'[ + ,S] I, ¢

Combining the two, we get an initial equation for the SDF:

1-p
1 1 i _f 1-711|Tm
Hip1s 8 T—p Prlt+1s] AW 15 F | Vi1 1

H ! (1-p)c"

(20)

The agent in state s at t + 1 maximizes

1
1o \ T-p
1- 1-m] T
((1 —B)Cyits T BEiris [(Wll,s,tﬂ) 71] h)
and has the analogous first order condition for C; 1 :

1-p

1
d=p '\ 1-p
1— 1— = _
((1 - ;B) Ct+£s + IBEt+1,S |:‘/t+1’,751,t+2:| 71) (1 — ‘B) Ct—fl,s = /\t+1,5.

The Lagrange multiplier A;, 1 s is equal to the marginal utility of an extra unit of wealth in
statet + 1, s:

1
1 1- 1- )
At1s = T—p <(1 = B) Cyifs+ BErias [VtJrlr,Ysl,t+2] "

d 1-p 1— 11—%
X dWH—l,S <(1 - :B) Ct+1,s + 5Et+1,5 [Vt+1,sl,t+2} ok
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Eliminating the Lagrange multiplier A1, and combining with the initial Equation (23)
for the SDF, we get:

1-p
1 d E -7y | T
Il 8 Pi+1,s] AWyp1s ot | Vtt4+1

IT;

Ct+1,s) —P

9 (%

1— 1— T—91
deH,s <(1 —B) Ct-l—lp,s + BEt11s [Vt+1751,t+2} "

Expanding the V expressions, we can proceed with the differentiation in the numerator:

I1 1-p = 1:7()1
1— —F -0
s = | (=B Lt Pl

-1

1= 4

1—p =\ T
X | (1=PB)Cpryys+ BEias... ]
1— 1-p
dWiLs ((1 —B) Ct+1p,s + BEti1]- - -] 1"2)

1-p

1— 1-p
dwi»l,s ((1 - B) Ct—i—lp,s + BEti1s]. -] 171)

xp

Ct+1,s —F
( _ ) @)

For Markov consumption C = ¢W, we can divide by C;, 1 ; and solve both differentiations:

e For the numerator:

d 1 11_72 11:72
1— 1— 2P -p
v | =B e+ pen | (=Bt + BBl
)
1— 11172 11;52
— | (1—p)1+8E 1op) (S22} " e =)
A=)t pEs| (=) (S2) 4 pEial.
t+1,s

1=p AP
x (Pt—i— 1, Wt+1,s :
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e For the denominator:

1-p
1— T
d 1-p 1-p = |
AW, (1-p) Ct+1,s +BEt1s | | (1—PB) Ciip T BEti2f...]Tm
,S
1-p
1- T—q7
Cra \'° 1p |
= | (1=B)1+BErs| | (1—=P) (Ct+1 ) + BEraf...]Tm
/S
% (Pl—p WP
t+1,s" "t4+1,5°
Substituting these into Equation (24) and canceling we get:
- _ 1
1I-7 | 1=,
_ _ 1=p \ T-p
(1= B Clifu+ BErias | (1= B CIf + pEal... 75 )
Ht+1,s _ | i
I [ -1 11—%%71
_ _ 1p \ T
(1= B Clif,+ Bcons | (1= B CLE + BEal ] )
) ) p—m

1-p

17 —
(1-8) Ct+1p,s + BErs1s[---]T2

1-p
1-79

E: [((1 —B) C3+_1p,s + BEt1[. -]

Simplifying and cleaning up notation, we arrive at

P—m
My = B (Ct+1)_p Vi1 (Vt,t+1>1_p
i Ct £ [yl-n = Vi ’
t[ t,t—&-l}

as stated in the text.
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A.2 Stochastic discount factor — horizon i > 1

Proof of Proposition 6 . To derive the h-period ahead stochastic discount factor, we use

the inter-temporal marginal rate of substitution

I AV /AWy,

where
avy dV; y AViin
AW AV AWy

_ 4V Xh_l AVitir Xth,H—h
dVisr1r 73 AViiiorr AWy

Due to the homotheticity of our preferences, we can rely on the fact that both V; ;) and

Vi4n are homogeneous of degree one which implies that

AVirin/AWein _ Vipn
AViin /AWy Visn

This allows us to derive the h-period SDF I1; ;. as

=77

Coon\ " ((Vipsn ) * o v,
Iy :5h (—gh) ( o~ ) H e

V 1
t+h =1\ Vl—fyT T-17
t+7—1 T

A.3 Naive investors

In our analysis so far, we assumed agents are self-aware about their own dynamic incon-
sistencies. If our agent is naive about it instead, she wrongly assumes she will optimize on
Vi ¢4y instead of V,yy, for all h > 1. In particular, the envelope conditions at t + 1 applies
to Vi 141 in her one-period SDF, which becomes:

P—m

??jvle - ’B (Ct-i-l)_p ‘/f,H—l
gA+1 C 1
t 1-171=

E [Vt,tﬂ e
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The following one-period SDFs for h > 1 are then given by:

—p O=Yn+1
naive _ Ct+h—|—1 Vt,t—&—h—&—l
frhirhel = B Coon P
+ —
Even[Vigni)

When p = 1, naive agents behave as the buy-and-hold investors in Proposition 5 :

i i buy-and-hold
naive naive _
bt X X TS =1 = T, lp=1-

B Exact solutions forp =1

This appendix presents the exact solutions derived for unit elasticity of inter-temporal
substitution, 1/p = 1, and log-normal uncertainty. Denoting logs by lowercase letters, our

general model (19) becomes

or=(1-B)ct+p (Et [0 ¢41] + % (1—m1) Vart(vt,tﬂ))/ (22)

with the continuation value v; ;1 satisfying the recursion

1
Opten = (1= B) copn + B (Et+1[vt,t+h+1] +5 (1= vp41) Vart+1(0t,t+h+1))-

B.1 Valuation of risk and temporal resolution

Proof of Proposition 4. Starting at horizon t + 1, Equation (22) corresponds to the stan-

dard recursion
Bus = (1= B) et + 7Lz 1og(Ecaalexp (1= ) i)

If consumption follows process (6) with 0; = ¢, guess and verify that the solution to the

recursion satisfies

Up —Ct = ﬁv + (I;vxt-
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Substituting in and matching coefficients yields

~ 2
-am g o D (e (Y )

From the perspective of period ¢,

o= (1= B)cr-+ 12 log(Ellexp (1 = 1) 3s1))
and
2
o= P B 1B <a3+ (+2%) 2) (1 —7)+B(r-D),

as stated in the text.

If all risk is resolved at  + 1, log continuation utility v}, is given by

Vi = (1= B e+ B ((1—B)erra+B((1—Bers+--))

(o)
=cri1+ Y B (Crang1 — Cn) -
h=1

From the perspective of period ¢, this continuation utility is normally distributed with

mean and variance given by

1 bc
1-8 1— Buy

2
var(vy,q) = 1_;[5202 (w? + (1 f(i;;/]) ai) :

Using these expressions, we can derive the early resolution utility at ¢ as

2

E[vj44] =t + y+ Xt,

1-5 1— Buy 2 1-p2 1— Buy

Subtracting this from the utility v; under gradual resolution, we arrive at a timing pre-
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mium given by

_ 182 (1—7) Bo. \? y-7., 1
TP-l—exp(Eﬁ <a§+<m) ai) 02(1_7—1—1_’_‘3)),

as stated in the text. O

Case with stochastic volatility: If consumption follows process (6) with stochastic volatil-

ity, guess and verify that the solution to the recursion for v; satisfies

U —Ct = ﬁv + Poxt ‘|’¢v‘7—tz

where
o= 25 (e + o (1= )+ 3 (1= 7) 2
P =1 fqb,r;vx
o= 5ol (s34 482

We then obtain:

o~ 0= 5 (1 =) [ (2 + 933 0F + u]
Ut_Ct:%(}l’lc‘i‘lﬁvaz(l_VU)"}_%IEZZJ(“_')’)_FIB(')’_'?))“LZT)
o+ T2 (1= ) + e (v = 7)) F

If all risk is resolved at  + 1, log continuation utility v}, is given by

UZK+1:(1_5)Ct+1+,3<(1_,3)Ct+2+ﬁ((1_ﬁ)ct+3+"'))

(o)
=cri1+ Y B (Crang1 — Crn) -
h=1
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From the perspective of period ¢, this continuation utility is normally distributed with

mean and variance given by

$c

Xt,

E; [vfﬂ] =Ct+ M+

1
1-p
* 1 ? ’
an(oi) = = (F+ 12 et w) (“3 + (%) 2) |
Using these expressions, we can derive the early resolution utility at t as
o P B ABO=) (o, (B o) (2 B 2
Uy —Ct = 1—,3VC+1—ﬁVxxt+21—l32Va ag + - Bu ay | | o +1_52(7 (1—-v,)

and

i = L g 0w (1 =t )

ool (- b+ - )

n %,3 [(1 - ’Y)lJF_ﬁﬁ(’Y - ’7)} 3202

Time premium under hyperbolic discounting "-6" model Assume v = 7, but < B

_ _ _ _ 2
Ty —cp = 5~yc+ 'B(Pf, xt—i—lﬁ(l—_j) (oc%+<L¢f> txi) o?
1-B 1— Buy 2 1-8 1 — Buy
Ut = Ct = Ei[exp (1 =) (Dp41 — g1 + Cey1 — 1)

T—o

Uy —Ct =

1— WEt lexp (1 =) (Tpg1 — Ceq1 + €41 — Ct)]
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Ut—Ct:E(%JVt—Ct)

- 2
_ 5~Vc+ Poe xt+15(1 ~7) (az+< Poe ) 0‘%) 2
1-B 1— Buy 2 1-8 1 — Buy

If all risk is resolved at  + 1, log continuation utility v}, , is given by

Vi = (1—5) ct+1+,g<(1—ﬁ)Ct+2+E((1—ﬁ)ct+3+"')>

oo
= Ct+1 + 2 ,Bh (Ct+hs1 = Crgh)
h=1

o0
=t Z ﬁh (Ctint1 — Covn) -
h=0

From the perspective of period t, this continuation utility is normally distributed with

mean and variance given by

1 ¢
Ei[of | =ct + — U, + —— x4,
tlor] = e L

~ 2
1 :
vary (0], ) = 1__5202 (,xg + (%) ag) .

Using these expressions, we can derive the early resolution utility at t as

vf — ¢ = 7 f ’)’Et [exp (1 =) (Vi1 —ct)]

~ 2
oo e B ) (0 B ) )
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and

: 3 P BB g
with f < B, v g el )
When 7 > p, the timing premium under {B, B} is greater than under the  -only model

and lower than under the f -only model.

B.2 Extension to other information arrival structures

General sequence of risk aversions and comparison t + 1 vs. t + 2. In the main text,
we show that while an agent with Epstein-Zin preferences prefers early resolution iff y >
p = 1, our agent with horizon-dependent risk aversion can prefer late resolution, even if

v >4 >1,as long as

— > ;,
T B
i.e. aslong as 1 is sufficiently greater than 4. Suppose we have a sequence of risk aversions
{71}, thatis decreasing to some horizon H and then constant at . For the comparison

of gradual resolution vs. resolution at t + 1, denoted by Ui“, we have

2
o= = 3 (1= (1= A+ BT (0 =) ) T 3%

which has the same structure as in the timing premium for just two levels of risk aversion

in equation (13). The agent prefers gradual later resolution if

7 —1

S B (v — i) > 1+8

i.e. as long as the sequence {7, },_; is sufficiently decreasing.
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For the comparison of resolution at t 4 1 vs. resolution at t + 2 we have

2
1 £ i

While an agent with Epstein-Zin preferences prefers early resolution iff y > 1 since

oitl —ptt2 = % (ﬁ (1=71)— (11— ’Yz))

pA=7)-A-7)=010-p)(v—1),
our agent can prefer late resolution, as long as
Mm=—1>00-4(n-1)
i.e. as long as 7 is sufficiently greater than 7,.

B.3 Stochastic discount factor

We now specialize to the case of two levels of risk aversion, setting y; = y and y;, = 7 for
h>2.

Proof of Lemma 1. Under the stochastic process (6), we can guess and verify that the

solution to the recursion for v; satisfies
~ ~ - 2
Ut — ¢t = Uy + PoXt + Pu0f

where we write ¢, = 1, () throughout for simplification, and

o = % (P‘c + o0 (1= vy) + % (1-7) sz;f"g)
_ P

Po=1_ Buy

~ 18(1—%

Uy = Eﬁl(——ﬁv’z) (04? + (Pz%o‘i) .
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Substituting these into (22), we arrive at the solution for v;:
_ 1 ~
0 =5 = —2p (7= [ (2 + 4203 o? + 2]
and

o= = 7E (et oc (1= ) 4 3B (A= 7) + By = 7))

o 1V (1) 4 P (7= 7)) oF

g

Proof of Proposition 3. Using the results of Lemmas 1 and (22), the expression for the
SDF follows from Equation (5):

U

M1 = 10g B — e = dexe = 5 (1= 7) ([“(2: + 4’506‘3(} of + @3“3)
— YA OtWe p41 + (1—1) Do x01Wy 111

+ (1 =) $o(7) aoWe 41,

The risk-free rate is defined as r;; = —log E; (I1;441) and simplifies to

1
rre = —log B+ pe+ pexi + (5 - ) =

as stated in the text. O
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B.4 Equity premium

To derive the equity premium, we log-linearize the returns on the dividend stream:

Pii1+ D

= Adt—H —+ log (1 —+ eZtH) — Zt
~ ko +k1zip1 — ze + Adi g

Z

where z; = p; —d;and k; = 1-€+_ez

From
Ey (IT 1 11Rpp41) =1
we obtain a recursion in z;.

Guess: zt = Ag + A1xt + Axo?

(

log B — pe — % (1-— ’)/)2 ~%oc(27 + ko + k1 Apc? (1—vy)
—pcxt — A1X¢ + Paxt + k1 Apvxxy

—3(1- 7)2 (a2 + ¢p2a2] 07 — Ao} + k1 Asvpo?

log E; | exp =0
— YO We p 41 + X0t Wip1 + agor Wi+
(1 - 'Y) (Pv‘xxo'th,t+1 + klAllXx(Tth,tJrl

+ (1 =) Yo(7) e Wo 1141 + k1 Ao e Wy 141

and so: " "
d — ¢c
=A

1
> (1—17)? [“3 + 4%%“%}
1, 1 2 01 2 2
trrats (X —7) s + 5 (k1A1+ (1 —=7) ¢o)” ay = Az (1 — k1vp)

Note A; and A; are both unaffected by 7, and therefore identical to the standard model.
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Since the equity premium is determined by the covariation between the returns 7, ;1
and the stochastic discount factor 71; ;1 1, and the loadings on the consumption level shocks
are unchanged relative to the standard model for both the market returns and the SDF,
the only term that is impacted is the cross-term for the loadings on the volatility shocks.
The contribution of volatility shocks to the equity premium under horizon dependent risk
aversion is simply the one under the standard model multiplied by %%j (see Corollary 1).

B.5 Term structure of returns
B.5.1 General claims

To make the problem as general as possible, we analyze horizon-dependent claims that

are priced recursively as
Yin = Et[11 411Gy a1 Y1 1)
that is
1
Yin = Ee[mtpp1 + 8y t+1 T Yer1 1] + EVart(Tft,Hl + 8y +1 + Yes1h—1)

where

Syt+1 = My + PyXt + ll’ygtz

+ Ay, QO We p41 + Ay xXx Ot Wy p41 + Ay, o X TtWe 41 + Oy, dd0tWd t41,

and Y;o = 1.
Guess that
Yin = exp <l7y,h + ¢y pxe + %,hfftz ) .
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Suppose h > 1, then:

log B — pic — pext — 5 (1= 1) [ (a2 + 9303) 0F + P3a]

iy + pyxi + Pyo7

iy -1+ PyaaVaXe + Py o1 (02 (1= vy) + v007)

+ (=7 + ay,c) 20t Wipr + (1= ) po + atyx + Pyn_1) 220 Wisq
+ (L =) Yo+ ayo + Py 1) 2o Wi

—|—1Xy’d06d0't Wt+1

log ;¢ 11G i1 Yep1 -1 =

\

Matching coefficients, we find the recursions, for 1 > 1:

e Termsin x;:

Py = —Pc + Py + Py p—1Vx

1—1/55
= ‘Py,h = (_¢C+‘P}/) 1— vy

o Termsin af:

1 2
lpy,h = ) (1 - ’)’) (‘X% + 47121“32c> + lpy,hflVU + ¢y

1 2 2
T ((_’Y +aye)” of + (1= 7) do + g + Pyp1) 0l + “idlx%)

and thus the solution, for h > 1:

1 1 11—t
Pyn = [_E (1—7) (“? + (P%“ch) Ty t3 ((_'Y + )" @l + “idé)} 1— VZ

1 h—1 )
+ 5 Z vp (1 =) po +ayx + ‘Py,n—l—h) o2
n=0
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e Constant:

Hyh — Hyn—1 =log B — e+ py + 0% (1 — o) Py 51
1 ~ 2 ~
+5 (=1 Po+ oo+ 9yn1)’ = (1=1)§2) &2

and thus the solution, for h > 1:
~ 1
Fyn = h (logﬁ — ety =5 (1= ) @5«3)
1 ~ 2
+ Z { (1= o) Pyn + 5 (1 =7) o+ ayo + Pyn) 0‘(27}

Note only the constant terms {fi, , } are affected by the wedge between 7 and 7.
O
In line with the specification of van Binsbergen and Koijen (2016), we consider one-
period holding returns for these claims of the form

Gyi1Yep1h—1 Gy,t41Yr1,n-1
Yin  E[T41Gy i1 Yir 1)
Et[ITi i 41] Gy i1 Y11
IE, (1Tt 441Gy 1 Y1)

1+Rt+1h =

with the risk-free rate .

Reij = ———.
fi E[IT} 444]
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The conditional Sharpe Ratio is

Y
Ei [1 + Rt+1,h] -1

\/Vart <1 + R};Lh)

) E(1+RY,,) -1

\/Et ((em)) - (5 (1R

(’Y“y,cfxg —(1=7)¢o (‘Xy,x + ‘Py,h—l) “%c) Ot
N —(1—=7) %o (ay0 + Py h-1) ol

2 2 2 .
0 (502 + G 9u0)" 0+ 02,00) + (g + 1)’ 2

Y
SRt,h —

T’f’t +

In line with the specification of van Binsbergen and Koijen (2016), we also consider
one-period holding returns for futures on these claims of the form

Y
T+Ri gy GyetYerin—1 By

FY
REY 41— -
t+1,h
o 1+RP ., Yin Bii1n-1
B Gy, t+1Yrr1,n-1 E¢ (I 411Bry10-1)
Et (IT4 411Gy 41 Yig1,0-1) Biyih1

where B, ), is the price of $1 at horizon F, i.e. the price of a Bond with horizon 5.
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Their conditional Sharpe Ratio is

EY
E (1 + Rt+1,h> —1

\/vart (1 + Rfﬂh)

FY
£ (14 R2,) <1

2 2
o (1 ri2)) - (5 (1 821,)
of (yay,ea? — (ayx + Pyn-1— Ppp-1) (L= 7)o+ P 1) a3)
— (a0 +Pyp1 = on1) (L—=7) Yo+ ) a5

2 2 5
\/ 07 (aﬁ,coc% + (e + Pyt — Po1)” ad +ay da§> + (ayo + Pyp1— Pop_1)” a2

SREY —

For the unconditional Sharpe ratio observe that the volatility process

2 2 2 _ 2
Ojp — 0" = Vg (at —(7>+0ch,5+1

is stationary under the constraint v, < 1 with normal distribution with mean ¢? and
2

variance L, = —Z,.
1-vz
2
2\ 2 1.2 a5
and therefore E (exp (a07)) = exp <a0 + 34 1—1/3)'

B.5.2 Bonds

Bond prices Let the price at time ¢ for $1 in / periods be B, ;, with B;g = 1. For h > 1, we

have
Bij = E¢[I1;441Bt i1 -1

This is the general problem from above with g, ;11 = 0 for all t and therefore

~ 2
bin = Hpp + PopXt + ¥y u07,
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with

B 1—1/,}5
Ppn = ('bcl—vx

1
Yo =5 (1—7)? (“3 + 4’%“%) + Py p_1Ve
1
5 (P (=) 9ot puia)ad)
and

1
1Pb,1:< —E)DC%>O

and ¢, ;, > 0 for all h, and ¢}, j, increasing in h.
Further,

- - ~ 1
b = fipp-1 = log B — pre + 07 (1= o) Ypp1 + ((1 = 7) YoPpp-1 + §¢§,h—1) g
increasing in h. But py, j, can be decreasing if log B — u. < 0.

Bond returns The one-period returns are given by:

RE . _ B

t+1,h — Bt B

7

and therefore

~ 1
log (RtB+1,h + 1> = —logp +pc — ((1 =) Yoo+ §¢§,h_1> &G + et + (Yop-1ve — Yuu) 07

+ Py p—10cWit1 + @pp—10x0:Wipq

the term structure of expected returns is given by:
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- 1
E; (R?H,h + 1) ~ —log B+ e — (1 — %) Yotppp105 + pexi — ((’Y — 5) aZ+(1—1) <Pv¢b,h-1%%> of

B B — 2 -t 5,
E <Rt+1,h+1> —Ei (Rt+1,h> ~ (v =1 o (Yon — Pon-1)ag+(r—1) 4’v4’cﬁ“x‘7t < 0.

The only impact of 7 is through ¢, and makes the slope less decreasing (but not in-

creasing).
Risk-free rate The risk-free rate is given by
Tip = — log By 1
ie.
ree = —log B+ pe + Pexr — (fy — %) w2o?

B.5.3 Dividend strips

Let the price at time ¢ for the full dividend D;_, in h periods be P; , with P;g = D;. Then

forh > 1:
Py, ( Diiq P h1>
7 — E H 7' ,
D, t tt+1 D: Dius

which is the general problem from above with
Spt+1 = drp1 — dr = Pg + Paxr + xac0t Wi 1 + aq0iWiiq,

for all t and therefore
Prh— At = fpp + Papxe + Ya o7,

with
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1—1/2

1_Vx

Pap = (—Pc + ¢a)

1
Yan = 5 (1- 7)2 (“? + (l)z%“i) + Yin—1Ve

5 (40 (1= 7)o+ a1 +3)

a;

N =

1
a1 =0+ (x+1-27) (x -1

the sign depends on the parameters of the model.

- - ~ 1
Hap — Hap—1 =logB—pc+ pa+ 0> (1= vo) Pajp_1 + ((1 —7) YoPap—_1 + §¢§,h—1) ol

where the sign depends again on the parameters of the model.

For the dividend strips, the spot one-period returns are given by

Piiqp-1/Dgi1 Dyyq
Pt,h/Dt D; ’

p
Rij1pt+1=

_ 1
log (R, +1) = —log p + pc - <(1 — ) Potpap1 + §¢§,h1> G

+ ¢pext + (lpd,h—lva - lpd,h) ‘71‘2
+ Yan—10cWii1 + Qg p—18x0: Wi + xacotWipq + aq0:Wiq
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the conditional expected one-period returns are

E; (Rfﬂ,h + 1) ~ —logf+pc—(1—7) ’;bvvﬂbd,h—l“(zr + et

_ <<’)’ (1-x)— %) OC%-F (1 _7)‘Pv¢d,h_106§> O_tz

h h—1
~ Vi —v
E; (Rf+1,h+1> —E; (Rf—&—l,h) ~ (v = 1) %o (Yan — Yan-1) “3 +(r—1) ¢o (P — Pa) —xl — Jx “?caiz
<0 ~ ~~
< A

We need (3, — Pap—1) > 0 to generate a downward sloping term structure, but that
does not depend on the choice of . If (3, — Pz,_1) < 0, then the returns are upward
sloping, but less so in our model.

Note, that the returns are MORE upward sloping when o7 is high...

The future one-period returns are given by:

P
REP q = LT R
t+1,h 1 + Ri.B+1 L

~ 1
log (Rfjrpl,h + 1) == ((1 =) Po (Pap1 = Pop-1) + 5 <¢§,h_1 - 'Pz%,h—1>) g

+ (Yap—1— Yop1) Ve — (Yan — Yu1)) o7
+ (Pap—1— Pon—1) &eWi1 + (Pap—1 — Pou—1) ¥x0tWii1 + xacot Wi + agoiWiiq
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E; (Rf—'f—Pl,h + 1) =~ | (A=) o+ ¥pn1) Pap1— Pon) | a2

J/

>0 and increasing

+ | xad + (v = 1) o = Pop1) (Pap1 = Pop—1) a3 | o7

J/

-

>0 and increasing

Note:

Yan — Pon = (Yap—1— Pop—1) Vo

+ | x (%X - ’Y) ol + ((1 —9) ¢o + % (Pap—1+ 4>b,h—1)) (Papn-1— Pop1) a5+ %“ﬁ

. S/

—_—— 7 0 ~~
- 20 >0
<0 <0 for 7 high enough =

the sign depends on the parameters. But if it is positive increasing, y reduces the down-
ward impact of it on the term structure of expected returns. Only if it is negative and de-
creasing does our model help relative to the standard model, but then the slope is upward
sloping....

Note, a higher 0; means a MORE upward sloping term structure again

the Sharpe ratio term structure is given by:
of (vxag = ($ap-1— Pop—1) (1 =) do + Ppp—1) a%)
— (a1 — Ppp-1) <(1 —7) o + IP;,hfl) «

EP
e 2 2
\/Utz <X2“§ + (Pap—1— Ppp—1)" a3 + “ﬁ) + (Pap—1— Ppp_1)" a2

If the expected returns term structure is upward sloping with ¥, — ¥, < 0 and
decreasing, then 7 can help make the sharpe ratio term structure downward sloping.
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The unconditional Sharpe ratio term structure is:

o (yxaz = (pap—1— Pop—1) (1 =) Po + Ppp_1) a3)
+37% L (’YX‘X — @1 — Pop1) (1 =) o+ dop1)a2)’
= (Yap-1— Pou-1) <( - )va+le17,h—1> o

SREP ~

(X aZ + (¢ap-1— Pop-1) ‘X%*“Xﬁ)

2 ((Ebd,hfl — Pon1) Vo — (Pap — Pon) + (Pap1— Pu1)* 0% + x%0? + "‘31)2 Xo
— <(1Pd,h—1 — Ppp1) Vo — (Yan — Pon) + 3 ((4’d,h—1 — ppp1)’ 02 + x2a? + “5))2 2
\ |+ ($an—1— Pop-1)’ a2

B.6 Term structure of returns - Illiquid markets

We analyze horizon-dependent dividend claims when markets are illiquid and prices are
set by buy-and-hold investors. From above, the SDF for a horizon h investor is (when p =
1):

1—7 1—7 1-v
-1 ~ ~ ~
n( Crtn Vit Vito Vith
Hipon =B <—> — 1

C, T . T . - T
E; |:‘/t+1 ] o Et—|—1 |:‘/t+2')/i| o Et-‘rh—l |:‘/t+h ] o

Consider a dividend with horizon h priced at time f under Iy,

Py, = Et[I1; 413Dy gl

11—y 1-v

Crn\ Vi1 Vit Vi
Py = Ei 5h( (tjt ) e — = i Diyn| .

S1-q] T ~1-9] 17 1.7 17
E; {Vt“’q = Eiq [VHZW} o Eiin [VH_J} o

The price at time t + 1isunder IT; 1 ;14 (1),

Dyyp
——— =En1 {Ht—i-l 1|,
Dtyq Dy
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1—y 1-y

_ C n -1 ‘7 2 Vt+3 ‘715 h
Priip1=Ep [B*! (CZL) — :r o e ~+1 .
Etiq [VH;] ! Etio {Vt%ﬂ ! Etin [Vmﬂ !

The one-period return is given by:

Py
J t,h

Bii1n-1

Rt+1h+1 =

SO

1-y 1-7y 1-y
E; ‘Bh—l (Ct+}1 ) -1 Viio - Viis . . Vitn . Diin
Gt Epq| VY| T Epo| V|17 Epup | V] 17 D
P 1| V42 t+2| V43 t4+h— H—h

1-y 1-7 1=y
E, | gh ( Cezb -1 Vi Vieo Vein Dy
(P Ct 1] o7 1-7] 125 5171157 Dr
o ol o

To simplify notations, write:

Dlt)+h (C(t:+h)1

t t

. CNN = exp (ZA Wt+])
E t+h t+h

(e ())

E; (Rt+1,h) =

X

and
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(substitute ¥ with v when necessary) where

Y = Opyj1 (Polxly pyj + XctWepij) + PoltoWe p 4

where W, j is the 4 X 1 vector of the independent iid shocksattime t +j,and A ;1 1, %11

is written A, ¥; to simplify the formulas.
We obtain:

E; < '“)exp {Z [(Aj+ (1—=%)Z)) Wegj— 3 Ha-9x, il ] Do+ (1 =) Z2) Wi — 3 |(1— )22|2+A1Wr+1]
BE:[exp [Ta [ (8 + (1= 7)) Wiy = 1|1 = D E[*] + (A1 + (1 = 1) Z1) Wia = § 11— 1) TP

Et (Rey1n) =

Because the shocks are iid, we obtain, when volatility is constant:

E, (RP ) B~ 1Et( M)exp [( 2+ (1=7)Z2) Wipo — 5 [(1— )ZZ‘ZJFAlWH-l}
T Efexp [(Ba+ (1= ) Z2) Wiga = 311 = D) ZaP o+ (A1 4+ (1= 9) Z0) e = 3 (1= ) 2

1 ~
log E; (Rfﬂ’h) = —log B+ pc + Pexi + Ea%az +cov (A, ac) + (7 — ) cov (Ag,2p) — (1 — ) cov (A, Xq)

1 2 2 Vh ! 2 2
tog Bt (Rf11) = ~log e+ e + (x5 ) o = (1= 1) [ (9= 00) 22— 4 (= 1)

h—
+(7-7)0 l%(%—sbc) — 2w§+(x—1>w?]

<0

Even when volatility is constant, HDRA impacts the term structure of expected returns
when investors choose buy-and-hold strategies. The negative impact of HDRA increases

with the horizon.
O
To obtain the returns on bonds, and the expected excess returns, replace ¢, a; and x
by 0 in the formula above:
h-1
2

o% + o
x

1 — vy
log E¢ (RtB-H,h) = —log B+ e + pexr + —5aio? + (1= 7)o [sbvcpc

.

- (’7 - ’)/) |fprﬂ%
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and

2 2 Vh ! 2
logEt< t_;’_l h) _,YXD(CU - (1_ ) (Pv(Pd 1 “X

h—2
+(r—7)0 Fwd a+xw

<0

When volatility is time varying, we can rewrite,

Ec(61) e [Ths [(4+ (=9 %) Wy = 1A =D + (A2 + (1 =7 Z2) W2 = F (1= 1) B2 + AW |

BE: [exp [T)p [ (&) + (1= 7)) Wity = 3|0 = D) Z ] + (A1 4+ (1= 7) Z0) Wen = 311 = 1) T

exp (—log B + pc + ¢pext) Erexp [ijg {Tjo'ta];J (D + (1 —9)Z0) Wrya — 3 |(1—9) Zaf* + (A Wiyq + D‘co'twc,t—&-l)}

Erexp [Es [F07, 4] + (82 + (1= 3) %) Wia = 1 (1= 3) Zal + (A1 + (1= 1) Z1) Wisr — 3| (1= 1) T ]

where

1 _Vx Vx

_ 1 1—" \? 1"
¥ = ((fpd—cpc) w) +ai+ (x—1)%a? | +(1-7) [¢v(¢ —¢c) a§+<x—1)a?]

% 2
1_1/ +(X_]‘)IXC

X

2
<<<¢d—¢c> ) +w§+<x—1>2w3) EIORS

X

N =
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replace 7y with 7y to get ¥;

Erexp [Ts [%07,) 4] + (02 + (1= 7) Z2) Wiz — 1 [(1 - 1) 5]
e [oxp [Iloa [F10%, ] + (2 + (1 - ) Z2) Wiz — } (L= ) Z2l + (1 - 7) fostewooa — 3 |1 — ) oo ]|
Erexp [t (Vo4 + Wo42) Ty 0> + (82 + (1= 7) Z2) Wiz = £ [(1 = 7) o]
Erexp [% (VoWg p41 + We p42) Z}':a q’j‘/{;3 + (A2 + (1= 7)) Wegz — 311 =) 2 + (1 = 9) Pottowoip1 — 5 [(1—7) %%‘z] -

. o, o N
Erexp [zx[,vgwmﬂ (E;?:3 ‘I’jv{, +‘P2> +¥5 (02 (1—vo) +vo0?) + %Z;’:3 ‘I’jv{, (2;’ 3‘1’»1/] +2(1—9) z,bv> 4

Eyexp Hz;;ﬂjvf (z;; ﬂjvﬁ%z(lw)%) 2+ ¥, (02(17v‘,)+vg(7t2)+(VUE?:3‘T’-V£73+(17 )%Jr‘l’z) oWy psy — 1] (1— %%\]
exp [a?, [% (11/2)2+%():;?,31?1V{;*3)2+(‘Y2u0 ) o) Tl ¥yl } 2 (o2 (17v0)+v‘70t2)}
exp[ [% (%) + 252 (D Tl ™) o (Favo +10-7) +w (17 )273‘Y]v ] +E (21— + )]
exp [ag [l (¥2)? + (¥avo + ) o) Ty Fivk ] 2 (02 (1—vg)+vl,at2)] _ -
exp [a;, {% (%) (Favo + [(1=7) +vo (1= )] §0) Ty Fod > + A oTa| 4T (2 (1 ve) o)

1 ~ - & . j-2 ~ ~ b s ~ 4 j—2
exp Lag (‘I’% - ‘F%) + (‘I’z — ‘Yz) (0‘2 (1-vs)+ v[,(rtz + a%, Z‘I’ﬂ/{, > +(7F-7) l,lJUIX%, Zé‘l’jv]g —(1—9) l/)vl)l%, Z‘Yﬂ/{,
i=

j=3

1 1 -1
log E¢ (Rfﬂ,h) = —log B + pc + dpexr + (X - 2> alof — (1—7)of [4’0 (a — ¢c) 1_7%(“;% +((x—-1) 0‘3]
~ 1-v2 , 2| (2 2
=1 |00 (0= 90) o0k + (1) ad| (02 (1) +vo0f )
<0
L (9- )+ (8- %) L F T (1) G Y
+a2 |2 (B-9)+ (2 - 2)23 e (=1 % Zé e = ( —7)%; Vo
= = =
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P 1 Vh ! 2 2
log E; (Rt+1,h) = —logf+ pc + Ppexr + (X 2> o ‘Tt —(1- ) Po (Pa — Pc) 7% +(x —1)ag

Vx
~ W, 2 2 2
FT=) [0 (90— 0) T2 a3+ (x—1)a2| (62 (1~ w) + w0?)
x
<0
) _ ho i
+ag (v —1) ¢o Zlijé
~——— —
<0 N——
<0 under < but >0 for sufficiently low 7y
2 1 2 w2 & 4 j L2 i—3
+ag |5 (B-9) + (- ) ¥+ (-0 L ¥l
: ]:

<0 for sufficiently low ¥

Note: we write &, = Th“ k=2 Zh 2P, Zh e 1/(7 3 in the matlab document

To obtain the returns on bonds, and the1r expected excess returns, replace ¢4, oy and x
by 0 in the formula above:

1
log E; (R?Jrl,h) = —logf + pe + Ppexi — 2"‘ cof +(1=7)oi [‘Pv‘l’c

h—2
— vl
-(r=7) ‘PU‘PC o + a7 (‘72 (1—vr)+ Vaatz)
- x
<0
B b
+ag (v—1) ¢y Y ¥
N——  — ;—
<0 [N

<0 under 7y but >0 for sufficiently low ¥

2 Ly g2 A S SN I
+ oy 5 (TB,Z 1Ijz%,z) + (‘YB,Z TB,Z) Y ¥ ive A+ (V=7 ) Yaivi
i=3 =3

<0 for sufficiently low ¥

where
h—i 2 h—i
- 1 11—y’ ~ 1—vy
¥p;=13 (ﬁbcl_ix"‘x) +ag | —(1-%) [vaq?cl_ix“?c +a?
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. 1 1yt ? 5 2 ~ -2,
Yi—Ypj=5 | Pa(pa—2¢) | —— —ax | +ag+x(x—2)ac | +(1—=7) |pope————0ay +a¢
2 1—v, 1—vy
2.2 Vh ! 2
logEf ( t+1 h) = YX& O — (1 - ) ¢U¢d 1_ ‘Xx
Vfc’ 2 2 2
+(r=7) 4’v¢d17“ + xag (‘7 (1-ve) +‘/U‘Tt)
<0
aoE L(h )
+az(y—1) ¢y Y —Y¥p)ve
o = j j) e
<0
<0 under v but >0 for sufficiently low 7y
1 (w2 _ @2 7 h 2
5 ‘F ‘P + (Y- )Y Y _ N ~ i
—I—(X% ZS )2( ) ]~3 ]Uh - 2 +('Y—’Y)1PUZ<T]‘_‘PB,]'>V¢]73
2 (TB,Z - 1YB,z) + (‘FB,z - ‘YB,z) Yi—3¥pjve j=3
[
Using
1 2 2
rep = —log B+ e+ Ppexr — (7 2) a0y
we have
1=y 1-5 1-5
n( Ceon\ Vi1 Viio Viin
Etlp Ct 1] T57 I k=
E; [Vtﬂv} ! Et [Vt+27} ! Epin- 1{‘/t+h} !
1\ 1!
e[ (- 12w
1—y 1-5 1-5
v, v, Viin
Et % % t-‘ril 1N 1 eXp(—¢c (xt+...+xt+h_1)>
51— 1= 5] 17 51— -
E; {Vtﬂq ! Eti1 {VH-Z’Y} ! Etino [me 1} !
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2
exp (—¢cXeyp—1) = exp (“Pc (Vxxt+h—3 + Vet Oy 3Wiin—o + Oéx(Tt+h—2Wt+h—1>)

= exp <—<Pc <Vil_1xt + ay (VQ_ZUtWtH +...+ Ut+h—2Wt+h—1>>>
exp (—¢eXiin-—2) = exp <—(Pc (Vfcl_zxt T &y (V?_g‘ftwtﬂ +...+ Ut+h—3Wt+h—2>>>

exp (—Pe (X4 ...+ xpp51)) =
exp ( L ((1 —v > X+ oy ((1 — ij’l> oW1+ ...+ (1 —vy) ‘Tt+h—2Wt+h—1>>)

1—v,

1=y 1-y 1-7
E, <Ct+h) - Vit Viia Vit
Ct = S1-71T7 o S1-7] 15
E; [Vt+1 } ! Eiiq [VHZ’Y] o Etin [Vmﬂ o
h—1 ] j : h—1
1—v, (11—, - h-1-j  1—vy - 2 2
- —(1— o x _
exp (]; [1 — vy (24’51 — vy ( r)/) (PU)] Vo + 1— Vy ((r)/ r)/) (PU) (PC‘Xx(Tt
We painfully arrive at
h-1 j h—1
1—v 1—v 5 h_1—i 1—v
Zg,t:(z ll—vx< ‘PC x_(l_'Y)‘Pv)]VU L"ﬁ((')’ )‘Pv))‘Pc
j=1 X x

+ ((7—%) 1:£+(7—7)> o
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B.7 Demand for risk

Wealth:
e start with V; homogenous of degree one in {C;, V; 111 }:
av; Av;
VtZ—Ct—FEt( Vit
dCy dVi i1
dv, dVirn
_av C,+E AV AW Vi
e ! g avi AV
dCy AWi 1
and
Vi Vi1
= Ct + E; Ht,tﬂ—dvu+1
dC AWi i1
e remember from above:
Vieri Vi
AV 4V
dWi i1 AWii1
so we end up with
Vi
Wi = v
dcC;
and
/S S A A
C: 1-B\C

which is the standard formula
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e what if the next optimization is at h > 1?

aVi avi
Vi=—C+ E \%
t ic, t + Lt (th,tH t,t+1)
[ avy Vi
_ ﬂ C,+E th,tt+1 AW Vit
e ! ! avi dViii
L ac; AW
[ dv, aVir
ac % T AV
A% [ dViyo
= — |G+ E; | IT C IT
ac; | t t Lt ( tt+1C1 + t’t+2dCt+2

we still obtain

Wi =

e whenp =1, C; = aWW;

Market returns:

e long-linearization of market returns:

Piy1+Dip1 _ Dy 1+ Pri1/Dia
P Dy Py / Dy

Ripq =

i1 = Adpy1 +kizepr — 20 + Ko
where z; = log % ; from earlier calculations, z; = Ay + Aq1x¢, so

Tmt+1 = Am,0 + Am1Xt T XXcOtWe p+1 + X2&x0tWy p+1 + Xg0tWq4 111
diy1 —dr = g + Paxt + X0cOrWe i1 + g0 W4 p41
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e to simplify, we assume 0; =

Pmi+1 = Wm + (k1vy — 1) Apxy 4+ x@eowe pr1 + k1 AWy 11 + 0qw4 141
= Um + (‘PC - (Pd) Xt + OmWyy t41

= Umt + OmWpy 141

_ €& _ $a—
and ki = 155, A1 = {0

e portfolio investment 6:

et = Rf + 6; (Rm — Rf)
= Ry (146 ("7 —1))

if log-normal:

r 1, r —rifio2

E (e'ri+1) = yp+§0p =e'/f <1+9t <eV’” fr2%m —1>>
first-order approximation:
1 2

Tpit1 — 1f =0 (Vm,t+1 - ff) + §9t (1—64) oy

st E (rpss1) =7f + 0 (e —75) + 3602
One period optimization:

1-8 ~ B
V: = C, "R (V,
f {ra% i "Ri (Vis)

s.t.

Wt—l—l = (Wt — Ct) e+l
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By homogeneity in the value function, we have V; = V (x;) W;, V; = V (x;) W; and C; =
aW;, so the optimization becomes:

V(x;) = ?13)§ P (1 — ,X)ﬁ Ri (V (x141) el’p,t+1>:8
&0t

so 0y is chosen to maximize:

log Ry (7 (x111) 1) — -

1
log E exp [(1 -7) <77(Xt+1) + 0 (it — Tf s + OnWie1) + Eet (1—6) 0%)]

o If cov (Wy 141, Wy t+1) = 0, we get back to the standard myopic demand:

1 1
max (91} (ym,t — rf,t) + E@f (1 — 9,5) 0',%1 + 59% (1 — ’)/) 0',2,1)

s0:
1, 2
(i —15p) + m — v8;07, =0
i.e.
E (Rm — Ry)
Or=——" 5~
YO0

e When cov (wy, t+1, Wy t+1) 7 0, we get:
max (Gt (Mt —15p) + %Ht (1—6) 02 + % (1—7) (9?0,31 + 2007 c0v (5(xt+1),wm,t+1)>)
SO:
(s~ a) + 2% — 10+ (1= 1) (0200 (3(x141), Wing1)) = 0

ie.

o, — ERn—Ry)  (1=7) cov (6(xts1), Wr41)
’)’0'1%1 Y Om
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which combines the standard myopic demand with the hedging demand due to the
predictability of consumption growth shocks.

Two period optimization:

1-8 1-B.55 o \B\P
V= C, PR (C PR (W
'T ooy ! (Gt R (72))

s.t.

r
Witz = (Wp — Cispyn) e'pi+2

As above, we have V; = V (x;) Wy, Vi = V (x¢) Wy and C; = a1 Wy, Ciyq = asWiRs so the

optimization becomes:

_ _ < ~ p
V(xt) = ( ma>{<9} (‘X% g (‘XZRf)ﬁ(l 2 (1— (a1 + “2))/32) Rt (Rt+1 (V (xt42) erwﬂ)ﬁ)
aq,02,0¢

We have:
1 2
Fpi+2 — i = O (Vm,t+2 - rf,t,Z) + §9t (1—6:) 030

Tmp+2 = Ymp+1 + Fmp+1,642
= 2Um + (Pc — Pa) (1 +vx) Xt + (P — Pa) @xWy p 41 + OonWps g1 + ConWisp 42

= U2+ ((Pc — Pag) Xx Wy t1+1 + OnWi t4+1) + O Wiy 42

so getting rid of the terms that do not affect the optimization,

log Riga (V (xp42) €7442) = ovaxyin + 0; (M2 — o + (P — Pa) €Wy i1 + Wi p1))

1
+ 500 (1= 600) 7
1 - ~
+5 (1—7%) (6%0,%1 + 26;0,,c0v (v(xtH),wm,tH))
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and therefore

- . Pov2x; + 0f (Hmpro — Tri2) + 50¢ (1 — 6;) 02

log R+ (Rt—i—l (V (xt42) erp,t+2)ﬁ) =B ( 1U X ) (2 n; f ) ~2 m,2>

+3 (1 — %) (0705 + 26:01c0v (3(x11), Wi ei1))

1
1P 0 (22
so 0; is chosen to maximize:
Ot (Hmpr2 — Trep) + 50¢ (1—64) 02
max ¢ +4 (1 — ) (0202 + 20,0c0v (0(x141), Wy 41))

+3B(1—7) 67 (051,2 - 051)

At horizon h > 2, we expand to get:

Pt = Tfph+ 300, + (1= %) 0mcov (3(x41), Wit 41)
+6; (3 (1= B) (1= 7) = B(y+ (1= p)2,,) =0
+0: (v = 7) B (02, — o2, + 02 (52))

where (712,}1 is the variance of the w; 1 shocks in 7, ;4.
when B ~ 1:

itk — T+ 300, + (1= F) 0mcov (3(xy41), Wi e 11)
+0: (=702, =0
+0 (v —9) <‘772n,h - ‘712,h>

and
E(R,;Z;hZ_Rf) (1 . ,7) Untcov(ﬁ(,)i;—gl)/wm,t-ﬁ-l)
D AR W G
il _ S T _ %
1 + v (1 Ur%z,h > 1 + v ( 031,}1)
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with no predictability, we would get:

1 E(Ru—Ry)

14+ (7;7) b Y02,

0 =

with B:

Hnh = Tfh + 30 + (1= F) 0mcov (3(xp41), Wy e41)
2
~o, (Br+ (=) (B+ (-1 G )) =0

m,h

+0: (v —7) B (‘T;Eq,h — o}t oy (%))

and

w +(1—7%) Cov(vﬁl
0= <57+(1—ﬁ) (ﬁ+(7—1)%>)+(7—7) (1_Z§;+%<%>>

Both the myopic and the hedging demands are increased by 4 > < when the horizon

of optimization is i > 1, as long as cov (wWy t41, Wy t+1) > 0.

C Approximation for g ~ 1

As in Appendix B, consider the simplified model with only two levels of risk aversion:

1

Vi = {(1 —B)C, P+ B (Rm (‘ZH))PP} o ,

1

Vi = [(1 — ,B)Ctlip +p (Rt,’7 (‘7t+1))1_p} o ,

where 1

R (X) = (Et (XH)) =

81



Also, as in Appendix B, take the evolutions:

Ct41 — Ct = U+ Pext + acoiWiiq,
Xpy1 = VaXp + ax0;Wipq,

2 2 2 _ 2
U1 — 0" =1 ((Tt -0 ) +acWiyq,

and suppose the three shocks are independent. (We can relax this assumption.)

For B close to 1, we have:

N\ 1-7 ) - 1-5
\4 ~ ﬁ%Et Vi1 G
Cs Cit1 G

- N\1-
and eigenfunction <V /C ) !

1—

<

[

This is an eigenfunction problem with eigenvalue

known up to a multiplier. Let’s assume:
O — ¢t = flo + ot + Po0t.

Then we have:

e Terms in x; (standard formula with g = 1):

$o = ¢ (I — VX)_l

e Terms in (thz

e Constant terms:
~ 1 -
logp =~ (1-p) (Pl + o0 (1= v0) + 5 (1) 1/)5063)

we verify the solution for § is such that § < 1 and B ~ 1. We find that, as long as
¥ <5,B<1« p<1;and B = 1is easily satisfied even for very low levels of p. e.g.
in the calibration of Section (3.2),1 > B > 0.9988 for p = 0.2 and § < 5.
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For B close to 1, we have:

and therefore:

o~y = 3 (v = 7) [ (2 + 432) oF + ],

The stochastic discount factor becomes:

T pi1 = 70 — YacOWit1 + (0 — 7) Pottx0: Wi i1

Vo

=+ A=) (=) T | oo,

where

ﬁmﬂ%ﬁ—mk—mwr%w~w%ﬂ—ﬂ(Kﬁ+%ﬁ)ﬁ+$ﬁﬂ)

F(1-p) 5 (r=7) [(a2+932) (ve0? + 0> (1~ v0)) + a2

1 1-— -
7= == pgeri = (1= p) 3 (2 ) ({2 - (7-7)) 2 (1= w)

(1— ) §2a?

(0= (=7~ (1 =p) (v =) vo) ([ (a2 +93e3) o)

NI DN
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The risk-free rate is defined as ¢ = —log E¢ (I1;11) :

1 ~5 -
rip = petppexe+(1—p) 5 (o2 +¢2a2) (11_—7 —(r— 7)) o (1-vo)

Vo

2 1—v,1%] .
+3[0=0 ==+ A-p (=P T2 ;szai

1
2
£ (0= =1~ (=) (v =) we) ([ (2 +9%2) F])
— 5 (a2t + (o 1) giaoR)

Note the risk-free rate now depends on 7. U

C.1 Term structure of returns
C.1.1 General claims

To make the problem as general as possible, we analyze horizon-dependent claims that

are priced recursively as
Yy = Et [ 411Gy i1 Yirrn-1]
that is
1
Yen = B[ + Sy t+1 T+ Yir1p—1] + EVal‘t(ﬂt,tH + 8y t+1 T+ Yit1p-1)

where

Syt+1 = Py + Pyxi + lprtZ

+ Xy, cXcOtWe 111 + Ry, xXxOtWy t 41 + &y, olho0tWe, 11 + Ry dXq0tWq ¢ 41,

and Yo = 1.
Guess that
Yt,h = exp <ﬁy,h -+ (Py,hxt —+ lpylhO'tz> )
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Suppose h > 1, then:

Tpr1 = 7 — YucOWigq + (P — ’Y) Pox 0 Wiiq

1—=vs| -
+ (=M +1-p)(r—7) 1_75 PotteWit1,

(_
7Tt

iy + pyxi + Pyo7

iy 1+ PyuaVaXe + Py o1 (02 (1= vy) + v007)

+ (=7 + ay,c) a0t Wip1 + ((0 — 1) Po + ayx + Pyn—1) X0t Wipq
+ ( [(p 1)+ A=) (r—7) ﬁi’ﬂ Yo + ayo + lpy,hfl) ao Wi

oy g0 g0t W1

log I1; 411Gt i1 Yip1 -1 =

where

=== pgeri— (1= )3 (2 +ed) ({1~ (r=7) ) 2 (1= )
(1= 7)" P05

((o—7) (=)= (1 =p) (v =7 vo) (| (2 +92a) o?|)

NI~ DN~

Matching coefficients, we find the recursions, for h > 1:

e Terms in xy:

Pyn = —pPc + Py + Py p_1Vx

1—yh
= Pyn = (—p¢c + Py)

X
1_Vx

e Terms in O'tz:

~ 1 _ -
Gy =—5 (=7 A =7) = (1= ) (y =) vo) (o + ¢202) + P 1vo + 9y

1
5 (v + @)+ (0= 1) po+ g+ pyi1)” 0+ o)
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e Constant:

~ - 1 1—7v -
Hyh — Hyh—1 = —Hc — (1-p) 5 <‘X? +<Pz2;“§) (1_—7 —(r— ’Y)) o (1—vy)

Vo
—_ ~ o 2 —
w3 ([e-n+a-po-1TZE|draotduna) -0 —wzw%] 2

oy + 02 (1= ve) Pyus

Note only both the constant terms {i,; } and the loadings on the volatility shocks{, ; }
are affected by the wedge between y and 7.
O
In line with the specification of van Binsbergen and Koijen (2016), we consider one-
period holding returns for these claims of the form

Gye41Yer1n-1 Gy t+1Yr+1,n-1

Yin  E[T41Gy i1 Yir 1)
o B ] Gy Yepin
~ E (1Tt 411Gy 1 Y1)

Y
1+Ripq ), =

with the risk-free rate .

Rep = ———.
f E[IT; 444]

In line with the specification of van Binsbergen and Koijen (2016), we also consider one-

period holding returns for futures on these claims of the form

Y
1R, GyraYiiin1 By

EY
REY 41— -
t+1,h 1+ R?—&—l,h Yt,h Bt-l—l,h—l
_ Gyt+1 Y4101 Et (Tg441Bri1,0-1)
Et (IT4 411Gy 411 Yt 1,0-1) Bii1n—1

where B, j, is the price of $1 at horizon F, i.e. the price of a Bond with horizon h.
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Their conditional Sharpe Ratio is

SREY E(1+R7,) —1
(Jvan (1+RE)
(1R 1
Et(( <RI - (B (14 RE,))

{0 (yory,co — (ayx + Pyp—1—Pppu-1) (0 —7) Po+ Pon—1) a%)

(3 + Pyt = Boi) ([ (0= 1) + (A=) (v = 7) 2| P+ P ) 03

N s 2
07 (03,02 + (g + Pyt — Qo) G+ a2 d“d> + (g0 + Pyp1— Popn1)” a3

C.1.2 Bonds

Let the price at time ¢ for $1 in h periods be B, , with B; g = 1. For h > 1, we have
By = Et[I1141Bri1n-1]
This is the general problem from above with g, ;11 = 0 for all t and therefore
by = fipj + Popxe + Pon0t,

with

1—1/h

Pop = —PPe7

Vx

Fon=—5 (0= (1=7) ~ (1= p) (v = D we) (a2 + 4302) + Puprve

1
+ 5 (7 aZ+ ((p—7) o+ <Pb,h—1)2 0‘?{)
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C.1.3 Dividend strips

Let the price at time ¢ for the full dividend Dy, in h periods be P, ;, with P,y = D;. Then

forh > 1:
Py, Dii1 Pyt
— = E; ( T1 B e
t ( ti+1 Dt Dt+1 s

which is the general problem from above with
Spt+1 = der1 —dr = pg + Paxe + xac0tWii1 + aq0: Wiy g,

for all t and therefore
Prn—dr = Hpp + Panxe + P07,

with

1—vh
Pajp = (—p¢e + ¢a) 17— ”

Pan =3 (0= (1—7) (1= p) (v = V) ve) (a2 + ¢33 + fagre

((—r+207a2+ (0 =) 9o + Pap-1) & +3)

NI =

_|_

~ ~ 1 1—7 ~

on =Tyt === (1=p) 3 (12 +¢22) ({50~ (0= ) 2 (1= w0
. _ _ 2

w5 [(Je-n+ra-p -T2 ot dun) —(1—7)2@%] 2

g+ 0% (1 =) Pap

For the dividend strips, the spot one-period returns are given by

Pri1p—1/Di1 Digq
Py, /Dy Dy’

p
Rt+1,h +1=
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1 1—7 -
108( t+1h+1) :Vc+(1—P)§<“g+¢z2;“§) (d—(’Y—’Yo o (1—vo)

1 2
)b ) -~

2

(Je-n+a-p@a-7i=E

+ ppext + (Pap_1Ve — Pap) 07
+ Pan-106eWei1 + Pa p—10x0:Wii1 + X0c0:Wiiq + 230t Wiiq

the conditional expected one-period returns are
. 1—=vs| ~ - ’
Er (Rfb1, 1) = constant (nh) = | (p =) + (1= p) (7 = 7) 7= | Budfasr0d

. - 1
+ (Pap—1Ve — Pap) of + (4’d h— 1“2‘7t2>

E; (Rf+1h+1) ~ constant (in h) — {(p—v) +(1=p)(r=7) 7 = } Yoap-145

— ((0 =) poapn—1) 4307

Fo (REas) = B (REasr) = |00+ 000 (=) 5= o G~ i)

<0
h h—1
Vy —V
+ (7 = 0) o (o — ¢a) 7 — —az0t
>

Weneed (¢, — P4 ,—1) > 0to generate a downward sloping term structure. If ({3, — Pz ,—1) <
0, then the returns are upward sloping, but less so in our model.
Note, that the returns are MORE upward sloping when ¢} is high...
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The future one-period returns are given by:

REP 41— 1+Rt+1h

e 1+ Rt+1 h

1 1—7 ~
log(RfH’h—Fl) Zyc+(1—p)§<tx3+¢%¢x§) (1_11—(7—7)) % (1—vy)

1
2

+0¢ext + (Fap-1Ve — Pap) 07
+ 1/3d,h_1ocgwt+1 + Pap—18x0tWip1 + xacot Wi g + a0 Wi

(Je-n+a-pir-ni=%] %wd,hl)z—(l—v)z&%] =

log (RtFerlh + 1> = - ({(P —N+A=p)(r=7)7 = } Yo (Pap—1— Ppp1) + % <l/7§,h—1 - lp%,h—l))

+ (Pan—1—Pop—1) Vo — (Pan — 'Pb,h)) ot
+ (Pan-—1— Pon—1) kWit + (Papn—1— Pop—1) 2x0tWii1 + xxc0t Wi + agoeWiiq

} Yo + Py 1) (Pap—1 — Pop1) | a5

J/

B (R, 1) == | (Jo-m+ -0 -7 1%

[

-~

>0 and increasing

+ [ vxad + (v =) o = Pui1) (Pap—1 — Pon1)ad | of

NV
>0 and increasing
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Note:

Pan— Pon = Pap—1 — Popu—1) Vo

1 1 1
+ 1 x (EX - ’Y> g + ((P =) o+ 5 (Pap+ <Pb,h1)) (Pan—1 = Pou—1) & + 50
———— ~ ~— ~ R S~~~
<0 <0 for y high enough =0 =0

the sign depends on the parameters. But if it is positive increasing, y reduces the down-
ward impact of it on the term structure of expected returns. Only if it is negative and de-
creasing does our model help relative to the standard model, but then the slope is upward
sloping....

Note, a higher 0; means a MORE upward sloping term structure again. ]
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Internet Appendix

IA.1 Alternative derivation of stochastic discount factor

This appendix derives the stochastic discount factor of our dynamic model using an ap-
proach similar to the one used by Luttmer and Mariotti (2003) for dynamic inconsistency
due to non-geometric discounting. In every period t the agent chooses consumption C;
for the current period and state-contingent levels of wealth { W1 ¢} for the next period to
maximize current utility V; subject to a budget constraint and anticipating optimal choice

C*

i+, in all following periods (h > 1):

1
p

max ((1—,3) Ctl_p—i—ﬁEt[(V:tJrl)lw]l_ﬁ) _

CtAWis1}

s.t. IT:Cy + E¢[I1; 11 Wiiq] < ITiW;

1
1-p

A= \ 1-p
Viten = ((1 —B)( ;k+h)1 * 4+ BEisn [(V:t—&-h—&-l)l %H} 1_7}1“) forall h>1.

Denoting by A; the Lagrange multiplier on the budget constraint for the period-t problem,

the first order conditions are:2°

e For C;:

1

1p \ T
1- 1— = _
<(1 —B)C, " + BE: [Vt,tﬁl] 71) (1-B)C = A
e For each Wi 1 :

1 1-p 1—v 11% 1_p_1 d 1—v 11%
_ - -1 -n -7 -n
1—o 0 ((1 5) C; "+ BE: [Vt,tﬂ } ) 5th+1,s'BEt [Vt,t+1 }

i,
=Pr{t+1,s Z At
[ T
ZFor notational ease we drop the star from all Cs and Vs in the following optimality conditions but it
should be kept in mind that all consumption values are the ones optimally chosen by the corresponding
self.
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Combining the two, we get an initial equation for the SDF:

1-p
1 1 i _r 1-7 | T=m
Il 8 T—p Pr[t+1,s] AWy 15 ~t| " Ht+1 1

I 1 1-p)c”

(23)

The agent in state s at t + 1 maximizes

1
1—p \ T-p
1- 1—v] =97
<(1 - IB) Ct—&-is + ﬁEH-LS [(Vtil,s,t+2> ,h] 71)
and has the analogous first order condition for Cy 1 :

1-p

1
1-p
1— 1— =7 _
<(1 —B) Ct+1p,s + BEr+1s [Vt+17/sl,t+2} 71) (1-p) thl,s = Atiis.

The Lagrange multiplier A;; 1 ; is equal to the marginal utility of an extra unit of wealth in
statet + 1, s:

1
1 1- 1- AN
Aif1s = T—p <(1 - B) Ct+1p,s + BEti1,s [Vt—H,,YSl,H—Z] "

d

1-p
1—p 1— T—y
X th—l—l,S ((1 - ﬁ) Ct+1,s + 5Et+1,8 [Vt+1,sl,t+2} 1) :

Eliminating the Lagrange multiplier A1, and combining with the initial Equation (23)
for the SDF, we get:

1
1 d plyln|tn
Ilip1s 8 P+ 18] AWsy 1, =t | V41

Ht d 1 Cl_P E Vl_'h T-1
AWy i1 s ( —,B) t+1,s+r3 t+Ls | Vitd,s,t42
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Expanding the V expressions, we can proceed with the differentiation in the numerator:

I BUREETS e
1— P —p
It_El,S = E; ((1 —B) CtHP + BEi 1] ”]172>
1-71 1
1-p 11:P T—p

x((1=B) Ct+1,s + IBEt+1,S[' N

d 1-p 117;9

dWii1,s (1 o 'B) Ct+1,s + .BEt+1,s[- .. ] 72

xp

1—p

(Ct+1,s ) —F (24)
(1 B)CI b 4 BEl ) N O
th+1,s [3 t+1,5 IB t+1,s -

For Markov consumption C = ¢W, we can divide by C;, 1 ; and solve both differentiations:

e For the numerator:

d 1-p 1-p = TR
(1 - IB) Ct+1,S + ,BEf+1,S (1 - ﬁ) Cf—|—2 + ‘BEt+2[ . ] 73
th+1,s

1- 10\ °
= | (1= B) 1+ BEsy1, ((1—,3)(Ct+2) p+,5Et+2[---]1"Y3>

Ct+1,s

1=p AP
x (Pt—i— 1,5 Wt+1,s :
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e For the denominator:

1-p
1— T
d 1-p 1-p = |
AW, (1-p) Ct+1,s +BEt1s | | (1—PB) Ciip T BEti2f...]Tm
,S
1-p
1- T—q7
Cra \'° 1p |
= | (1=B)1+BErs| | (1—=P) (Ct+1 ) + BEraf...]Tm
/S
% (Pl—p WP
t+1,s" "t4+1,5°
Substituting these into Equation (24) and canceling we get:
- _ 1
1I-7 | 1=,
_ _ 1=p \ T-p
(1= B Clifu+ BErias | (1= B CIf + pEal... 75 )
Ht+1,s _ | i
I [ -1 11—%%71
_ _ 1p \ T
(1= B Clif,+ Bcons | (1= B CLE + BEal ] )
) ) p—m

1-p

17 —
(1-8) Ct+1p,s + BErs1s[---]T2

1-p
1-79

E: [((1 —B) C3+_1p,s + BEt1[. -]

Simplifying and cleaning up notation, we arrive at

P—m
My = B (Ct+1)_p Vi1 (Vt,t+1>1_p
i Ct £ [yl-n = Vi ’
t[ t,t—&-l}

as stated in the text.
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IA.2 Additional figures

3 Term-structure of Bond Expected (one-month holding returns), p=1
T T T T T

HDRA with ¥ ~ 1,y = 10
HDRA with 5 =
4L HDRA with 3 =

Annualized returns (in %)

o B

T

/

/

/

/
i

HDRA with ¥ = 5,7 = 10
EZ model, ¥ = y = 10
5L ]
6 ]
7 I I . . .
0 100 200 300 400 500 600

Horizon n, in month

Figure IA.1: Term structure of bond returns under horizon-dependent risk aversion (HDRA)
and Epstein-Zin (EZ), with the calibration of Table 1. Returns are conditional, with state vari-
ables set at their means: x; = 0 and 0; = 0.

Term-structure of Dividend Strips (Exg d one-month holding returns), p=1
T T T T
HDRA with 5 ~ 1y = 10
HDRA with 10
It HDRA with 10
HDRA with 10

EZ model, 7 = v = 10

Annualized returns (in %)
\
\
\
\

4 I I I I I
0 100 200 300 400 500 600

Horizon n, in month

Figure IA.2: Term structure of dividend strip expected returns under horizon-dependent risk
aversion (HDRA) and Epstein-Zin (EZ), with the calibration of Table 1. Returns are conditional,
with state variables set at their means: x; = 0 and 03 = .
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gearm-structure of Dividend Strips Sharpe Ratios (one-month holding excess returns), p=1
. T T T T T

HDRA with ¥ ~ 1,y = 10

0.7 |- HDRA with 7 = 2,y = 10
HDRA with § = 3.y = 10
HDRA with § = 5.7 = 10
EZ model, § = v = 10
06k T=7

0 100 200

300 400 500 600

Horizon n, in month

Figure IA.3: Term structure of dividend strip unconditional Sharpe ratios of excess returns

under horizon-dependent risk aversion (HDRA) and Epstein-Zin (EZ), with the calibration of

Table 1.

Term-structure of Bond expected returns for buy-and-hold strategies, p=1
T T T T

3.1 T

29+ /
/

281 /

/
27+

y/

26F |

/
25
241

231

22 I I

4 5 6 7

Horizon n, in months

Figure IA.4: Term structure of of bond returns under illiquid buy-and-hold strategies, under
horizon-dependent risk aversion (HDRA) and Epstein-Zin (EZ), with the calibration of Table 1.
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Term-structure of Divi
25 T

Strips
T

returns for buy-and-hold strategies, p=1
T T

HDRA with § ~ 1,y = 10
HDRA with ¥
HDRA with ¥
HDRA with ¥
EZ model,

Figure IA.5: Term structure of dividend strip expected excess returns under illiquid buy-and-
hold strategies, under horizon-dependent risk aversion (HDRA) and Epstein-Zin (EZ), with

the calibration of Table 1.

Horizon n, in months
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