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Abstract

Binscatter is a popular method for visualizing bivariate relationships and conducting informal
specification testing. We study the properties of this method formally and develop enhanced visualization
and econometric binscatter tools. These include estimating conditional means with optimal binning and
guantifying uncertainty. We also highlight a methodological problem related to covariate adjustment that
can yield incorrect conclusions. We revisit two applications using our methodology and find substantially
different results relative to those obtained using prior informal binscatter methods. General purpose
software in Python, R, and Stata is provided. Our technical work is of independent interest for the
nonparametric partition-based estimation literature.
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1 Introduction

The classical scatter plot is a fundamental visualization tool in data analysis. Given a sample of
bivariate data, a scatter plot displays all n data points at their coordinates (x;, i), i = 1,...,n.
By plotting every data point, one obtains a visualization of the joint distribution of y and . When
used prior to regression analyses, a scatter plot allows researchers to assess the functional form
of the regression function, the variability around this conditional mean, and recognize unusual
observations, bunching, or other anomalies or irregularities.

Classical scatter plots, however, have several limitations and have fallen out of favor. For example,
with the advent of larger data sets, the cloud of points becomes increasingly dense, rendering scatter
plots uninformative. Even for moderately sized but noisy samples it can be difficult to assess the
shape and other properties of the conditional mean function. Further, with increasing attention
paid to privacy concerns, plotting the raw data may be disallowed completely. Another important
limitation of the classical scatter plot is that it does not naturally allow for a visualization of the
relationship of y and = while controlling for other covariates, which is a standard goal in social
sciences.

Binned scatter plots, or binscatters, have become a popular and convenient alternative tool
in applied microeconomics for visualizing bivariate relations (see Starr and Goldfarb, 2020, and
references therein, for an overview of the literature). A binscatter is made by partitioning the
support of x into a modest number of bins and displaying a single point per bin, showing the
average outcome for observations within that bin. This makes for a simpler, cleaner plot than a
classical scatter plot, but it does not present the same information. While a scatter plot allows
one to display the entirety of the data, a binscatter shows only an estimate of the conditional
mean function. A binned scatter plot is therefore not an exact substitute for the classical scatter
plot, but it can be used to judge functional form, provide a qualitative assessment of features such
as monotonicity or concavity, and guide later regression analyses. Handling additional covariates
correctly is a particularly subtle issue.

In this paper we introduce a suite of formal and visual tools based on binned scatter plots to
restore, and in some dimensions surpass, the visualization benefits of the classical scatter plot. We

deliver a fully featured toolkit for applications, including estimation of conditional mean functions,



visualization of variance and precise quantification of uncertainty, and formal tests of substantive
hypotheses such as linearity or monotonicity. Our toolkit allows for characterizing key features of
the data without struggling to parse the dense cloud of large data sets or sharing identifying infor-
mation of individual data points. As a foundation for our results we deliver an extensive theoretical
analysis of binscatter and related partition-based methods. We also highlight a prevalent method-
ological problem related to covariate adjustment present in prior binscatter implementations, which
can lead to incorrect estimates and visualizations of the conditional mean, in both shape and sup-
port. We demonstrate how incorrect covariate adjustment in binscatter applications can mislead
practitioners when assessing linearity or other hypothesized parametric or shape specifications of
the unknown conditional mean.

The concept of a binned scatter plot is simple and intuitive: divide the data into J < n bins
according to the covariate x, often using empirical ventiles, and then calculate the average outcomes
among observations with covariate values lying in each bin. The final plot shows the J points
(Zj,9j), the sample averages for units with x; falling within the jth bin (j =1,2,...,J). Further,
by plotting only averages, discrete-valued outcomes are easily accommodated. The result is a figure
which shares the conceptual appeal, visual simplicity, and some of the utility of a classical scatter
plot.

In a binned scatter plot the J points are then used to visually assess the bivariate relation between
y and x. Because each of the J points in a binned scatter plot shows a conditional average, i.e., the
average outcome given that x; falls into a specific bin, using the plot to examine the conditional
mean is intuitive. The primary use is assessing the shape of this mean function: whether the
relationship is linear, monotonic, convex, and so forth. In applications, a roughly linear binscatter
often precedes a linear regression analysis. Indeed, we provide formal results which justify such an
approach in a principled, valid way.

Figure 1 shows an example of this construction using the data from Akcigit et al. (2022, AGNS
hereafter). This recent paper will serve as a running example throughout the text to illustrate our
main ideas and results using real data. AGNS study the effect of corporate and personal taxes on
innovation in the United States over the twentieth century. Figure 1(a) presents a raw scatter plot

of log patents and the variable of interest, transformed marginal tax rates.! Despite a sample size

1The authors use the logarithm of one minus the 90th percentile marginal tax rate or, equivalently, the logarithm



of about 3,000 observations it is difficult to draw any inferences about the data from the scatter
plot. (Section 5 studies a much larger data set.) Figure 1(b) shows a binned scatter plot being
constructed, with the raw data in the background, and 1(c) isolates the binscatter, and overlays a
linear regression fit. Graphs like 1(c) are often found in empirical papers. An important note is
that although the binned scatter plot invites the viewer to “connect the dots” smoothly, the actual
estimator is piecewise constant, as shown explicitly in Figure 1(d). Though graphically distinct, this
is formally identical to the dots in Figure 1(c). Figure 1 also highlights the fact that although the
averaging is useful for evaluating the conditional mean, it masks other features of the conditional
distribution which may be important to the subsequent analysis. This presents a clear limitation
to the usefulness of binscatter methods for visualization and analysis. Note how much information
is lost in moving from Figure 1(b) to 1(c). Our later inference tools help to remedy this limitation
by augmenting the binned scatter plot with formal uncertainty quantification.

It is common practice to use additional control variables and fixed effects when constructing a
binscatter. The standard plots, like Figure 1(c), will often be made after “controlling” for a set of
covariates. This turns out to be a subtle issue, as the controls affect the visualization as well as the
degree of uncertainty. Even the common practice of adding a regression line to a binned scatter
plot is not straightforward to do correctly. We highlight important methodological and theoretical
problems with the commonly used practice of first “residualizing out” additional covariates before
constructing a binscatter. This is only formally justified when the true function is linear. Instead we
show that the shape and support of the conditional mean can be incorrect when employing common
practice. Figure 2 shows the practical importance of this issue by revisiting AGNS. Their benchmark
specifications study the relation between log patents and marginal tax rates utilizing a rich set of
control variables including fixed effects (see Table IT and Figure I in AGNS). In their macro-level
approach, the authors show that higher taxes negatively affect the quantity of innovation. Figure
2(a) is inspired by Figure I(A) in the original paper. Comparing the x axis to the raw scatter plot
of Figure 1(a) we see the distortion of the support. Figure 2(b) is the correctly scaled plot in the
original paper; it is essentially uninformative about the shape of the mean. Finally, Figure 2(c)

shows the corresponding results using our corrected covariate-adjustment approach.

of the 90th percentile marginal net of tax rate. This transformed variable implies that a positive relation between y
and z implies that higher marginal tax rates are associated with lower quantity of innovation.



Figure 1: Illustration of Binned Scatter Plots. This figure illustrates the construction of a binned
scatter plot using data from Akcigit et al. (2022). The dependent variable is the log number of patents per
state per year, and the independent variable is the log of the marginal net of tax rate for 90th percentile
earners. No control variables are included.
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We provide an array of results and tools for binned scatter plots aimed at improving their
empirical application. We improve on the estimation of conditional mean functions and provide
tools for quantifying uncertainty. To facilitate our analysis, we first demonstrate that a binscatter
is a nonparametric estimator, and we provide a modeling framework that enables formal analysis,
allowing us to deliver new, more powerful methods and to resolve conceptual and implementation
issues. We clarify precisely the parameters of interest in applications, both for visualization and
formal inference. Our framework centers around a partially linear model, wherein we show how
to control for additional variables in a principled and interpretable way, and discuss why prior
implementations are not recommended.

Within our framework, we also discuss the choice of the number of bins, J. We elucidate how



Figure 2: Covariate Adjustment. This figure illustrates the role of covariate adjustment in the construc-
tion of binned scatter plots using data from Akcigit et al. (2022). The dependent variable is the log number
of patents per state per year, and the independent variable is the log of the marginal net of tax rate for 90th
percentile earners. The additional control variables are the lagged corporate tax rate, lagged population
density, personal income per capita, and R&D tax credits, along with state and year fixed effects. The left
plot is inspired by Figure I(A) in Akcigit et al. (2022) using 50, rather than 100, bins (when the corrected
covariate adjustment is used there is insufficient variation in the variable of interest to feasibly accommodate
the larger choice of bins). The middle plot is a correctly scaled version of the left plot. The right plot
presents the binned scatter plot using the correct covariate adjustment approach. Binscatter estimates are
based on weights of each state’s 1940 population count.
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the choice of J relates to the interpretation of the binscatter plot and its role in nonparametric
estimation. When we use a binscatter to recover the conditional mean function we must assume J
grows with the sample size as is standard in semi- and nonparametric inference. In this case, we
provide data-driven methods for an optimal choice of J. We can also consider a fixed, user-chosen
J, which may yield a simple and appealing visualization of a coarsened version of the conditional
mean. For example, selecting J = 10 has a natural interpretation of comparing average outcomes
in different deciles of the distribution of x;. Our results also apply in this case.

We then turn to uncertainty quantification. For visualization, we provide confidence bands
that capture the uncertainty in estimating the conditional mean or other functional parameters
of interest. A confidence band is a region that contains the entire function with some pre-set
probability, just as a confidence interval covers a single value, and is thus the proper tool for
assessing uncertainty about the regression function. Confidence bands can be used to visually assess
the plausibility of parametric functional forms, such as linearity. Confidence bands partly restore
the uncertainty visualization capability of the classical scatter plot by capturing how certain we

are about the functional form of the conditional mean. Further, our confidence bands are explicitly

functions of the conditional heteroskedasticity in the underlying data. Delivering a valid confidence



band requires novel theoretical results, which represent the main technical contribution of our work.

Figure 3(a) shows a confidence band for AGNS, relying on our data-drive choice of J and robust
bias correction methods to ensure the inference is valid. The binscatter itself is quite linear in
appearance, in contrast with the original Figure 2(a). Moreover, Figure 3(b) shows that a linear
function can be drawn within the confidence band (red line), so we can validly conclude that
linearity is consistent with these data. In this case, our novel methods bolster the case for the
paper’s original linear regression analysis. (In Section 5 we show an application where linearity
is not supported, but our methods nonetheless reinforce an empirical conclusion and extend it in

economically interesting ways.)

Figure 3: Confidence Bands. This figure illustrates uniform confidence bands using data from Akcigit
et al. (2022). The dependent variable, independent variable, and controls are the same as in Figure 2.
Binscatter estimates are based on weights of each state’s 1940 population count using the optimal number of
bins as described in Section 3. Shaded regions denote 95% nominal confidence bands using a cluster-robust
variance estimator with two-way clustering by year and state x five-year period.
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The paper proceeds as follows. We next briefly review the related literature and summarize
our technical contributions. Section 2 formalizes binned scatter plots as a nonparametric esti-
mator, including clarifying the parameter of interest and the correct method for adding control
variables. Section 3 discusses the choice of the number of bins J. Section 4 studies uncertainty
quantification for both visualization and testing. Throughout, we use the application of AGNS
for illustration. In addition, Section 5 contains a second application, where we revisit Moretti
(2021). Both applications highlight the usefulness of our results in empirical settings. Section 6
presents our main theoretical results and further discussion of the technical contributions of the

paper. Finally, Section 7 concludes. An online Supplemental Appendix (SA hereafter) provides



additional discussion and detail omitted from the main text, proofs of all our results, and a thor-
ough account of our technical contributions. All of our methodological results are available in
fully-featured Stata, R, and Python packages (see Cattaneo, Crump, Farrell and Feng (2023a) and

https://nppackages.github.io/binsreg/).

1.1 Related Literature

Our paper fits into several literatures. Our work speaks most directly to the applied literature
using binscatter methods, which is too large to enumerate here. Starr and Goldfarb (2020) gives
an overview and many references. Beyond binscatter itself, binning has a long history in both
visualization and formal estimation. The most familiar case is the classical histogram. Applying
binning to regression problems dates back at least to the regressogram of Tukey (1961). The core
idea has been applied in such diverse areas as climate studies, for nonlinearity detection (Schlenker
and Roberts, 2009); program evaluation, called subclassification (Stuart, 2010); empirical finance,
called portfolio sorting (Cattaneo et al., 2020b); and applied microeconomics, for visualization in
bunching (Kleven, 2016) and regression discontinuity designs (Cattaneo and Titiunik, 2022).

In recent years, there has been related research looking at the importance and limitations of
graphical analysis in different applied areas. For example, Korting et al. (2023) conducts a field
experiment to investigate the role of visual inference and graphical representation in regression dis-
continuity designs via RD plots (Calonico et al., 2015). They conclude that unprincipled graphical
methods could lead to misleading or incorrect empirical conclusions. Similar concerns regarding
graphical analysis are raised by Freyaldenhoven et al. (2023) in the context of event study designs,
where they proposed principled visualization methods. Graphical and visualization methods are
also being actively discussed in the machine learning community (see Wang et al., 2021, and ref-
erences therein, for an overview of the literature), where the importance of focusing on principled
methods with well-understood properties for both in-sample and out-of-sample learning has been
highlighted. Our paper contributes to this literature by offering principled approaches for visual-
ization and inference employing binscatter methodology. Furthermore, well-executed visualization
techniques can help with issues of statistical nonsignificance in empirical economics employing big
data (Abadie, 2020).

Finally, our technical work contributes to the literature on nonparametric regression, particularly



for uniform distributional approximations. Binning as a nonparametric procedure has been studied
in the past, but existing theory is insufficient for our purposes for two main reasons. First, the
extant literature cannot generally accommodate data-driven bin breakpoints, such as splitting the
support by empirical quantiles. Such a choice of breakpoints generates random basis functions
and so are not nested in previously obtained results on nonparametric series estimators. Second,
where results are available, they imply overly stringent conditions on smoothing parameters ruling
out simple averaging within each bin (which amounts to local constant fitting) and are thus not
applicable to binscatter. Circumventing these limitations with new theoretical results is crucial to
directly study the empirical practice of binned scatter plots.

Gyorfi et al. (2002) gives a textbook introduction to binning in nonparametric regression, where
the procedure is known as partitioning regression. Recent work on partitioning, always assuming
known breakpoints, includes convergence rates and pointwise distributional approximations (Ling
and Hu, 2008; Cattaneo and Farrell, 2013), and uniform distributional approximations and robust
bias correction methods (Cattaneo et al., 2020a). Partition regression is intimately linked to spline
and wavelet methods, and the general results in our online SA treat these estimators as well,
improving over earlier work by Shen et al. (1998), Huang (2003), Belloni et al. (2015), Cattaneo
et al. (2020a), and references therein. We discuss these technical contributions in more detail in

Section 6 and in the online SA.

2 Canonical Binscatter and Covariate Adjustments

The observed data is a random sample (y;, z;, w,), ¢ = 1,2,...,n, where y; is the outcome, z; is
the main regressor of interest, and w; are other covariates (e.g., pre-intervention characteristics or
fixed effects). A binscatter has three key elements: the binning of the support of the covariate z;,
the estimation within each bin, and the way in which the controls w; are handled. We discuss each
of these in turn.

The partition of the support requires a choice of the number of bins, J, as well as how to divide
the space. The choice of J is the tuning parameter of this estimator, and in current practice it is
often set independently of the data and equal to J = 10 or J = 20. We discuss the choice of J in

Section 3, but for now we take J < n as given. For the spacing of the J bins, we follow standard



empirical practice and use the marginal empirical quantiles of z;. Let z(;) denote the i-th order
statistic of the sample (x1,x2,...,2,) and |-] denote the floor operator. Then, the partitioning

scheme is defined as A = {El,gg, A gJ}, where

( -
1 £(1) x([n/JJ)> ifj=1
_x(Ln(Jfl)/Jj)7$(n)] if j=J

Each estimated bin [3\]- contains (roughly) the same number of observations N; = > | 1 3 (z4),
where 1 4(z) = 1(z € A) is the indicator function. The notation A emphasizes that the partition is
estimated from the data. Handling this randomness requires novel nonparametric statistical theory
(Section 6). Our theory can accommodate quite general partitioning schemes, both random and
nonrandom, provided high-level conditions are satisfied. In some cases the bins may be determined
by the empirical application (e.g., income ranges, or schooling levels), while in others equally spaced
bins may be more appropriate. However, given the ubiquity of quantile binning in economics, we
focus on A as defined above.

We begin with the bivariate case, where there are no covariates w;. Given the partition 3, which
encompasses a choice of the number of bins J, a binscatter is the collection of J sample averages of
the response variable: for each bin gj, we obtain y; = N% Yol B, (x;)yi; under our assumptions
minj<j<y N; > 0 with probability approaching one in large samples. These sample averages are
plotted as a “scatter” of points along with another, parametric estimate of the regression function
vo(z;) = Elyi|z;], often an ordinary least squares fit using the raw data. This construction is shown
in Figures 1(b) and 1(c).

For fixed J, under regularity conditions, a binscatter can be interpreted as estimating £y(j) =
Ely;|z; € Bj], 7 =1,2,...,J, where B; denotes the jth bin based on the population quantiles of z;.
This interpretation of the binscatter ignores the shape of the underlying conditional expectation
within each bin, as it targets a likely misspecified constant model: &y(j) and vo(x) can be quite
different for different values x € B;, except in special cases. If x; was discrete with relatively few
unique values, in which case binning would be unnecessary to begin with, or if the bins By, Bs, ..., By

had a natural economic interpretation (e.g., income ranges), then the J-dimensional parameter



& = (£0(1),&0(2),...,&(J))" could be of interest in applications. This parameter is intrinsically
parametric in nature (for fixed J) and, as discussed below, all the results in the paper apply to &
without modification.

When z; is continuously distributed or exhibits many distinct values, and the binning structure
has no useful economic interpretation in and of itself, it is more natural to view the binscatter as a
nonparametric approximation of vy(x) = E[y;|z;] for appropriately chosen tuning parameter J. This
approach characterizes misspecification errors (within and across bins) as well as nonparametric
uncertainty in a principled way. Thus, we formalize a binscatter as a nonparametric estimator of
vo(x) by recasting it as a piecewise constant fit: v(z) = y; for all z € gj, j=1,2,...,J. Thisis a

least-squares series regression using a zero-degree piecewise polynomial. Formally, we define

n
O(x) =b(x)§,  &=argmin (4 — b(z:)'6)", (2.1)
§eR7 oy
where l;(x) =[1g (z), 15, (z), - g, (x)]" is the binscatter basis given by a J-dimensional vector

of orthogonal indicator variables, that is, the j-th component of B(w) records whether the evaluation
point x belongs to the j-th bin in the partition A. This piecewise constant fit is shown in Figure
1(d), and from an econometric point of view, is identical to the dots of Figures 1(b) and 1(c). In
the SA, we present results for a general polynomial fit within each bin, allowing for smoothness

constraints across bins, which is useful to reduce misspecification bias.

2.1 Residualized Binscatter

We highlight an important methodological mistake with most applications of binscatter with covari-
ates, including the Stata packages binscatter and binscatter2. Widespread empirical practice
for covariate adjustment proceeds by first regressing out the covariates w; from z; and y;, and then
applying the bivariate binscatter approach (2.1) to the residualized variables. This approach is
heuristically motivated by the usual Frisch—-Waugh—Lovell theorem for “regressing/partialling out”
other covariates in linear regression settings.

From a nonparametric perspective, under regularity conditions, the residualized binscatter is

consistent for

Elyi — L(yilwi) | 2 — L(xi|w)] (2.2)
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with L(a;|w;) = (1, w))(E[(1,w}) (1, w})]) "E[(1, w})a;], and thus L(y;|w;) and L(z;|w;) can be in-
terpreted as the best (in mean square) linear approximations to, respectively, E[y;|w;] and E[x;|w;]
(see Wooldridge, 2010, Chapter 2). L(y;|w;) and L(z;|w;) are, in general, misspecified approx-
imations of the conditional expectations E[y;|w;] and E[x;|w;]. Unless the true model is linear,
the probability limit in (2.2) is difficult to interpret and does not align with standard economic
reasoning. Furthermore, the shape of the function in (2.2) and even its support may be incorrect,
and therefore can lead to incorrect empirical findings. The same problems arise when interpreting
residualized binscatter from a fixed-J perspective or when z; is discrete.

We therefore refer to the popular residualized binscatter method for covariate adjustment as
incorrect or inconsistent for two main reasons. First, even when assuming a semi-linear conditional
mean function E[y;|x;, w;| = po(z;)+w}~o, residualized binscatter does not, in general, consistently
estimate vo(z), po(x), or E[y;|z; = x, w; = w] for some evaluation point w, despite being motivated
by standard least squares methods. Only when po(z) is linear does (2.2) reduce to po(x), which
need not equal vg(x) because Ely;|z;] = E[E[y;|zi, w;||z:] = po(z:) + E[w;|z;)' o under the semi-
linear conditional mean structure. Therefore, from a point estimation and visualization perspective,
residualized binscatter is not recommended for empirical work.

Second, from the perspective of assessing linearity or other shape features of the regression
functions, the residualized binscatter is also not recommended. If Ely;|z;, w;] = po(xi) + wivo,
with po(z) a linear function of x, then the residualized binscatter plot will appear linear (for
sufficiently large n and an appropriate choice of J). However, linearity of the regression functions
is only sufficient, not necessary: for some nonlinear pp(x;) the plot will appear linear, while for
other nonlinear pg(z;) it will appear nonlinear. Thus, relying on residualized binscatter to assess
linearity is not recommended because researchers may incorrectly conclude that pg(z;) (and hence
Elyi|x:, wi] = po(x;)+wi~yo for some value of w;) is linear from visual inspection or informal testing,
thereby rendering subsequent empirical results based on a parametric linear regression potentially
misleading.

Section SA-1.1 in the SA presents two simple parametric examples illustrating the potential biases
introduced by residualized binscatter. The first example considers a Gaussian polynomial regression
model, where po(z) = 2™ for some m € N, d = 1, and (y;, x;, w;)’ ~ Normal, and shows precisely

how the different parameters underlying the model can change the shape of ug(z) as well as the

11



concentration of x; — L(x;|w;), thereby affecting visually and formally the “shape” and “support”
of (2.2). The second example considers po(x) unrestricted, d = 1, w; ~ Bernoulli, and x;|w; = 0 ~
Uniform and z;|w; = 1 ~ Uniform with disjoint supports, and shows how residualized binscatter
can turn a nonlinear po(x) into a linear function in (2.2) with incorrect support. These analytical
examples complement our empirical applications (see Figure 2 and Figure 6), which illustrate with
real data the detrimental effects of employing residualized binscatter for understanding the true

form of the regression function relating the outcome y; to x; and w;.

2.2 Covariate-Adjusted Binscatter

With only bivariate data (y;,z;), the binscatter (2.1) naturally provides (a visualization of) an
estimate of the conditional mean function, vo(z;) = E[y;|z;], which has a straightforward interpre-
tation. Controlling for additional covariates complicates interpretation: we want to visually assess
how y; and x; relate while “controlling” for w; in some precise sense. There is not a universal answer
to this problem, and the empirical literature employing binscatter methods is usually imprecise.
Motivated by (2.1), a more principled way to incorporate the covariates w; into the binscatter
is via semiparametric partially linear regression, as is commonly done in applied econometrics and
program evaluation (Abadie and Cattaneo, 2018; Angrist and Pischke, 2008; Wooldridge, 2010).

We define the covariate-adjusted binscatter as

2) @)

n
} = argmin Z(yl — b(z;)'8 — wiv)>. (2.3)
ﬁER‘],’YERd i=1

ilz) = b(a)B, [

In this paper we take the semi-linear covariate-adjusted binscatter implementation (2.3) as the

starting point of analysis, and thus view T(wz, w;) = [i(z;) + w7 as the plug-in estimator of
Elyi|zi, wi] = po(z:) + wiro = To(zi, wi), (2.4)

where we assume the usual identification restriction that E[V[w;|x;]] is positive definite. The
imposed additive separability between x; and w; of the conditional mean function follows standard
empirical practice, but affects interpretation in certain cases. Our theoretical results continue to

hold under misspecification of E[y;|x;, w;], provided the probability limit of ;f(l'l, w;) is interpreted
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as a best mean square approximation of E[y;|x;, w;] using functions of the form g(x, w) = u(x) +
w’~. More precisely, under regularity conditions, the best mean square approximation would be

P(yilwi, wi) = pg(ai) + wing with
* * * —1
o (i) = Elyiles] — Elwilai] v and 45 = (E[V[wi|zs]]) E[Cov[wy, yilzi]]-

In particular, pf(x;) = po(x;) and 4§ = o if (2.4) holds.

We adopt the semi-linear structure (2.4) throughout the paper because it is often invoked (explic-
itly or implicitly) for interpretation in empirical work. Cattaneo et al. (2023b) generalize binscatter
methods to settings beyond the semi-linear conditional mean, including quantile regression, other
nonlinear models such as logistic regression, and first-order interactions with a discrete covari-
ate (e.g., a subgroup indicator). Those generalizations allow for a richer class of semiparametric
parameters of interest and associated binscatter methods.

Given the working model (2.4), it remains to determine the (functional) parameter of interest.

For visualization, a natural choice is a partial mean effect:
To(a) = Tola, Elwi]) = po() + E[wil'¥o, (2.5)

which captures the average effect of x; on y; for units with covariates w; at their average value
E[w;], and thus gives an intuitive notion of the mean relationship of x; and y; after controlling for

covariates w; at their average values. The plug-in estimator is

A~

Y(z) = fi(x) + W'y (2.6)

with w = 237w,

The structure imposed and the parameter considered are not innocuous, but lead to several
advantages over other options. First, the target parameter in (2.5) has a natural partial mean
interpretation because Yo(z) = [ Yo(z, w)dF(w) = po(x;) + E[w;]'y0, where F(w) = Plw; < w]
is the marginal distribution function of the covariates. In addition, if w; is mean independent of
x;, that is, if E[w;|z;] = E[w;], then vo(x;) = Ely;|x;] = ElE[yi|zi, wil|x:] = po(x;) + E[wg|a])v0 =

Yo(z;). For example, if z; is a randomly assigned treatment dose and w; are pre-intervention
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covariates, then Yo(x) corresponds to the dose-response average causal effect.

Second, Yo(x) matches the goal of examining potential nonlinearities (and other features) only
along the z; dimension. The goal in a binscatter analysis is to control for w;, not to allow for (or
discover) heterogeneity along these variables. This is why the covariates w; are typically controlled
for linearly, and without interactions with x;, in the post-visualization regression analysis.

Third, Yo(z) has practical advantages. To see why, consider the alternative of estimating the
fully-flexible conditional mean, E[y;|x;, w;], and then integrating over the marginal distribution
of w;. Although we would avoid imposing any structure on the conditional mean function, this
approach would be impractical in common empirical settings as it would require nonparametric
estimation in many dimensions. Taking the case of our running example to illustrate, AGNS control
for four continuous variables, 49 state fixed effects, and 60 year fixed effects, so that dim(w;) =
113. Furthermore, even when the partially linear model is adopted, there may still be a curse of
dimensionality when interest lies in ug(z) because vg(x;) = po(x;) + E[w;|x;)"v0, implying that the
potentially high-dimensional conditional expectation E[w;|z;] needs to be estimated. For example,
in AGNS this would require fitting 113 preliminary nonparametric regressions to estimate E[w;|x;].

Finally, because To(x) is a special case of the more general partial mean x — Yo(z,w) =
o () + W' for some fixed value w, it is possible to use other choices for the evaluation point w.
For example, setting the discrete components of w to a base category (such as zero) is a natural
alternative. The choice of w will affect the interpretation of the estimand and the statistical
properties of the estimator: see Section SA-1.2 in the SA for more discussion. In the remainder of
the paper, we focus on Y(x), but our theoretical results cover other choices of evaluation point w
(see Section 6 and the SA).

Figure 2 in the Introduction showed how the results can change when using the correct and
incorrect residualization (recall that panels (a) and (b) use the incorrect residualization). First, in
Figure 2(a) the shape does not appear linear. Second, Figure 2(b) shows the extreme compression
of the support of the estimate using the incorrect residualization by restoring the proper scale. This
generally comes about because the variability of both the dependent and independent variables of
interest have been overly suppressed. Finally, Panel (c) shows our estimator Y (z) defined in (2.6),
using the correct residualization (2.3). We can observe a much clearer shape of the estimate of

the conditional expectation. In this case our methods give stronger visual support for the linear
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regression used by AGNS, in contrast to the apparent nonlinearity in the original binscatter. It is
important to remember that although binscatters such as Figure 2 visually resemble conventional
scatter plots of a data set, the plotted dots are actually a point estimate of a function (though in
the case of Figure 2(a) and (b), not necessarily a useful function, see (2.2)).

We can also accommodate covariates in the fixed-J case in a principled way. In this case, the
estimator 'Y’(a:) remains the same but the estimand, Y(x), is replaced by its fixed-J analogue:

g = (Eg(l), 50(2), Cee Eo(J))/ with E.o(j) = b(l‘)/,@J + E[Wi]/’YJ for z € Bj with

|:BJ :| = argmin E[(y; — b(mi)/ﬁ - Wg‘/)z]
YJ BeR/ ~veR4

where b(z) = [1p,(z),1,(x), -+ ,1p,(z)]’. Under mild regularity conditions, as the number of
bins increases, each bin becomes smaller and thus the fixed-J parameter Z(j) approximates Yo(z)
for z € Bj for all j =1,2,...,J uniformly: maxi<j<jsupyep; [Z0(j) — Yo(z)| = 0 as J — co. A
small number of bins in finite samples, however, can make these parameters quite different due to

misspecification errors induced by the local constant approximation within bins.

3 Choosing the Number of Bins

The final element of the binscatter estimator to formalize is the choice of J, the number of bins. It is
common to encounter applications of binscatter where J = J for a fixed natural number J, regardless
of the data features. For example, the default in the Stata packages binscatter and binscatter2 is
J = 20, while AGNS used J = 100. As already mentioned, from a fixed J perspective, the canonical
binscatter (2.1) estimates £y and the covariate-adjusted binscatter (2.3) estimates Eo, neither of
which may be the parameter of interest in a specific application. For example, the two parameters
&0(j) = Elyi|z; € B;] and vo(x) for € B; can lead to substantially different interpretations from
both statistical and economic perspectives within bin B;. Furthermore, when comparing across
bins, (§o(j) : j = 1,2,...,J) can be substantially different from (vo(x) : * € X). The choice of
the tuning parameter J determines the interpretation of the binscatter plot and estimand. In this
section, we illustrate these concepts and discuss the choice of J in practice.

We view binscatter as a sequence of approximating models indexed by J, where the larger J
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(more bins) is, the less bias but more variance the estimator will exhibit. In other words, we view
binscatter as most useful when the focus is on recovery of vg(x) or YTo(x), allowing us to visualize
and conduct inference on those unknown functions. It is only by recovering vg(x) or YTo(x) that
we can answer substantive questions regarding functional form or shape restrictions. In what is
perhaps the leading case, if we wish to use a binscatter plot to precede a linear regression, then our
interest is in whether vo(x) or Yo(z) is linear, so we must recover the true function. Recovering
the coarsened version, as with a fixed J = J, is not sufficient. The same reasoning applies to
any statement regarding other shape constraints such as whether the relationship is monotonic or
convex.

Consistent nonparametric estimation of vo(x) or Yo(x) requires J to diverge with the sample
size, but neither too rapidly nor too slowly. To remove the approximation bias, a sufficiently large
J is required to overcome the limited flexibility of the constant fit within bins: intuitively, as J
diverges, the bin width collapses, and &y(j) = Ely;|z; € B;] = vo(z) for = € B; because the width of
the bin B; shrinks as J increases. However, the variance of the estimator increases with J because
variance is controlled by the bin-specific sample sizes, which are roughly n/J. Thus, as is familiar
in nonparametric estimation, we face a bias-variance trade-off when choosing J. Figure 4 illustrates
this bias-variance trade-off in our running application. In Panel (a) we use J = 5. If we consider
this choice as fixed, we can use these results to, for example, compare the productivity of those
subject to the highest quintile of all tax rates on high earners to those in areas where taxes on high
earners are in the lowest quintile. But for the purpose of nonparametric estimation and inference,
the estimator is oversmoothed: the number of bins is too small to remove sufficient bias. At the
other extreme, Panel (c) uses 50 bins, and the estimator is undersmoothed (too wiggly) to provide
a reliable visualization of the conditional mean.

A wide range of choices for J will, in large sample theory, ensure that both bias and variance are
adequately controlled and thus yield a consistent estimator and valid distributional approximation.
However, such rate restrictions are not informative enough to guide practice. It is therefore impor-
tant to have tight guidance for empirical research. To accomplish this, we develop a selector for J

that is optimal in terms of integrated mean square error (IMSE). As is standard in nonparametrics,
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Figure 4: Choice of J. This figure illustrates the role of the choice of J using data from Akcigit et al.
(2022). The dependent variable, independent variable, and controls are the same as in Figure 2. The left
and right plots show a binned scatter plot with J =5 and J = 50, respectively. The middle plot shows the
binned scatter plot using the optimal choice of J = 11 based on a cluster-robust variance estimator with
two-way clustering by year and state x five-year period. Binscatter estimates are based on weights of each
state’s 1940 population count.

(a) Oversmoothed (b) Optimal (¢) Undersmoothed
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the IMSE-optimal J balances variance and (squared) bias, resulting in

2B, 1/3
Jivse = {( 7/ ) nl/g—‘ ) (3-1)

The terms ¥, and %, capture the asymptotic variance and (squared) bias of the binscatter, re-

spectively. We give complete expressions in the SA. All that matters at present is that (i) both
are generally bounded and bounded away from zero under minimal assumptions, (ii) the variance
accounts for heteroskedasticity and clustering, and (iii) both incorporate the additional covariates
appropriately, so that the optimal J depends on the presence of w;. A formal IMSE expansion is
discussed in Section 6 and given in Theorem SA-3.4 in the SA, along with a uniform consistency
result in Corollary SA-3.1, which has the same rate up to a log(.J) factor. A feasible version, jIMSE,
is straightforward to implement. Details are given in Section SA-4 in the SA.

The formula for Jiysg intuitively reflects the trade-off as depicted in Figure 4. If the data are
highly variable 7;, will be large, driving down Jysg, so that each bin has a large sample size. On
the other hand, if po(x) is highly nonsmooth, %, will be large, and more bins are required to
adequately remove bias. Figure 4(b) shows our feasible IMSE-optimal choice in the data of AGNS,
where we find jIMSE = 11. With this choice, we obtain a visualization and optimal nonparametric
estimation of po(x) and Yo(z). We will also base our uncertainty visualization and quantification

around this implementation, to ensure validity, as we detail in the next section.
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Even if a fixed J = J is chosen for an application, the data-driven choice jIMSE can provide a
useful benchmark to understand better the bias-variance trade-off underlying the binscatter imple-
mentation. For example, choosing a J that is much larger than fIMSE will yield a binscatter that is
likely to exhibit considerably more variability than bias, given the data generating process. Thus,
the data-driven choice jIMSE can help applied researchers discipline and improve their fixed J = J
binscatter implementations.

In the remainder of the paper we focus on the covariate-adjusted binscatter estimate (2.6) im-
plemented using Jiugg, or its fixed-J analogue when appropriate for concreteness. Our technical
results in the SA accommodate other choices of J as a function of the sample size with and with-
out covariate-adjustment, thereby covering, in particular, the canonical binscatter estimate (2.1)

implemented using its corresponding Jiyge. See Section 6 for a brief overview.

4 Quantifying Uncertainty

We provide both visualization and analytical tools to capture the uncertainty underlying the mean
estimate T (z) = Ji(z) + w'¥, valid simultaneously for all values of € X. This uniformity over
x € X is required both to answer the substantive questions of interest in empirical work and to
provide a correct visualization of the uncertainty for the function Yo(x). Uniform inference theory
is a major technical contribution of this paper (see Section 6 and the SA). Confidence bands directly
enhance the visualization capabilities of binned scatter plots by summarizing and displaying the
uncertainty around the estimate 'ff(:z:) Loosely speaking, a confidence band is simply a confidence
“interval” for a function, and is interpreted much like a traditional confidence interval.

A typical confidence interval for a single parameter (such as a mean or regression coefficient) is
a range between two endpoint values that, in repeated samples, covers the true parameter with a
prespecified probability. The width of a confidence interval increases with the uncertainty in the
data. Intuitively, the interval shows the values of the parameter that are compatible with the data.
For example, if the interval contains zero, then zero is a plausible value for the true parameter.
That is, the null hypothesis of zero cannot be rejected.

A confidence band is essentially the same, but as a function of x, and can therefore be directly

plotted. It is the area between two endpoint functions that contains all the functions Yo (z) that are
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compatible with the data for some pre-set probability. Matching the use of a confidence interval,
the band can be used to evaluate hypotheses. For example, if the band contains a linear function,
then linearity is a plausible form for ug(x) (as in Figure 3(b)). That is, the null hypothesis that x
enters Yo(z) linearly cannot be rejected. The same logic can be used for other shape restrictions:
if the band contains monotonic functions, then monotonicity of Yo(z) is consistent with the data.
This is illustrated below. Thus, adding a confidence band is an important step in any binscatter,
to visually assess and communicate the uncertainty, just as the addition of standard errors is an
important step and good empirical practice in any regression analysis. The reader can see not only
the estimate of the relationship (the “dots” of the binscatter), but also the uncertainty surrounding
this estimate.

The construction and theory of our confidence bands also intuitively match standard confidence
intervals. First, our confidence bands reflect the underlying heteroskedastic variance in the data
uniformly over the support of x;. While the visualizations do reflect these quantities, they are not
directly shown or formally accounted for. This is analogous to how a simple confidence interval
for the mean reflects only estimation uncertainty about the parameter, even though the interval
depends on the variance of the data. For visualizing the “spread” and detecting outliers conditional
quantiles may be more useful (see Cattaneo et al., 2023b). Second, the upper/lower endpoint func-
tions are given by the point estimate plus/minus a critical value times a standard error. In this way,
the width of the band at any point depends on the overall uncertainty and the heteroskedasticity.

Before presenting the confidence band formulation, we must be precise about the object we intend
to cover with the confidence band. If J is taken as fixed, the parameter is Z, and inference is
parametric because there is no misspecification bias for that parameter. However, as explained
before, in many applications the parameter of interest will not be Zy but rather To(z), leading to
unavoidable misspecification errors introduced by the binscatter approximation to the true function.
Thus, we focus on a band to cover the function Yo(x) given in (2.5). It is only in this case that
the band can be used to assess properties of the function of interest. Testing linearity (prior to
a regression analysis) is the most common use case, but binned scatter plots are also utilized to
assess other shape restrictions (see, for example, Shapiro and Wilson (2021) or Feigenberg and
Miller (2021)). Regardless of the application, the band must be constructed from a nonparametric

perspective (i.e., assuming J diverging to account explicitly for misspecification error).
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To ensure validity of the nonparametric confidence band, we will use Jiysg given in (3.1) together
with debiasing to remove the first-order nonparametric misspecification bias introduced by employ-
ing the IMSE-optimal binscatter. More specifically, we employ a simple application of the standard
robust bias correction method for debiasing (Calonico et al., 2018; Cattaneo et al., 2020a; Calonico
et al., 2022). Section 6 discusses the theoretical foundations, and the SA provides all the details,

while here we describe the key ideas heuristically. The confidence band for Yo(x) is

Tasc(z) = [YBC(a:) + Chuc - \/ﬁRBc(x)/n}, (4.1)

where Tge(z) denotes the covariate-adjusted debiased binscatter estimator of Yo(z), Orse()/n is
its variance estimator, and cggc is the appropriate quantile to make the confidence band uniformly
valid. The exact formulas are given in Section 6. Intuitively, Tpc(z) = Y(z) — g\as['f(:v)], where
Iggs['/f(x)] denotes the bias correction, and Qpge(z)/n = V;r[’/ch(CL')] is an estimator of the variance
of Tgc(z) not just of YT(z). The key idea underlying the robust bias correction method is that
debiasing introduces additional estimation uncertainty that must be incorporated explicitly into
the standard error formula. While there are many ways of debiasing the IMSE-optimal point
estimator T(:):), a simple one proceeds by fitting a constrained linear regression within each bin
where the estimated coefficients are restricted to ensure that the binscatter estimator is continuous;
that is, the constraints force the piecewise linear fits within bins to be connected at the boundary
of the bins. This construction ensures that the associated confidence bands are also continuous.
More details are given in Section 6 and in the SA.

Our results rely on standard regularity conditions for valid uniform distribution theory with

robust bias correction discussed in Section 6, and the SA gives results under more general, and in

some cases weaker, conditions. More precisely, for a € (0,1), we show that
P[To(x) € Tnse(z), forallz € X| 51— a (4.2)

giving formal validity, that is, in repeated samples the area covers the true function Yo(x) with a
pre-specified probability 1 —«. Recall that To(z), by definition, uses the mean of w;; other possible

choices and their impact on the confidence band are discussed in Section SA-1.2 of the SA.
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The result in (4.2) shows how to add valid confidence bands to any binned scatter plot. This
visual assessment of uncertainty is an important step in any analysis. Our discussion focused on the
nonparametric uncertainty quantification when employing the IMSE-optimal binscatter constructed
using J = Jwsg bins and debiasing using within-bin linear regression, but our theoretical results
remain valid more generally for other choices of J and debiasing approaches. Furthermore, the
bands continue to be valid when J = J is fixed provided the estimand Yo(x) is switched to its
fixed-J analogue Ey. In this latter case, robust bias correction is not technically needed because
the misspecification error is removed by assumption (i.e., by redefining the parameter of interest).

If z; is discrete, or the researcher is content with the coarsened version of the parameter g
under a fixed-J approach, our results provide (uniformly) valid inference for the covariate-adjusted
outcome mean conditional on falling in each bin. This amounts to adding pointwise confidence
intervals to a plot — which is common practice in many uses — and making corrections for multiple
testing. These can be used directly to assess uncertainty about the mean for a masspoint of x; (or
within a given quantile range), but cannot be used to assess functional features of the regression
function To(z) as a whole.

Figure 5 compares these two cases, fixed-J versus large-J, using the data of AGNS. Figure 5(a)
shows confidence bands for J = 5, with the interpretation of studying the conditional expectation of
log patents given marginal tax rates in a specific quintile controlling for additional covariates (i.e.,
o). As we saw in Figure 4(a), the point estimates are all relatively similar across quintiles and, in
fact, we cannot rule out that all five conditional means are the same. This can be gleaned by the
dashed horizontal line in Figure 5(a) which comfortably sits in all five shaded regions. In Figure 5(b)
we consider inference on Yo(x) using the optimal choice of J (as in Figures 3 and 4(b)). We have
already discussed that the confidence band is consistent with a linear relation between the variables.
However, we can also highlight classes of functions that the confidence band excludes. The dashed
horizontal line is set to the upper bound of the confidence band at the smallest value of = in the
support. We can immediately observe that the confidence band rules out any horizontal lines, i.e.,
we can reject that log patents have no relationship with marginal tax rates. This horizontal line is
also a useful visual cue to evaluate the class of monotonically decreasing functions. Clearly, we can
also reject a monotonically decreasing relation between the two variables. Figure 5 illustrates that

the use of confidence bands for investigating the attributes of the true functional form is simple
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and straightforward.

Figure 5: Quantifying Uncertainty: The Role of J. This figure illustrates uniform confidence bands
using data from Akcigit et al. (2022). The dependent variable, independent variable, and controls are the
same as in Figure 2. The left plot presents a confidence band for Ey whereas the right plot shows the
confidence band for To(z). Binscatter estimates are based on weights of each state’s 1940 population count.
Shaded regions denote 95% nominal confidence bands using a cluster-robust variance estimator with two-way
clustering by year and state x five-year period.
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In addition to employing confidence bands for testing substantive hypotheses about Yo(z) such
as positivity, monotonicity, or concavity, we develop formal hypothesis testing based on canonical
binscatter methods in the SA for completeness. These methods are also available in our companion
software implementations (Cattaneo et al., 2023a), and can be used to complement the empirical
analysis based on canonical binscatter discussed previously, offering potential power improvements
as well as more precise econometric conclusions (e.g., formal p-values). Since using the confidence
bands for testing is already a valid, easy, and intuitive econometric methodology for empirical
work employing canonical binscatter, we offer further technical discussion of the companion for-
mal hypothesis testing methods for parametric specification and shape restrictions in Cattaneo et
al. (2023b), covering generalized binscatter methods based on both least squares and other loss

functions (e.g., quantile or logistic regression).

5 Another Empirical Illustration

As an additional empirical application we revisit Moretti (2021), which examined the relation
between the productivity of top inventors and high-tech clusters, where clusters are defined as

activity in a city of a specific research field (e.g., computer scientists in Silicon Valley). The paper
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estimates an elasticity of number of patents in a year with respect to cluster size of 0.0676. The
statistically significant positive relationship aligns with the empirical observation that increasingly
large subsidies are being offered by states and localities for high-tech firms to relocate within their
regions.

We begin our analysis with a raw scatter plot of the data (top left of Figure 6). With close to
one million observations, the scatter plot is both dense and uninformative. In the top right plot
we replicate Figure 4 in Moretti (2021) which is a binned scatter plot controlling for year, research
field, and city effects. It is intuitive to view and interpret this figure as one would a conventional
scatter plot — a cloud of points with a regression line fit to the “data” — and we would conclude that
there may be a positive but noisy relationship between these two variables. This interpretation
is tempting, and indeed the very name “binscatter” invites this, but as previously discussed it is
incorrect: the dots here are not data points but estimates of the conditional mean function.

This is emphasized in Figure 6(c) which is the implied estimate of the conditional mean func-
tion. This plot is formally identical to the figure in the original paper (Figure 6(b)), but visually
very different; moreover, assuming that the wiggly step function is well-approximated by a line
seems inappropriate. However, there are two issues here: the incorrect residualization has been
performed and the number of bins is too large, leading to substantial undersmoothing. Figure 6(d)
addresses the former issue, applying our corrected approach to covariates overlaying the incorrectly
residualized version now at the correct scale, making the difference starker. Correctly adjusting for
covariates presents a much clearer picture of the empirical conclusions to be drawn from the data
than do Figures 6(b) and 6(c).

This visual pattern is even more apparent in the bottom left plot where we utilize the IMSE-
optimal choice of J (Jse = 18). Now, the point estimate of the conditional expectation function
is thrown into sharper relief. For smaller cluster sizes, the conditional expectation appears roughly
flat whereas for larger cluster sizes, the estimate rises sharply. This gives the appearance of a
nonlinear relation between productivity and high-tech clusters. We can formalize this conclusion
by utilizing the associated confidence band also shown in Figure 6(e). We clearly reject the null
of no relationship between the variables as the confidence band does not contain a horizontal line.
Furthermore, we can also clearly reject linearity as no linear function can be wholly enveloped

by the confidence band. However, we fail to reject convexity given the shape of the confidence
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band. Taken in sum, these results suggest a nonlinear relation between the number of patents and
cluster size. Figure 6(f) replicates this analysis for the main specification in Moretti (2021, Table 3,
Columnn (8)) which includes 11 different fixed effects. We draw the same conclusions, with strong
evidence against a linear functional form. This added nuance to the results of Moretti (2021)
obtained through our new tools is not inconsequential. Taken at face value, it would imply that
states and localities which have only small clusters of inventors might have to offer very generous
incentives in order to grow their cluster size sufficiently large to generate the positive agglomeration

effects presented in Moretti (2021).

6 Theoretical Foundations

The SA reports our novel theoretical results for partitioning-based estimators with semi-linear
covariate-adjustment and random binning based on empirical quantiles, which provide all the nec-
essary econometric tools to formally study canonical and covariate-adjusted binscatter least squares
methods. This section overviews those results, and discusses them in connection with the previous
sections.

We study a covariate-adjusted estimator with more flexible basis functions allowing for poly-
nomial fitting within bins and smoothness constraints across bins. The p-th order polynomial,

(s — 1)-times continuously differentiable, covariate-adjusted extended binscatter estimator is
i) = BB, | 2] —argmin} (- BuwfB-win? 0<ussp 6)

where prs(m) =T,[b(z)® (1,z,...,27)], Tyisa [(p+1)J — (J — 1)s] x (p+ 1)J matrix of linear
restrictions ensuring that the (s — 1)-th derivative of the estimate is continuous, ® denotes the
Kronecker product, and ¢(¥)(z) = %g(x). (See Section SA-2 for further details.) For example,
s = 1 returns a continuous but nondifferentiable function (’i‘l constrains the polynomial fits within
bins to be connected at the boundary of the bins), while s = 0 gives a discontinuous function (’/I\‘O is
the identity matrix). The form of ’f‘s is given in the SA, and it depends on the estimated quantiles.
If p = 0 (forcing s = v = 0), then (6.1) reduces to (2.3) because Bo,o(ﬂf) = b(x) which is equivalent

to the Haar basis or a zero-degree spline. The additional generality of allowing for polynomial basis
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functions, beyond piecewise constant functions, is useful for estimating derivatives of the function
of interest (v > 0), as well as for reducing the smoothing bias of the estimator. The SA treats
the general case 0 < v,s < p, but in the paper we only consider s = p, with p = 0 for binscatter
estimation and p > 1 for inference, and thus we set Bp(a:) = Bpp(x) to simplify notation (and note
that B(l’) = Bo(x) = 5070(:1:)). More specifically, the implementations of robust bias correction
discussed in Section 4 sets (p, s,v) = (1, 1,0).

The following assumption gives a simplified version of the conditions imposed in the SA.

Assumption 1. The sample (y;, i, W), i =1,2,...,n, is i.i.d. and satisfies (2.4). The functions
wo(z) and Elw;|z; = x] are (p + 2)-times continuously differentiable. The covariate x; has a
Lipschitz continuous density function fx(x) bounded away from zero on the compact support X.
The minimum eigenvalue of V|w;|z; = x] is uniformly bounded away from zero. For ¢; = y; —
po(z;) — Wiy, o?(z) = E[e2|z; = ] is Lipschitz continuous and bounded away from zero, and
E[|wil|*|z: = 2], Ele}|x; = x], and E[é?|x; = x, w; = W] are uniformly bounded, where || - || is the

FEuclidean norm.

Section SA-3.1 presents new technical lemmas for random partitions based on empirical quan-
tiles. Those results include general characterizations of the “regularity” of the random partitioning
scheme (Lemmas SA-3.1 and SA-3.2) and of the associated random basis functions (Lemmas SA-
3.3 and SA-3.4). These results give sharp control on the underlying random binning scheme of
binscatter methods.

Sections SA-3.2-SA-3.7 study large sample point estimation and distributional properties of
the extended covariate-adjusted binscatter estimator. Preliminary technical results include: (i)
technical lemmas for the Gram matrix (Lemma SA-3.5), asymptotic variance (Lemmas SA-3.6 and
SA-3.7), approximation error (Lemma SA-3.8), and covariate adjustments (Lemma SA-3.9); (ii)
stochastic linearization and uniform convergence rates (Theorem SA-3.1 and Corollary SA-3.1) and
variance estimation (Theorem SA-3.2); and (iii) pointwise distributional approximation (Theorem
SA-3.3). All these results explicitly account for the random binning scheme.

Using our new technical results, Section SA-3.5 also establishes a density-weighted IMSE ex-
pansion of the binscatter estimator (Theorem SA-3.4). Letting IMSE[Y(®)] = fE[(T(”)(x) -

T(()v) ())%|21, ..., Tn, W1, ..., Wy]fx(z)dz, a simplified version of our general result follows.

25



Theorem 1 (IMSE). Let Assumption 1 hold, 0 < v < p, Jlog(J)/n — 0, andnJ = 4=> — 0. Then,

J1+2v
~  n

IMSE[Y ()] ”//n(p,s,v)—i—.]_z(pﬂ_”)%n(p,s,v)+0p($+,]_2(p+l_”)), where ¥y, (p, s,v) and

B (p, s,v) are non-random, n-varying bounded sequences (see Section SA-3.5).

Optimizing the leading terms over J gives the optimal choice Jiuse(p, s,v), and specializing it
top = s =wv = 0 gives (3.1). Feasible IMSE-optimal tuning parameter selection is discussed in
Section SA-4. All these results explicitly account for the random binning scheme and the covariate
adjustment.

Section SA-3.6 reports our most noteworthy novel technical result: a conditional strong approxi-
mation for the extended binscatter estimator, which circumvents a fundamental lack of uniformity
of the random binning basis Bp(ac), while still delivering a sufficiently fast uniform coupling, requir-
ing only J2/n — 0 (up to log(n) terms). In fact, if a subexponential moment restriction holds for
€, it suffices that J/n — 0 (up to log(n) terms). Our rate conditions not only improve on previous
results in the literature, but also allow for canonical binscatter (i.e., there exists a sequence J — 0o
such that bias and variance are simultaneously controlled even when p = s = 0).

The starting point is the Studentized t-statistic that centers and scales the extended binscatter
estimator Y (z) = i¥) (z)+1 (v = 0)W'¥ of the extended parameter of interest T(()v) (x) = u(()v) (x)+
1(v = 0)E[w;]"yo. We index important objects with p (recall that s = p in the paper, but the SA

treats the general case). We study the ¢-statistic

where Q(r) = b (2) Q'EQ b, (x), Q = § SIL; by(ai)by (), amd B = § ST, by (i) by ()’ (4
Bp(azi)’ B— w!q)2. We seek a distributional approximation for the entire stochastic process (Tj,(z) :
x € X) because this allows us to study the visualization and econometric properties of the entire
binscatter fit (T(”)(x) : x € X) simultaneously. Using this strong approximation we can com-
pute the critical values for valid confidence bands and hypothesis testing. Our approach gives a
simple, tractable method for computing critical values based on random draws from the Gaussian

distribution.

The randomness of the partition A (which is inherited by the basis functions themselves) is
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not just ruled out by the assumptions of prior work, but rather it is not even possible to obtain
a valid strong approximation for the entire stochastic process (Ip(z) : © € X)) exactly because
this randomness causes uniformity to fail. As an alternative, we establish a conditional Gaussian
strong approximation as the key building block for uniform inference. Heuristically, our strong

approximation begins by establishing the following two approximations uniformly over x € X:

V(Y@ (@) =18 (@) ~p bW (2)Q ! Zb i)e

~a b (2) QTSNS

where N; .,y denotes a (p + J)-dimensional standard Gaussian random vector, independent of the
data. The first approximation is a stochastic linearization (Theorem SA-3.1) and directly implies
the variance formula Q(:c) This step is reminiscent of standard least squares algebra. The second
approximation corresponds to a conditional coupling (Theorems SA-3.5 and SA-3.6). It is not
difficult to show that Q and & are sufficiently close in probability to well-defined non-random
matrices in the necessary norm (Lemma SA-3.5 and Theorem SA-3.2). However, B}(JJ) (z) fails
to be close in probability to its non-random counterpart uniformly in x € X due to the sharp
discontinuity introduced by the indicator functions entering the binning procedure. Nevertheless,
inspired by the work in Chernozhukov et al. (2014a,b), our approach circumvents that technical
hurdle by first developing a strong approximation that is conditionally Gaussian, retaining some
of the randomness introduced by 3, and then using such coupling to deduce a distributional
approximation for specific functionals of interest (e.g., suprema); see Section SA-3.6 for details.
We state the formal results in two steps: the first derives an infeasible strong approximation and

the second shows that, given the data, a feasible version can be constructed.

Theorem 2 (Feasible Strong Approximation). Let Assumption 1 hold and let {a, : n > 1} be a
sequence of non-vanishing constants such that n='/2J(log J)? + J~' 4+ nJ=%=3 = o(a;?). Then,
on a properly enriched probability space, there exists a standard Gaussian random vector Ny ;, of
length p + J, such that for any & > 0,

b (2) Qg ' =/
Q(z)

P(sup [T(2) = Zy(0)] > €a,) =o(1),  Zy(x) =

TeEX

N, ).
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Also, there exists a standard Gaussian random vector NI*)JFJ, of length p + J, independent of the
data D = {(y;,x;,w}) 11 =1,2,...,n}, such that for any £ > 0,
Bév)(x)/é—liyz N

IP’( sup ]ZD(QU) — Zp(x)| > ay ! D) = op(1), Zp(x) = — N5
zeX Q(x)

This result forms the basis of the inference tools proposed in our paper. In principle, we can
now approximate the distribution of any functional of the ¢-statistic process T, (z) using a plug-
in approach based on 2,,(:):). This prescription is easy to put into practice, because it depends
only on Gaussian draws and the already-computed elements Bp(az), Q, 2, and Q(z), and therefore
the process Ep(az) is simple to simulate. For example, the distribution of sup,cy }T p(:v)‘ is well

, conditional on the data, and we can use this to obtain

approximated by that of sup,cy |2p(x)
critical values for testing or forming confidence bands.

However, and crucially for applied practice, one must choose J such that the approximation is
valid. In addition, ideally, the choice of J would be optimal in some way and the resulting infer-
ence would be robust to small fluctuations in J. The IMSE-optimal choice Jgse(p, s, v) cannot
be directly used, as it is too “small” to remove enough bias for the t¢-statistic T,(z) to be cor-
rectly centered. Feasible implementation of Jugsg(p, s,v) would also require additional smoothness
assumptions, rendering the resulting point estimator T (@) (z) suboptimal from a point estimation
minimax perspective (Tsybakov, 2009). Different approaches for tuning parameter selection are
available in the literature, including undersmoothing or ignoring the bias (Hall and Kang, 2001),
bias correction (Hall, 1992), robust bias correction (Calonico et al., 2018, 2022), and Lepskii’s
method (Lepski and Spokoiny, 1997; Birgé, 2001). In this paper, we employ robust bias correc-
tion based on an IMSE-optimal binscatter, that is, without altering the partitioning scheme A
used. This inference approach is easy to implement and more robust to the choice of J: for a
choice of p, we construct the binscatter (point) estimate Y(*)(z) based on the random binning
A using the (feasible) method of Section 3, and then for inference we employ Tp41(x). Thus, in
Section 4, we set J = Juuse(0,0,0), p = s = 1, v = 0, Tee(z) = Y(z), Qppe(z) = Q(z), and
crec = inf {¢ € Ry : P[sup,cy | Z1(z)] < ¢ | D] >1—a}.

All our results explicitly account for the random binning scheme and the semi-linear covariate-

adjustment with random evaluation point. Another noteworthy novel result in Section SA-3.6 is
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the proof technique to transform our strong approximation results (Theorem SA-3.5), and their
feasible versions (Theorem SA-3.6), into statements about the Kolmogorov distance for the suprema
and related functionals of the t-statistic processes of interest (Theorem SA-3.7). Our technical
approach again circumvents a fundamental lack of uniformity of the random binning basis B;v)(x),
while still delivering a sufficiently fast uniform coupling, requiring only J2/n — 0 (up to log(n)
terms). Our proof technique can also be used to analyze other functionals such as the L, distance,
Kullback—Leibler divergence, and arg max statistic.

Finally, from a theoretical point of view, the rate conditions of Theorem 2 are seemingly minimal
and improve on prior results. In fact, it can be shown that when a,, = v/logn and a subexponential
moment restriction holds for the error term, it suffices that J/n = o(1), up to logn terms. In
contrast, a strong approximation of the t-statistic process for general series estimators was obtained
based on Yurinskii coupling in Belloni et al. (2015), which requires J°/n = o(1), up to logn
terms. Alternatively, a strong approximation of the supremum of the t-statistic process can be
obtained under weaker rate restrictions, such as the requirement of J/n'=2/¥ = o(1) used by
Chernozhukov et al. (2014a), up to logn terms, where v is related to the moment assumptions
imposed in the SA, but their result applies exclusively to the suprema of the stochastic process.
Our theoretical improvements have direct practical consequences as the rate conditions are weak
enough to accommodate the canonical binscatter (i.e., the piecewise constant p = 0 estimator),

which would otherwise not be possible. See the SA for more details.

7 Conclusion

Data visualization is a powerful device for effectively conveying empirical results in a simple and
intuitive form. Binned scatter plots have become a popular tool to present a flexible, yet cleanly
interpretable, estimate of the relationship between an outcome and a covariate of interest. However,
despite their visual simplicity and conceptual appeal, there has been no work to establish that they
provide a high-quality, or even accurate, visualization of the data. This hampers their reliability
and usability in applications.

We introduce a suite of formal and visual tools based on binned scatter plots to improve, and in

some cases correct, empirical practice. Our methods offer novel visualization tools, principled co-
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variate adjustment, estimation of conditional mean functions, visualization of variance and precise
uncertainty quantification, and tests of hypotheses such as linearity or monotonicity. We illustrate
our methods with two substantive empirical applications, revisiting recently published papers (Ak-
cigit et al., 2022; Moretti, 2021) in economics, and show, in particular, the pitfalls of employing
binned scatter methods incorrectly in practice. Further, our empirical reanalysis showcases how
applying binned scatter plots correctly can strengthen the empirical findings in those papers. All
of our results are fully implemented in publicly available software (Cattaneo et al., 2023a).

In this paper our focus is on binned scatter plots, and hence the case of a scalar variable x;.
However, all of our results (including covariate adjustment) extend immediately to cover the case
where dim(z;) > 1. One important application is a heat map, which is used in applied work
to show some feature of the conditional distribution of y; (the “heat”) given positioning in two-
dimensional space (the “map”). For recent examples, see Crawford et al. (2019) and Greenwood et
al. (2022). Finally, the results herein cover conditional means only, while Cattaneo et al. (2023b)

treats nonlinear settings such as conditional quantiles and other nonlinear features.
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Figure 6: Relation Between Productivity of Top Inventors and High-Tech Clusters. This figure
uses the data from Moretti (2021). The dependent variable is the log number of patents per inventor per
year, and the independent variable is the log cluster size. The top left plot shows a raw scatter plot of the
data. The top right plot replicates Figure 4 in Moretti (2021) which controls for year, research field, and city
effects while the middle left plot shows the implied estimated conditional mean function (2.2). The incorrect
residualization versus the semi-linear specification introduced in Section 2 (both for 40 bins) is shown in
the middle right chart. The bottom left chart uses the optimal choice of J introduced in Section 3. The
bottom right chart again uses the optimal choice of J but for the main specification of Moretti (2021, Table
3, Columnn (8)). Shaded regions denote 95% confidence bands using a cluster-robust variance estimator

with clustering by city x field.

(a) Raw Scatter plot (b) Fig. 4 of Moretti (2021)
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SA-1 Additional Methodological Results

We discuss two important issues related to the results in the main text. First, building on Section
2.1, we provide two simple and stylized analytical examples which explicitly characterize the effect
of using the incorrect covariate adjustment for binscatter. Second, building on Section 2.2, we
discuss the role of the choice of the evaluation point w for visualization, estimation, and inference

for Yo(z, w) = E[yi|z; = z,w; = w].

SA-1.1 Bias of Residualized Binscatter

We present two examples to showcase the potential problems resulting from the incorrect residual-
ization method. In the following we use m!! to denote the double factorial of a number m, U(a,b)
to denote the uniform distribution on [a,b] and Bernoulli(p) to denote the Bernoulli distribution

with mean equal to p.

SA-1.1.1 Example 1: Gaussian Polynomial Regression Model

Suppose that for some integer m > 1,

i 0] [o2 po. 0
yi = x]" + wivo + €, Y =0, w;| ~Normal [ (0], |po, 1 0
€ 0 0 0 o2

Thus, using the notation in the paper, po(z;) = z]* and w; is scalar (d = 1).

Residualizing the covariate x; with respect to the control w; in this Gaussian model yields

z; — L(x;|w;) = x; — pogw;,

The residualized covariate x; — po,w; is still supported on the whole real line, but its variance

shrinks to (1 — p?)o2. In addition, residualizing the outcome y; with respect to w; yields

yi — L(yilwi) = yi — (1 w)(E[z]"] E[z{"wi])" = yi — a0 — arw;

)



where

0 if m is odd mpo(m —2)! if m is odd
Qg = and a1 =

o(m — 1)1 if m is even 0 if m is even

Then, letting z; = x; — po,w;, we have
Elyi — L(yi|wi)|zi — L(zi|wi)] = E[z]" — ap — acqwilzi] = Elz"|zi] — ao.
Note that x;|z; ~ N(z;, p?02). Then, we can concisely write

Blef'ls] = ) (7)z£\pax\m—l<m —1-1)n.

0<I<m
m—1 is even

For instance, if the true underlying model is a quadratic regression model (m = 2) we obtain
Ely; — L(yilwi)|zi] = (0° = 1)o7 + 2} (for m = 2),
while for a cubic regression model (m = 3) we obtain

Ely; — L(ys|wi)|z] = 3p%022; + 23 (for m = 3).

Clearly, for m = 2, the residualization leads to a vertical shift of the true function (quadratic

monomial). For m = 3, however, the problem is more severe: residualization adds a linear function

of the covariate to the true function (cubic monomial), and when |po;| is large, the linear component

3p?02z; will visually dominate in a binscatter plot, leading to an incorrect “linear” specification

of the model. Moreover, in any sample, this effect is likely to be amplified because z; is more

concentrated around its mean than z; is.

Using the above results, we can even obtain the functional form of the residualized binscatter

when pg is any polynomial function and all variables are multivariate normal. Generally, the resid-

ualized binscatter yields a polynomial relationship between the residualized y; and the residualized

x; that may be different from the original polynomial p.



SA-1.1.2 Example 2: Semiparametric Bernoulli Model

Suppose that

yi = po(z;) +wivo + €, Y =0,

where

w; ~ Bernoulli(0.5), xilw; =0~ U(0,1), zilw; =1~ U(1,2), € L (x5, w;).

It follows that x; ~ U(0,2). Residualizing the covariate x; with respect to w; yields

Ti— L(:ci\wi) =x;— 0.5 —w; € [—0.5, 0.5] .

The support of this residualized covariate is different from that of the original one, not only in the
location but also in the length.

In addition, residualizing the outcome y; with respect to w; yields

yi — L(yi|wi) = yi — ag — dow;

where ag = E[uo(z;)|w; = 0], and 6o = E[po(x;)|w; = 1] — E[po(x;)|w; = 0]. Then, letting

zi = x; — 0.5 — w;, we have

Ely; — L(yilwi)|zi — L(zi|w;)]

= Ely; — ap — dow;|zi]

(,Lto(Zi + 0.5) - Ozo) X P(wi = 0|Zi) + (,U()(Zi + 1.5) — Qo — 50) X IP’(wi = llzl-)

1 1 1

Ignoring the constants, the residualized binscatter in this example characterizes a linear combination
of two “horizontally shifted” versions of the true function pg(-), which in general can be very different

from the original pg(-). For instance, consider

po(z) = 21 (x € [0,1)) + (2 — (z — 2)*)1(z € [1,2]),



which is continuously differentiable. This specification actually implies that y; and z; have a
quadratic relationship which is heterogeneous across the two groups with w; = 0 and w; = 1.

However, the residualized binscatter yields
1
Elys — L(yilwi)|zi — L(zilw)] = 2i +1 — a0 = 50

which becomes a linear function in z;, thereby giving a (visually and theoretically) wrong functional

form for the true underlying conditional expectation.

SA-1.2 Impact of Evaluation Point w

This supplemental appendix will focus on estimation and inference for the conditional expectation
Yo(x,w) = Ely;|z; = z,w; = w] and its derivatives with respect to x, where w is a user-specified
value of control variables at which Yo(z, -) is evaluated, such as w = 0, E[w;], or median(w;), where
0 denotes a vector of zeros and median(w;) denotes the population median of each component in w;.
In the paper attention is restricted to Yo(z) = To(x, E[w;]). In this section we provide a detailed
discussion regarding the role of the evaluation point w, which may be important for interpretation
and for numerical results, and even for the visualization itself.

One might expect that since the additional controls are modeled as additively linear, the eval-
uation point w (and the coefficient ~p) should not impact conclusions about the nonparametric
relationship between y and x. But this intuition overlooks the fact that the function pg(x) is only
defined relative to how w; is coded. We will show that the results of parametric specification tests
and confidence bands for the mean function Y((x, w) might be sensitive to the choice of w, and
how this issue may be circumvented by focusing instead on the derivative of the mean function,
highlighting the importance of our theoretical contributions which can accommodate the estimation
of derivatives.

Let us first consider the hypothesis testing procedure behind the informal practice of checking if
the “dots” are roughly linear, and then running ordinary least squares regression of y; on x; and
w;. This idea motivates the standard practice of plotting the fitted regression line along with the
binned scatter plot, as in Figures 1 and 2 in the paper. In this case, the null hypothesis is not

merely that pg(x) = 0y + 01, i.e., a linear function, but rather that the full model is linear, so



that Yo(z,w) = 6 + 61 + w'vp. Under the partially linear assumption of the model (SA-2.2)
below, these would seem identical, because in either case w enters linearly. But this is not so in
practice for two reasons: the estimates of the coefficients «p will differ in general, as will the implied
intercepts, and the chosen w will impact the uncertainty about the estimate of 6.

In a standard binscatter plot such as Figure 1 in the paper, the “dots” show the semiparametric
estimate Y(z, W) = Ji(z) + W'7, defined in (SA-2.3) below, while the plotted line is the parametric
fit 50 + 151 + W4, obtained from least squares regression. Thus, while we are only interested in
assessing the linearity of po(z), we are actually testing these two functional forms for Yo(z, w), and
the fact that 5§ # 5 becomes important. Moreover, because fo + =61 + W' is a global parametric
fit while ’/I\‘(:L',v?') = fi(z) + W'y is local and nonparametric, the implied intercept when plotted
depends on the chosen W, and this can shift the line away from the dots. Figure SA-1 demonstrates
this by example: everything is identical between the three plots except for choice of W. Notice
the shift in absolute position (note the y axis) and the change in the relative position of the line
and the binscatter. This phenomenon is unavoidable in this setting, and the user must select W

appropriately. (Note that this does not occur when using the incorrect residualization because the

covariates are mishandled.)

Figure SA-1: Role of the Evaluation Point. This figure demonstrates that the choice of W shifts both the
absolute position (note the y axis) of the visualization and estimator, but also affects the comparison to parametric
fits. The data is the same as in Figure 2 in the paper except that state and year fixed effects are omitted for simplicity.
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Beyond the visual inspection of a plot like Figure SA-1, we can also consider a formal test for the
hypothesis YTo(z,w) = M(z,w;0,v0) = m(z;60) + w'yo. (In the case of linearity, 8 = (6p,61)" and

m(z;0) = 6y + z6,.) This is a special case of the specification tests discussed in Section SA-3.7:

Ho : sup [Yo(z,w) — M(z,w;0,70)| =0,
zeX

for some 6, v8s.



Ha:  sup |Yo(z,w) — M(xz,w;0,v)| >0, for all 6.
TEX

Y(I,W)—AM(x,®;57ﬁ)
VQ(z)/n

This testing procedure formalizes the idea of visually examining a binned scatter plot compared

One rejects Ho if and only if sup, ¢ y |T},()| > ¢ for some critical value ¢ where T}, () =

to a parametric specification; a common step before regression analysis. But it also formalizes the
problematic dependency on the evaluation point w and the difference between 4 and 4. Despite
the fact that w’~g cancels out in both the null and alternative statements, the numerator of the
t-statistic depends on W' (5 —7), because in finite samples g is unknown. Therefore our uncertainty
about how x enters the model depends on the controls w;. As mentioned above, this comes about
because po(x) is only defined relative to w;.

Consider the case where w; is an indicator (or fixed effect). Then setting w = 0 would seem
to remove the problem, because the numerator of T),(x) depends only on fi(x) and m(z; 6), while
setting w = 1 maximizes it. This is correct, but is then sensitive to how the researcher has coded
w;, i.e., which category is considered the baseline. Thus we can get a different answer to the test
depending on which category of w we consider, even though the hypothesis applies to both. This
is intuitively the same as the fact that in a linear model with dummy variables the standard error
of the intercept changes depending on how w is coded. The case of a continuous w; (especially
with large support, such as annual income) is perhaps worse: if 4 # 4, then there is always some
value w for which we reject the null. Thus, using the procedure described above to test parametric
specifications is potentially confusing at best, and at worst is vulnerable to p-hacking. It is worth
noting that in most papers studying the partially linear model, the parameter of interest is 7, and
so these concerns have gone largely unnoticed. (And are masked by construction when using the
incorrect residualization approach.)

To avoid these issues, and motivated by the fact that the central point of binscatter is to study
how y; relates to x;, controlling for w;, we advocate reformulating the hypothesis as pertaining to the
derivative of uo(x), instead of the level. Under the partially linear model maintained throughout,
any derivative of E[y;|x; = z, w; = w] is exactly ,u(()v) (), and is by definition T(()U) (x,w). Therefore,
instead of testing the null Yo(z,w) = m(z;0) + w'~p, we test the equivalent hypothesis that

T(()v) (z,w) = m)(x;0) for some v > 1. For example, instead of testing that pg(z) is linear, we



test that it has constant first derivative. To test if pg(x) itself is constant, the null would be that
1

ps? () = mW(;0) = 0.
Such (more robust) tests are still special cases of the specification tests discussed in Section

SA-3.7: for some v > 1,

Ho: sup Tév) (2, w) —mW (z; 9)‘ =0, for some 6, vs.
reX

Hy: sup Tgu) (z,w) — m®) (; 9)‘ >0, forall 6.
reX

_ (@) -m® (2:0) )
Ox)/n
Finally, notice that the visual appearance of the confidence band for the mean function Yo (z, w) =

One rejects Ho if and only if sup,c  |T,(x)| > ¢ for some critical value ¢ where T)(z)

Elyi|z; = z,w; = w] will also be impacted by the evaluation point w (or its feasible version w).
This is important to keep in mind when evaluating binscatter plots. By definition, each binscatter
plot shows only one choice of w, and therefore while the shape of T(:J;,VAV) is unchanged, a level
shift will occur and the size of the band can change. For an intuitive example, again consider the
case where w is categorical, and some categories have much larger or smaller sample sizes. These
different sample sizes will naturally be reflected in the uncertainty for YTo(x, w).

For this reason, we must be careful when using confidence bands as visual aids in parametric
specification testing. If we plot T(:L‘,VAV) and its associated confidence band, it is tempting to say
that if this band does not contain a line (or quadratic function), then we say that at level a we
reject the null hypothesis that pg(x) is linear (or quadratic). Although this is formally justified,

we must interpret such analyses with caution because of the role of the evaluation point.

SA-2 General Setup and Notation

To present all our complete theoretical results we first review and generalize the notation introduced
in the main text. Suppose that (y;,z;, w}), 1 <i < n, is a random sample where y; € ) is a scalar
response variable, z; € X is a scalar covariate, and w; € W is a vector of additional control variables

of dimension d. Define the following least squares estimand:

(0(-),70) = argmin E[(y; — p(x:) — wiv)’], (SA-2.1)
HEM,yERM



where M is a space of functions satisfying certain smoothness conditions to be specified later.

We study binscatter estimators in the partially linear regression model:

yi = po(m;) + Wivo + €, Ele;|z;, w;] = 0. (SA-2.2)

The parameter of interest is

v

oxv

Tév)(%w) = Elyi|z; = x,w; = w, v € Ny,

for some evaluation points z and w. Given the assumption E[¢;|z;, w;] = 0 in (SA-2.2):

Yo(x,w) = T(()O) (z,w) = po(x) + W'y and T(()v) (x,w) = u(()v) (x) for v > 0.

In the paper, we focused on T(()v (x) = T(()v) (x, E[w;]), one special case of Tgu) (x,w) defined above

for some evaluation point w.

The following basic conditions on the data generating process are imposed throughout.

Assumption SA-DGP (Data Generating Process). {(y;,z;,w}) : 1 < i < n} is i.i.d. satisfying
(SA-2.1) with X a compact interval; x; has a distribution function Fx(x) with a Lipschitz contin-
uous (Lebesgue) density fx(x) bounded away from zero on X; and po(x) is s,-times continuously

differentiable for some ¢, > p+ 1.

We next impose a condition that is specific to the least squares binscatter. Binscatters in more

general models are studied in Cattaneo et al. (2023). Section SA-2.1 defines standard notation.
Assumption SA-LS (Least Squares).

(i) Elei|xi, w;] = 0; 0%(x) := E[e?|z; = x| is Lipschitz continuous and bounded away from zero

on X; and sup,cy E[|&|"|x; = 2] S 1 for some v > 2.

(i1) max<;<, Ele?|w;, x;] Sp 1; E[w;|z; = @] is g -times continuously differentiable for some G, >
1; super Elllwill¥ |2z = 2] < 1; maxi<i<n B[ wi—Elwilz] || 2] Sp1; and ming<icp Amin (E[(wi—

E[w;|z;])(w; — Efwi|z])'|z:]) Zp 1.



Part (i) imposes some moment conditions on the error term which are commonly used in the
nonparametric series estimation literature. Part (ii) includes a set of conditions similar to those
used in Cattaneo, Jansson and Newey (2018a,b) to analyze the semiparametric partially linear
regression model. They ensure the negligibility of the estimation error of 4. To reduce notation,
we use the same constant v > 2 in the conditional moment bounds for ¢; and w;.

Binscatter estimators are typically constructed based on quantile-spaced partitions, and a major
innovation herein is accounting for this additional randomness. Our results allow for other options
as well, including evenly spaced partitioning. Specifically, the relevant support of x; is partitioned
into J disjoint intervals employing the empirical quantiles, leading to the partitioning scheme

3 = {B\l,B\Q, ce ,B\J}7 where

[21)s (/1) ifj=1
Bj =\ [oG-tma1yr @(nsa) #j=23,...,7-1>
[z (110 )] itj=J
7(;) denotes the i-th order statistic of the sample {z1,x2,...,7,}, and |-] is the floor operator. The

number of bins J plays the role of tuning parameter for the binscatter method, and is assumed to
diverge: J — 0o as n — oo throughout the supplement, unless explicitly stated otherwise.

The piecewise polynomial basis of degree p, for some choice of p =0,1,2,..., is defined as

where 14(z) = 1(z € A) and ® is the Kronecker product operator. For convenience of later

analysis, we use lA)p,o(:c) to denote a standardized rotated basis, the jth element of which is given by

e J=1=(-1)(p+1)
\/jX]].gj(fL') X ( (L%_ 1)n/JJ)> ) ]:17 7(p—|—1)J,
J
where j = [j/(p + 1)], [-] is the ceiling operator, and ﬁ; = Z(jn/J]) — T(|G-1)n/s))- Thus, each
local polynomial is centered at the start of each bin and scaled by the length of the bin. v/J is an
additional scaling factor which helps simplify some expressions of our results. The standardized

rotated basis Bpp (z) is equivalent to the original piecewise polynomial basis in the sense that they



represent the same (linear) function space.
To impose the restriction that the estimated function is (s — 1)-times continuously differentiable

for 1 < s < p, we introduce a new basis

S

~ o~ / ~ o~
Bs(®) = (Bpsa@), - Byt (@) = Tubpo(@), Ky = (p+ 1) = 5(J = 1),

where T := ’i‘s(ﬁ) is a K, x (p+ 1)J matrix depending on A, which transforms a piecewise
polynomial basis to a smoothed binscatter basis. When s = 0, we let ’i‘o = I(p41)s, the identity
matrix of dimension (p + 1)J. Thus pro(x) is the discontinuous basis without any constraints
defined previously. When s = p, Bp,s(x) is the well-known B-spline basis of order p + 1 with
simple knots, which is (p — 1)-times continuously differentiable. When 0 < s < p, they can be
defined similarly as B-splines with knots of certain multiplicities. See Definition 4.1 in Section 4 of
Schumaker (2007) for more details. We require s < p, since if s = p+1, Bp,s () reduces to a global
polynomial basis of degree p.

A key feature of the transformation matrix T, is that on every row it has at most (p+ 1)
nonzeros, and on every column it has at most p + 1 nonzeros. The expression of these elements is
cumbersome. The proof of Lemma SA-3.2 describes the structure of T, in more detail and provides
an explicit representation for ’TS.

Given a choice of basis, we consider the following least squares binscatter estimator:
~ ~ 3 ~ 2
W (z) = bgg ()8, [g ] = arg minz (yi —bys(xi)'B — w;’y) , (SA-2.3)

where B;US) (z) = C%,Bp,s () for some v € Z, such that v < p. It is well known that this estimator

admits the following “backfitting” expression, which will be convenient for later theoretical analysis:

B=(BB)'B(Y-W7), J=(WMgW) (WMgY),

~

where Y = (y1,...,yn), B = (Bpﬁ(xl),...,bp7s($n))’, W = (wy,---,w,) and Mg = I, —

B(B'B)" !B’ with I, denoting the identify matrix of size n.

10



Given an estimator w of the evaluation point w, we have the following estimator of T((]”)(a:, w):

plz)+wvy  ifv=0

i) (z) if v >1

Throughout the supplement (and the paper), we always assume that the estimator w is either

nonrandom (e.g., a fixed value) or generated based on W.

Remark SA-2.1 (Smoothness and Bias Correction). We remind readers that this supplemental
appendix presents all results under general choices of the number of bins J, the degree of the basis
p, and the smoothness of the basis s. By contrast, for simplicity, the paper only uses the binscatter
basis with s = p, where p = 0 for binscatter estimation and p = 1 for inference. In addition, in
the paper we let J be the IMSE-optimal choice corresponding to p = p for a fixed number p (see
Theorem SA-3.4), and inference is conducted based on the binscatter basis of degree p =p+ 1. In
particular, we set p = 0 to construct confidence bands in Section 4. This can be viewed as a bias
correction strategy (Calonico, Cattaneo and Farrell, 2018, 2022) which guarantees the smoothing

bias of the binscatter estimator is negligible in inference under mild conditions. _I

SA-2.1 Notation

For background definitions, see van der Vaart and Wellner (1996), Bhatia (2013), Giné and Nickl
(2016), and references therein.

Matrices and Norms. For (column) vectors, || - || denotes the Euclidean norm, || - ||; denotes
the L; norm, ||-||s denotes the sup-norm, and || - ||o denotes the number of nonzeros. For matrices,
|| - || is the operator matrix norm induced by the Lo norm, and || - ||« is the matrix norm induced
by the supremum norm, i.e., the maximum absolute row sum of a matrix. For a square matrix
A, Amax(A) and Apmin(A) are the maximum and minimum eigenvalues of A, respectively. [A];;
denotes the (i,j)th entry of a generic matrix A. We will use S* to denote the unit circle in
RE ie., ||al| = 1 for any a € S*. For a real-valued function g(-) defined on a measure space
Z, let ||gllg2 = ([ |9/?dQ)'/? be its Lo-norm with respect to the measure Q. In addition, let
lgllc = sup,ez |g(2)| be Loo-norm of g(-), and g (z) = d’g(z)/dz" be the vth derivative for

v > 0.

11



Asymptotics. For sequences of numbers or random variables, we use l,, < m,, to denote that
limsup,, |l,,/my,| is finite, I, Sp m,, or l,, = Op(m,,) to denote lim sup,_, . limsup,, P[|l,,/m,| > €] =
0, I, = o(my,) implies I, /m,, — 0, and l,, = op(m,,) implies that l,,/m,, —p 0, where —p denotes
convergence in probability. I, < m,, implies that I, < m, and m,, < I,.

Empirical Process. We employ standard empirical process notation: E,[g(v;)] = % Yo g(vi),
and Gy [g(v;)] = ﬁ Yo, (g(vi) —E[g(v;)]) for a sequence of random variables {v;}?_ ;. In addition,
we employ the notion of covering number extensively in the proofs. Specifically, given a measurable
space (A, A) and a suitably measurable class of functions G mapping A to R equipped with a
measurable envelop function G(z) > sup,c¢ |g(2)|, the covering number of N(G, Ly(Q),¢) is the
minimal number of Ly(Q)-balls of radius € needed to cover G for a measure Q. The covering number
of G relative to the envelope is denoted as N (G, L2(Q),£|G|lg.2)-

Partitions. Given the random partition A, we use the notation Ex[-] to denote that the ex-
pectation is taken with the partition A understood as fixed. To further simplify notation, we let
{70 <71 < --- < 7;} denote the empirical quantile sequence employed by A and ﬁj =1T; — Tj-1
be the width of the j-th bin Ej_ Accordingly, let {9 < --- < 75} be the population quantile
sequence, i.e., 7; = Fy'(j/J) for 0 < j < J. Then Ag = {B,...,B;} denotes the partition based

on population quantiles, i.e.,

|:7'0’7'1) lfj: 1
Bi =1 [r-1.7) ifj=23,....J -1
[77-1,77] itj=4J

Let hj = Fy'(5/J)—Fx'((—1)/J) be the width of B;. Analogously to Bp,s(az), b, s(x) denotes the
binscatter basis of degree p that is (s —1)-times continuously differentiable and is constructed based
on the nonrandom partition Ag. We sometimes write by, o(x; A) = (bps1(2; A), ..., bps K, (23 A))
to emphasize a binscatter basis is constructed based on a particular partition A. Therefore,
bys(z) = by s(2;A) and by, 4(z) = by (7 A).

For any given partition A, the population least squares projection of 19(+) is given by by, s(+; A)' Bo(A)

12



with

Bo(A) := argmin E[(ug(2;) — bps(2i; A)'B)?]. (SA-2.4)
BERKD,s

Accordingly, given the random partition A and the nonrandom partition Ag, we have

~

ﬁo = ﬂo(ﬁ) := argmin Ex[(uo(z) — bp,s(fﬁi;A),B)Q]v and
BeRKD,s

Bo := Bo(Ao) := argmin E[(pio(xs) — bp,s(zi; Ao)'B)%].
BeRKD,s
The corresponding Lo projection error is ro,(z; A) = ,uév) (x) — b](f,)s) (x; A)'Bo(A). We therefore

define the approximation errors
Tow(x) == rou(x; A), and o0 (z) = rou(x; Ao).

For v = 0, we write ry(z) := roo(x) and ro(z) := roo(x)
Other. Let X = [z1,...,2y), W = [wy,---,w,], and D = [(y;,z;, W) : ¢ = 1,2,...,n].
[z] outputs the smallest integer no less than z and a A b = min{a,b}. “w.p.a. 1” means “with

probability approaching one”.

SA-3 Theoretical Results

Our main theoretical results are presented in this section. We will focus on the estimator ?(”)(x, w)
of T(()U) (z,w). The estimator Y (z) of T(()U) (x) = T(()U) (x,E[w;]) discussed in the paper is covered as

a special case.

SA-3.1 Properties of Quantile-Based Partition and Binscatter Basis

In this section we first give some preliminary lemmas concerning the basic properties of the quantile-
based partition and the binscatter basis, which are necessary for our main analysis and may be of
independent interest.

The asymptotic properties of partitioning-based estimators require a partition that is not too
“irregular”. In the binscatter setting, we let fx = sup,cy fx(x) and Sy = infzex fx(x), and

for any partition A with J bins, we let h;(A) denote the length of the jth bin in A. Therefore,

13



izj = hj(ﬁ) and hj = hj(Ap). Then, we introduce the family of partitions:

maxlgjgj h](A) 3fX
MI=<A: — < . SA-3.1
{ miny << hi(A) T fy } ( :

Intuitively, if a partition belongs to II, then the lengths of its bins do not differ “too” much, a
property usually referred to as “quasi-uniformity” in approximation theory. Our first lemma shows

that a quantile-spaced partition possesses this property with probability approaching one.

Lemma SA-3.1 (Quasi-Uniformity of Quantile-Spaced Partitions). Suppose that Assumption SA-

Jlog J logn : 2 _1( Jlogg\ /2
DGP holds. If =% = o(1) and 5™ = o(1), then (i) maxi<j<y|h; — hj| Sp J (Tg> , and

(ii) AcTl wp.a. 1.

As discussed previously, ”fs links the more complex spline basis with a simple piecewise polyno-
mial basis. Recall that ’i‘s = ’f‘s(ﬁ) depends on the empirical-quantile-based partition A. The next
lemma describes its key features. We let T's := Ts(Ag) be the transformation matrix corresponding

to the nonrandom basis by, s(x), i.e., b, s(z) = Tsbyo(x).

Lemma SA-3.2 (Transformation Matrix). Suppose that Assumption SA-DGP holds. If % =

o(1) and lo%" = o(1), then prs(x) = ’i‘Spro(az) with H’TSHOO <p 1, H’T‘SH <p 1, H’f‘s — Tslloo Sp
1/2 ~ 1/2
(£82) ", and | Ty - T Sp (2282) 7

The following lemma provides some simple bounds on the basis.

Lemma SA-3.3 (Local Basis). Suppose that Assumption SA-DGP holds. Then, sup,c y HBI(,”S) (@)|lo <

(p+ 1)2. If, in addition, 787 = o(1) and 8™ = o(1), then sup,cx HB;(;Ug(x)H <p Jtv.
The following lemma characterizes the approximation error 7y ,(x) in terms of the sup norm.

Lemma SA-3.4 (Approximation Error). Suppose that Assumption SA-DGP holds. If% =o(1)

and lo%” = o(1), then

sup sup [b{") (z; A)'Bo(A) — P (@) S TP and sup \B};@ (2)'Bo — p (2)] <p P10,

,8
AcllzeX TEX

Remark SA-3.1 (Improvements over literature). Lemmas SA-3.1-SA-3.4 show some basic char-

acteristics of the binscatter basis, which are used in the subsequent main analysis. Compared with
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other studies of splines (see, e.g., Shen, Wolfe and Zhou, 1998; Huang, 2003; Schumaker, 2007), we

formally take into account the randomness of the partition formed by empirical quantiles. _

SA-3.2 Preliminary Technical Lemmas

This section collects a set of technical lemmas, which are key ingredients of our main theorems.

We first introduce the following quantities that will be frequently used:

where € = y; — by, s(z;) B — w,~. All quantities with = or ~ depend on the random partition A,
and those without any accents are nonrandom with the only exception of {2(x), where the basis
Bg)) (x) still depends on A. The dependence on p, s and v is often omitted for simplicity.

S

The following lemma characterizes the properties of the Gram matrix of the binscatter basis.

Lemma SA-3.5 (Gram). Suppose that Assumption SA-DGP holds. Then, 1 < Apnin(Qo) <

Amax(Qo) < 1. If, in addition, Jkr)ng =o(1) and lo%” = o(1), then

/
(legJ JlogJ)12'

~ 1/2 . . B
18- Qofl S ) I e St and Q7 = Q5o S2 (

The next lemma shows that the limiting variance of fi(*)(z) is bounded from above and below if

properly scaled. Recall that Q(z) = Q(z; A) and Q(z) = Q(z; A).

Lemma SA-3.6 (Asymptotic Variance). Suppose that Assumptions SA-DGP and SA-LS(i) hold.

If% — O( ) and IOgn = 0(1), then w.p.a. ].,

JIH2 < inf Q(z) < sup Qz) S T and TV < inf Q(z) < sup Q(z) < JH.
~zex rEX ™ zex zeEX
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The next lemma gives a bound on the variance component of the binscatter estimator, which is

the main building block of uniform convergence.

Lemma SA-3.7 (Uniform Convergence: Variance). Suppose that Assumptions SA-DGP and SA-

LS(i) hold. If@ =o0(1) and 10%" = o(1), then

sup |b
zeX

v ~ Jlog J\1/2
) (@) Q' Enlbps(ai)ed] o)

Sp JU(

As explained before, 7o () is understood as the Ly approximation error of least squares estimators
for po(z). The next lemma establishes the bound on the projection of 7p(z) onto the space spanned

~

by b, s(x) in terms of sup-norm.

Lemma SA-3.8 (Projection of Approximation Error). Under Assumption SA-DGP, if % =

o(1) and %™ = o(1), then

%)W.

sup [b{") () Q" En[by,s (x:)70(x4)]| S J_p_H”( -

s
reX ’

The last lemma in this subsection characterizes the convergence of the parametric component in

the expression of B

Lemma SA-3.9 (Covariate Adjustment). Suppose that Assumptions SA-DGP and SA-LS hold.

If% =o(1) and 10% = o(1), then

. 1 o ~ ~ —~
17 —ll Sp + gl D) g Hbgvs) (w)/Q 1En[bp75($i)wg]”oo SpJY for each x € X.
n 9

\/>
If, in addition, % S 1, then sup,cy Hg](yvs) (w)/Q_lEn[prs(wi)wg]Ho@ <p J".

Let (a, : n > 1) be a sequence of non-vanishing constants, which will be used later to characterize
the strong approximation rate. Lemma SA-3.9 implies that if % =o0(1) and a,, \/ﬁJ_p_(““/\(”H))_% =

o(1), then we have

17 = oll = op(ay ' v/ J/n).

This result suffices to make the estimation error of 4 negligible in the large sample inference on

,u(()v)(-) or Yo(-,w).
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Remark SA-3.2 (Improvements over literature). The results in this subsection give novel rates of
approximations for semi-linear partitioning-based estimators with random partitions. Compared
to standard semi-linear regression results, our results provide sharper approximation rates due to
the specific binscatter basis, and also formally take into account the randomness of the partition
formed by empirical quantiles. See Cattaneo, Jansson and Newey (2018a,b), and reference therein,

for related literature. _

SA-3.3 Stochastic Linear Approximation and Point Estimation

Theorem SA-3.1 (Stochastic Linear Approximation). Suppose that Assumptions SA-DGP and

SA-LS hold. If 771087 <1 gnd 18" — o(1), then

sup [T (@, W) = T4 (2, w) = B{)(2)' Q" Ea[bys(w)ei]

zekX

1 .
<p J° (% 4 JP 1= (wA@+1) 4 J*pfl) +|[|w — w|[1(v =0).

An immediate corollary of Theorem SA-3.1 is the uniform convergence of ?(”)(-, w).

Corollary SA-3.1 (Uniform Convergence). Suppose that Assumptions SA-DGP and SA-LS hold.

If \/ﬁjfpf(gw/\(pﬂ))*% =o(1) and @ < 1, then

~(v v o Jlog J\1/2 14w
sup [10(2) — " @)| <o 0 (BE) T g,
zeX n

If, in addition, ||w — w| <p 4/ % + J7P7L then

~ R Jlog J\1/2 e
sup |TO) (2, w) — T(O)(x,w)‘ <p ( o8 ) + J Pt
TEX n

Based on the above facts, we can also show that the proposed variance estimator is consistent.

Theorem SA-3.2 (Variance Estimate). Suppose that Assumptions SA-DGP and SA-LS hold. If

J72(log )72 o(1) and \/aJ P~ PFDI=3 = o(1), then

n

~ 1 1/2 ~ 1 1/2
HE - EOH <pJ P14 (J OgQJ> , and sup |Q(zx) — Q(w)‘ <p JHZ (J_p_l + (J OgQJ) )
nl=v rEX nl=v
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Remark SA-3.3 (Improvements over literature). The results in this subsection improve on the
linear series estimation literature (Belloni, Chernozhukov, Chetverikov and Kato, 2015; Cattaneo,
Farrell and Feng, 2020) by formally taking into account the randomness of the partition formed
by empirical quantiles, and by accounting for the semi-linear regression estimation structure. The
final approximation rate in the Bahadur-type (linear) approximation is sharp for the binscatter

basis (with or without random binning). _

SA-3.4 Pointwise Distributional Approximation and Inference

In this subsection we focus on the pointwise inference on the unknown parameter T((]U) (z,w) =

~

%E[yi]:):i = z,w; = w| and construct the ¢-statistic based on T (2, W):

YO (2, w) — T (2, w)

Tp(z) = —

Recall in our semi-linear model T(®) (z,w) differs from 7i(*)(z) only when v = 0 and W # 0.
Therefore, the condition that w converges to w at a fast rate imposed below is needed only when
v =0.

Let ®(-) be the cumulative distribution function of a standard normal random variable. The

following theorem constructs the pointwise inference for Tév) (x,w).

Theorem SA-3.3 (Pointwise Asymptotic Distribution). Suppose that Assumptions SA-DGP and
SA-LS hold. If sup,cx El|&|"|z; = 2] <1 for some v > 3, w = o(1), nJ=2P73 = o(1)

and [|[w —w|| = o(/J/n), then

sup |P(Tp(z) < u) — q)(u)’ =o(l), foreachx € X,
u€eR

and accordingly,

P[T(()U)($7W) € IAp(Jf)} =1—a+o(l), foreachzeX,

where fp(a:) = [YO) (2, W) £ cy/Qx)/n] and ¢ = D11 — 0/2).

Remark SA-3.4 (Robust Bias Correction). In practice, we suggest employing the robust bias

correction method (Calonico, Cattaneo and Farrell, 2018, 2022) to construct valid confidence inter-
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vals. Specifically, for a given p, let J be the corresponding IMSE-optimal choice Jiusg (see Section
SA-4 for implementation details). By Theorem SA-3.4 and Remark SA-3.7 below, Jiysg < nﬁ in
general. Then, construct the confidence intervals fp+q(m) (i.e., use (p + ¢)th-order binscatter esti-
mator). This particular choice of J = Jiygg satisfies nJ 272973 = o(1) and J21+g2‘] = 0(1). Then,
the conclusion of Theorem SA-3.3 immediately applies to fp+q(l') ifr=4andg, =¢,=p+q+1.

-

Remark SA-3.5 (Improvements over literature). The results in this subsection improve upon
Cattaneo, Farrell and Feng (2020, Section 5), the best results available for partitioning-based
estimation, by formally taking into account the randomness of the partition formed by empirical

quantiles, and by accounting for the semi-linear regression estimation structure. _

SA-3.5 Integrated Mean Squared Error

Theorem SA-3.4 (IMSE). Suppose that Assumptions SA-DGP and SA-LS hold. Let w(z) be a
continuous weighting function over X bounded away from zero. If \/ﬁprf(gw/\(pH))*% = o(1),

Toe ] — o(1) and ||W — w| = op(y/T/n + JP71), then

n

/X E[(T@) (z, W) — Tév)(a:,w))QlX,W]w(a:)da:
_ J1+2’U J1+2’U

= YD 5.0) + T2 B () 4 o

+ t]—?(p+1—v)>’
where

Y(p, s,v) = J~ 12 trace (leongl / b;?g(x)b;?g(x)’w(x)dx) =1,
X

2
Bu(p,s,0) = TP / (b$2(2)'B0 — 1 (@)) w(a)de S 1.

X

Remark SA-3.6 (Proof of Theorem 1). Theorem 1 stated in the paper is a special case of Theorem
SA-3.4. In Theorem 1 we let s = p and w = w and take w(x) in Theorem SA-3.4 to be fx(z);
Assumption 1 implies that Assumption SA-DGP holds with ¢, = p + 2, and Assumption SA-LS
holds with v = 4 and ¢, = p + 2; and the rate condition \/ﬁJ_p_(gwA(p“))_% = 0o(1) in Theorem

SA-3.4 is equivalent to nJ =5 = o(1). o

19



As a consequence, the IMSE-optimal choice of J is Jmsg = Jmse(p, s,v) = nﬁ whenever
Bn(p,s,v) 2 1. See Remark SA-3.7 below for discussion of the lower bound on %, (p,s,v). More
precisely, if B, (p,s,v) = B(p,s,v) + o(1) and ¥,(p,s,v) = ¥ (p,s,v) + o(1) for some constants

B(p,s,v) and ¥ (p,s,v), then we can take

2(p—v+1)%(p,s,v)>2pl+3 , w

Jivse = JIMSE(p,S,U) = [( (1 n 21})7/@ 5 v) n2r+3

Regarding the bias component %, (p,s,v), a more explicit but more cumbersome expression
is available in the proof, which forms the foundation of our bin selection procedure discussed in
Section SA-4. However, for s = 0, both variance and bias terms admit concise explicit formulas,
as shown in the following corollary. To state the results, we introduce a polynomial function

Bp(x) = (-1)P 3 _ () (pzk)(—x)k/(if’) for p € Z. (%”)@p(x) are usually termed the shifted
Legendre polynomials on [0, 1], which are orthogonal on [0, 1] with respect to the Lebesgue measure.

Also, let ¢(2) = (1, 2,...,2P)".
Corollary SA-3.2. Under the assumptions in Theorem SA-3.4, ¥, (p,0,v) = ¥ (p,0,v) +o(1) and
B (p,0,v) = B(p,0,v) + o(1) where

1

oy ([ s

fol [‘@p+1—v(z)]2d2 [M(()p+1)(x)}2
(p+1—-v))2  Jy fx(z)2pt2-2v

o) ()0 (=) dz ) / o2(2) fx (2)*w(z)de,

X

AB(p,0,v) =

w(z)dz.

Remark SA-3.7. The above corollary implies that the bias constant %(p, 0, v) is nonzero unless

u(()p Jrl)(aU) is zero almost everywhere on X. For other s > 0, notice that ijﬁ (2)'Bo can be viewed

as an approximation of ,uév) (z) in the space spanned by piecewise polynomials of order (p — v).
The best Lo(z) approximation error in this space, according to the above corollary, is bounded
away from zero if rescaled by JPH!1=v, b](;fg () Bo, as a non-optimal Ly approximation in such a
space, must have a larger Lo error than the best one (in terms of Ly-norm). Since w(z) and fx(z)
are both bounded and bounded away from zero, the above fact implies that except for the quite
special case mentioned previously, %(p, s,v) =< 1, a slightly stronger result than that in Theorem

SA-3.4. We exclude this special case by assuming that the leading bias is non-degenerate, and thus

1
Jiusg X n2p i3, —|
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Remark SA-3.8 (Improvements over literature). The results in this subsection improve upon
Cattaneo, Farrell and Feng (2020, Section 4), the best results available for partitioning-based
estimation, by formally taking into account the randomness of the partition formed by empirical

quantiles, and by accounting for the semi-linear regression estimation structure. _

SA-3.6 Uniform Distributional Approximation

Recall that (a, : n > 1) is a sequence of non-vanishing constants. We will first show that the
(feasible) Studentized t-statistic process Tp(-) can be approximated by a Gaussian process in a

proper sense at certain rate.

Theorem SA-3.5 (Strong Approximation). Suppose that Assumptions SA-DGP and SA-LS hold
and |W — w|| = op(a,t\/J/n). If

J(log J)?

T2t J 4 ng %73 = o(a?),
n v

n

then, on a properly enriched probability space, there exists some K, s-dimensional standard normal

random vector N, . such that for any § > 0,

bl () T,Qy 12y
) 20(1)7 Zp(ﬂf) = - - - NKp,s'

-1
]P’( sup |Tp(z) — Zp(z)| > &ay,, Q(x)

reX

The approximating process (Z,(x) : € X) is a Gaussian process conditional on X by con-
struction. In practice, one can replace all unknowns in Z,(x) by their sample analogues, and then

construct the following feasible (conditional) Gaussian process:

5o bR TQISY o Bl s,
p(l‘) — Kp.s — Kps

where N}(p . denotes a K) ;-dimensional standard normal vector independent of the data D.

Theorem SA-3.6 (Plug-in Approximation). Suppose that the conditions in Theorem SA-3.5 hold.

Then, on a properly enriched probability space there exists a K s-dimensional standard normal
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random vector N}{p . tndependent of D such that for any § > 0,

P( sup|Zy(2) — Zy()| > €a;”
reX

D) — op(1).

Remark SA-3.9 (Proof of Theorem 2). Theorem 2 in the paper is a special case of Theorems SA-
3.5 and SA-3.6. In Theorem 2 we let s = p and w = w; Assumption 1 imposed in the paper implies
that Assumption SA-DGP holds with ¢, = p+ 2 and Assumption SA-LS holds with ¢,, = p+2 and
v = 4. Therefore, the desired strong approximation for T (z,w) follows from Theorem SA-3.5
and Theorem SA-3.6. For ease of presentation, Theorem 2 in the paper defines

by (2) Qg ' = bl (@) T,Qg ' =y

Zp(x) = Q(x) NK%S = Q($) NKp,s'

That is, we replace T in Theorem SA-3.5 with T,. As shown in the proof of Theorem SA-3.5 (see

Step 3 therein), this does not affect the strong approximation result. _

Remark SA-3.10 (Improvements over literature). Theorems SA-3.5 and SA-3.6 offer a new easy-
to-implement approach to conduct binscatter-based uniform distributional approximation and in-
ference. We formally take into account the randomness of the empirical-quantile-based partition
and approximate the whole t-statistic process by a (conditional) Gaussian process under seemingly
minimal rate conditions. In fact, it can be shown that when a, = y/logn and a subexponential
moment restriction holds for the error term, it suffices that J/n = o(1), up to logn terms. In
contrast, a strong approximation of the t-statistic process for general series estimators was ob-
tained based on Yurinskii coupling in Belloni, Chernozhukov, Chetverikov and Kato (2015), which
requires .JJ° /n = o(1), up to logn terms. Alternatively, a strong approximation of the supremum of
the t-statistic process can be obtained under weaker rate restrictions. For instance, Chernozhukov,
Chetverikov and Kato (2014a) requires .J/n'=2/¥ = o(1), up to logn terms, a result that applies

exclusively to the suprema of the stochastic process. _

Theorems SA-3.5 and SA-3.6 offer a way to approximate the distribution of the whole t-statistic
process based on Tw) (-, w). One direct application of these results is to approximate the supremum

of the t-statistic process. The following theorem shows that our strong approximation results
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can be used to obtain the convergence of the Kolmogorov distance between the distributions of

sup,ex |Tp(z)| and its (conditionally) Gaussian analogue sup,cy ]2},(1‘)\

Theorem SA-3.7 (Supremum Approximation). Let a,, = v/logJ. Suppose that the conditions of

Theorem SA-3.5 hold. Then,

sup IP’( sup |Tp(x)| < u) — IP’(sup lzp(m)] < u‘D)‘ = op(1).
u€R zeX zeX

SA-3.7 Uniform Inference

One important application of the strong approximation results in Theorems SA-3.5 and SA-3.6 is
to construct uniform confidence bands. Let fp(x) = [Y®) (2, W)+ cy/Q(z) /n] for some critical value
¢ to be specified, which is constructed based on a certain choice of J and the pth-order binscatter

basis.

Theorem SA-3.8. Let a, = +/logJ. Suppose that the conditions in Theorem SA-3.5 hold. If

¢ = inf {c € Ry : Plsup,cy |2p($)| <c|D]>1- a}, then
P[T(()U)(x,W) € fp(:c), for all x € )(} =1—a+o(l).

Remark SA-3.11 (Robust Bias Correction). In practice, we suggest employing the robust bias
correction method to construct valid confidence bands. Specifically, for a given p, let J be the cor-
responding IMSE-optimal choice Jiysg (see Section SA-4 for implementation details). By Theorem
SA-3.4 and Remark SA-3.7, Jusg < nTlﬁ” in general. Then, construct the confidence band IA13+q(a:)

(i.e., use (p + g)th-order binscatter estimator). This particular choice of J = Jugg satisfies

J(logn)?
\/ﬁ

+ J7 4 ng 23 = plogn ).

Then, the conclusion of Theorem SA-3.8 immediately applies to fp+q($) ifv=4andg, =¢q, =
p+q+1

In the paper we considered one special case of such robust bias-corrected confidence band: let J
be the IMSE-optimal choice corresponding to p = s = v = 0, and construct the confidence band

I,(z) (i.e., let ¢ = 1 in the above construction). _I
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Remark SA-3.12. The above results construct valid uniform confidence bands for least squares
binscatter estimators under mild rate restrictions. Specifically, when v > 4, we require J?/n = o(1),
up to logn terms. By contrast, Belloni, Chernozhukov, Chetverikov and Kato (2015) considers
general series-based least squares estimators, and Theorem 5.6 therein can construct confidence
bands under similar rate restrictions, which relies on the strong approximation technique for the

suprema of the stochastic process developed in Chernozhukov, Chetverikov and Kato (2014a). _I

Using our main theoretical results, we can also test parametric specifications of the unknown

function T(()U) (z,w). Consider the following testing problem:

Ho: sup Tév) (x,w) — M@ (z,w; 0,70)‘ =0, for some 0, vs.
TEX

Hy: sup T[()v)(:v,w) - M(”)(x,w;e,'yo)‘ >0, forall 6.
TEX

where M (z,w;0,v0) = m(z;0) + w'yy. This testing problem can be viewed as a two-sided test
where the equality between two functions holds uniformly over x € X. We introduce 6 and ~ as

consistent estimators of 8 and and -~y under Ho, and then consider the following test statistic:

T(v) (:U’ V/S\/) B M(U) (.%', \/7\\/; 67 ’7)

The null hypothesis is rejected if sup,cy |Tp(z)| > ¢ for some critical value c.

Theorem SA-3.9 (Parametric Specification Tests). Let a, = /log J. Suppose that the conditions

in Theorem SA-3.5 hold. Let ¢ = inf{c € Ry : P[sup,cy \Ep(:vﬂ <¢D] >1-a}.

Under Ho, if sup,ey [T (z, w) — M®) (2, W; 6.9)| = 0]1»( ;ﬁg;}), then

nll_)n;OP[ilel)pﬂTp(xﬂ > c] = a.

Under H 4, if there exist some fized 0 and 5 such that SUD,cx |M®) (2, W; 0, N-MO) (z,w;0,7)| =

1/2
op(1), and J”(%) =o0(1), then

nh_}rr;OIP) 2161/1\3 Ty (z)| > c} =1.
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Remark SA-3.13 (Robust Bias Correction). In practice, we suggest employing the robust bias
correction method to conduct specification tests. Specifically, for a given p, let J be the corre-
sponding IMSE-optimal choice Jusg (see Section SA-4 for implementation details). By Theorem
SA-3.4 and Remark SA-3.7, Jiysg < nﬁ in general. Then, construct the t-statistic Tp+q(a:), (i.e.,

use (p + ¢)th-order binscatter estimator). This particular choice of J = Jysg satisfies

J(logn)?
\/ﬁ

_ 2p—2v+2 . . .
43 logn = o(1) since we always require p > v. Then, the conclusion of

+ J 7 4 g 2PN = plognh).

142v 1
Also, JT(OgJ) =n

Theorem SA-3.9 immediately applies to the test based on Tp+q($) ifvr=4andq, =¢,=p+qg+1

-

Another application of our theoretical results is to test certain shape restrictions on the unknown

T(()v) (z,w). To be specific, consider the following testing problem:

Ho : sup (T(()U) (z,w) — M®) (2, w;0,7)) <0 for certain 6 and 5 v.s.

reX
Ha @ sup (T((]v)(az,w) — M@ (z,w;0,7)) > 0 for 6 and 7,
zeX

which can be viewed as a one-sided test where the inequality holds uniformly over z € X. Impor-
tantly, it should be noted that under both Ho and Ha, we fix 6 and ~ to be the same values in the
parameter space. We introduce 6 and 4 as consistent estimators of @ and 4 under both Ho and

H A, and then rely on the following test statistic:

The null hypothesis is rejected if sup,ey Tp(2) > ¢ for some critical value c.

The following theorem characterizes the size and power of such tests.

Theorem SA-3.10 (Shape Restriction Tests). Let a, = v/logJ. Suppose that the conditions in

n

Theorem SA-3.5 hold. In addition, sup,cy \M(“)(x,\?v;é,ﬁ) — MW (z,w;0,7)| = 0[[»(\/ Ji;;;)

Let ¢ = inf{c € Ry : P[sup,cy Zp(a:) <¢ D] >1-a}.
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Under l:lo,

lim P[sup Ty(x) > c} < a.

n—oo rEX

. 1/2
Under H4, if JU(%) ? o),

lim P[Sup Ty(x) > c} =1.

n—o0 reX

Remark SA-3.14 (Robust Bias Correction). In practice, we suggest employing the robust bias
correction method to conduct shape restriction tests. Specifically, for a given p, let J be the cor-
responding IMSE-optimal choice Jysg (see Section SA-4 for implementation details). By Theorem
SA-3.4 and Remark SA-3.7, Jiusg < nﬁ in general. Then, construct the ¢-statistic Tp+q(w), (i.e.,

use (p + g)th-order binscatter estimator). This particular choice of J = Jrusg satisfies

J(logn)?
Vn

+ J7 4 g 203 = plogn Y.

2 _ 2p—2v42
Also, % = z3 logn = o(1) since we always require p > v. Then, the conclusion of
Theorem SA-3.10 immediately applies to the test based on Tp+q(a?) ifr=4andg, =¢,=p+qg+1.

-

Remark SA-3.15 (Improvements over literature). The results presented in this section improve
on the literature, even in the case of non-random partitioning and without covariate-adjustments,
because they take advantage of the specific binscatter structure (i.e., locally bounded series ba-
sis), thereby offering faster approximation rates under weaker side restrictions (c.f., Belloni, Cher-
nozhukov, Chetverikov and Kato, 2015; Cattaneo, Farrell and Feng, 2020). Furthermore, relative
to prior work, our results formally take into account the randomness of the partition formed by em-
pirical quantiles, account for the semi-linear regression estimation structure, and consider an array
of inference problems. In particular, the underlying approach to establish strong approximation
and related distributional approximations for binscatter statistics may be of independent interest.

-
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SA-4 Feasible Number of Bins Selector

We discuss the implementation details for data-driven selection of the number of bins, based on
the integrated mean squared error expansion for least squares binscatter estimators (see Theorem
SA-3.4 and Corollary SA-3.2). Thus, the selectors given below can provide a choice of J that is
optimal in the IMSE sense.

We offer two procedures for estimating the bias and variance constants, and once these estimates

(@n(p, s,v) and ”f//;b(p, s,v)) are available, the estimated optimal J is

2p — v+ 1)%B, (p,s v)>2p1+3 . w

j = j p,S,v) = ’7< = n 2p+3
IMSE IMSE( ) (1 N 21})7/( )

We always let w(z) = fx(z) as weighting function for concreteness.

SA-4.1 Rule-of-thumb Selector

A rule-of-thumb choice of J is obtained based on Corollary SA-3.2, in which case s = 0.
Regarding the variance constants ¥(p,0,v), the unknowns are the density function fx(x) and
the conditional variance o?(x). A Gaussian reference model is employed to get the estimate fX of
fx(z). For the conditional variance, recall o%(x;, w;) = E[y?|x;, w;] — (E[y;|z:, w;])?, where the two
conditional expectations can be approximated by global polynomial regressions of degree p+ 1. Let

72(z;, w;) denote the resulting estimate. Then, the variance constant is estimated by

“/7(p,0,v) = trace {(/01 cp(z)sO(z)’dz)il /01 go(”)(z)cp(”)(z)/dz} X ;;82(xi,wi)fx(xi)2v.

Regarding the bias constant, the unknowns are fx(x), which is estimated using the Gaussian

(p+

reference model, and l)(x), which can be estimated based on the global polynomial regression

that approximates E[y;|z;, w;]. Then, the bias constant is estimated by

B(p,0,v) =

b By o(=)Pdz 19~ [AP) ()
!

(I3Enia ~ Fx(wpie-2

The resulting J selector employs the correct rate but an inconsistent constant approximation.

Recall that s does not change the rate of Jiysg. Thus, even for other s > 0, this selector still gives
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a correct rate.

SA-4.2 Direct-plug-in Selector

The direct-plug-in selector is implemented based on binscatter estimators, which applies to any
user-specified p, s and v. It requires a preliminary choice of J, for which the rule-of-thumb selector
previously described can be used.

More generally, suppose that a preliminary choice Jpre is given, and then a binscatter basis
BW () (of order p) can be constructed immediately on the preliminary partition. Implementing a
binscatter regression using this basis and partitioning, we can obtain the variance constant estimate
using a standard variance estimator, such as the one in Theorem SA-3.2.

Regarding the bias constant, we employ the uniform approximation (SA-5.6) in the proof of
Theorem SA-3.4. The key idea of the bias representation is to “orthogonalize” the leading error of
the uniform approximation based on splines with simple knots (i.e., p smoothness constraints are

~

imposed) with respect to the preliminary binscatter basis by, s(x). Specifically, the key unknown
in the expression of the leading error is ,u(gp H)(:c), which can be estimated by implementing a
binscatter regression of order p+ 1 (with the preliminary partition unchanged). Plug it in (SA-5.7),
and all other quantities in that equation can be replaced by their sample analogues. Then, a bias
constant estimate is available.

By this construction, the direct-plug-in selector employs the correct rate and a consistent constant

approximation for any p, s and v.

SA-5 Proofs

SA-5.1 Proof of Lemma SA-3.1

Proof. The first result follows by Lemma SA2 of Calonico, Cattaneo and Titiunik (2015). To show
the second result, first consider the deterministic partition sequence Ag based on the population

quantiles. By the mean value theorem,
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where £ is some point between (j—1)/J and j/J. Since fx is bounded and bounded away from zero,

maxi<j<jhj/mini<j<jhj < fx/ [y Using the first result, we have with probability approaching

one,
max |hi — hi| < J 1 fo1/2.
1Sj§J| g—hil < T fx/
Then,
maxi<j<y by _ maxicj<yhy +maxicjer[hy —hjl _ 3fx
. B - . B = ’
miny<jcs by minicjorhj —maxicics|hy —hi| T fy
and the desired result follows. O

SA-5.2 Proof of Lemma SA-3.2

Proof. For s = 0, the result is trivial. For 0 < s < p, Bpjs(a:) is formally known as B-spline basis
of order p 4+ 1 with knots {7,...,77_1} of multiplicities (p — s+ 1,...,p — s+ 1). See Schumaker

(2007, Definition 4.1). Without loss of generality, suppose X = [0, 1]. Specifically, such a basis is

2(p+1)+(p—s+1)(J-1),

constructed on an extended knot sequence {¢;} =1

G < <51 <0, 1< ot (postin)(I-1) S " < Eo(p 1) (p—st1)(J—1)-

and

§p+2§"'§§+1+ s 1)(J—1 :721 7“—1 7A—J_1... 7A—J_1.
D (p—s+1)( ) ) > 11, > ) )
p—s+1 p—s+1

~

By the well-known Recursive Relation of Splines, a typical function /l;p’s’g(x) in b, s(x) supported

on (&, &rp+1) is expressed as

R l4p+1
bp,s,é(x) = \/j Z Cj(x)]l($ S [é-j—lvgj))’
j=t+1
where each Cj(x) is a polynomial of degree p as the sum of products of p linear polynomials. See

de Boor (1978, Section IX, Equation (19)). Since s < p, we always have & < &p4p+1. Thus, the

support of such a basis function is well defined. Specifically, all C;(x)s take the following form:

M Crk! (p —
Cj(x) — Z H (_1) ( fk)

i &k — &k
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Here, the convention is that “0/0 = 0”7, M < 2P is a constant denoting the number of summands,
the cardinality of the set KCg of index pairs is exactly p, and ¢ 4 is a constant used to change the
sign of the summand. These indices may depend on j, which is omitted for notation simplicity. As
explained previously, such a function is supported on at least one bin.

We want to linearly represent by, s ¢(z) in terms of by, o(x) with typical element
jalz) = VI g (v )(%) L 0<a<p, 1<j<J (SA-5.1)

Suppose without loss of generality, {;_1 < & and (§;-1,&;) is a cell within the support of /[)\p,&g(l’).
Let ¢j o be the coefficient of ¢; () in the linear representation of lA)p,s (x). Using the above results,

it takes the following form

Cpoo 11kl por
o Z ( — & 1)* Zsz—l Hkl:]];hl(gjfl — &)
o= 2 T (—)%* (& — &)

(k,k")eK,
The quantities within the summation only depend on distance between knots, which is no greater
than (p+1) max; h; since the support covers at most (p+1) bins. Both denominator and numerator

are products of p such distances, and hence by Lemma SA-3.1, sup; , |cja| Sp 1. Then, b, s ¢(7)

can be written as

bp,s,e(x) = > Y Ciatialz)

3B CleeEoypr1] @=0
The above expression gives the elements of the /th row of ”fs.

Since each row and each column of T only contain a finite number of nonzeros, H’T‘SHOO Spl
and ||T,|| <p 1. Using the fact max <<y |hj — hj| <p J~'\/Jlog J/n given in the proof of Lemma
SA-3.1, and noticing the form of ¢; ., maxy (T, — Ts)a| S +/JlogJ/n where (T, — T, is
(k,1)th element of 'f‘s —T. Since (’i‘s —T;) only has a finite number of nonzeros on every row and
column, | Ts = Tyl Sp v/ log J/n and || T, — Ts|| Sp /T log J/n.

Finally, we give an explicit expression of ¢;, for the case s = p, which may be of independent
interest. In this case, by p(z) is the usual B-spline basis with simple knots. Let gp,pf(x) be a

typical basis function supported on [7y, 7¢4p+1]. Then, using the recursive formula of B-splines, by
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induction we have

o~

& @)

bppe(T) = (Teypr1 — 7o) Z [ - n (SA-5.2)
j=t Lle=t (T — 75)

where (z)4+ equals to z if z > 0 and 0 otherwise. Since /l;p’pj(a:) is zero outside of (7¢, Tr4pt1),

Bpm,g(aﬁ) can be written as a linear combination of ¢;.(z), j =¢+1,.... L +p+1,a=0,...,p
p L+p+1
ppg Z Z CjaPialx), for some cjq. (SA-5.3)
a=0j=(+1

For a generic cell (7j-1,7;) C (7, Te4p+1), all truncated polynomials (z — 7)". does not contribute
to the coefficients of ¢jq(z) if k > j — 1. For any £ < k < j — 1, we can expand (z — 7)%. on
(7j-1,7;) as

(@ =7)P = (= Tjo1 + Tj—1 = 7)" i( >($_TJ 1) (Tj—1 = 7)P (75 — 75-1)%

—Tj-1

Thus, the contribution of (z — 7)" to the coefficients of ¢; () in Equation (SA-5.3), combined

with its coefficient in Equation (SA-5.2), is

D L+p+1 1
<a> (Tj—1 = 7)P (75 = Tj=1) " (Fetpt1 — ﬁ)( II Ge - ﬁg)) :

k=t
k! £k
Collecting all such coefficients contributed by (z — 7)%, k= ¢,...,j — 1, we obtain
g1 D Cp+1 .
Cia = A yPa(s A (s _A( _)
Jrex kz—:e <a>( Ti—1 — )P (T — Tj-1)* (Fept1 — 7o) ,;.l/_[g (Trr — T1)
K/ #k

SA-5.3 Proof of Lemma SA-3.3

Proof. The sparsity of the basis follows by construction. To show the bound on HBS’S) (2)|l, notice

that when s =0, forany v € X and any j=1,...,J(p+1),0 ggpm(m) < V/J. Define p; () as
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in Equation (SA-5.1). Since

; . T AN
<p§70)[:\/ja(a—1)-..(afv+1)hj lgj(m)<Té) S\ﬁhj ,
j

the bound on Hg](fs) (x)|| simply follows from Lemma SA-3.1 and Lemma SA-3.2. O

SA-5.4 Proof of Lemma SA-3.4

Proof. By Lemma SA-3.1, it suffices to establish the approximation power of by, s(z;A) for all
A € Il. For v = 0, by Theorem 6.27 of Schumaker (2007), maxaen mingepx,,s SUPex [Ho(2) —
b, s(z; A)YB| < JP~L. By Huang (2003) and Assumption SA-DGP, the Lebesgue factor of spline
bases is bounded. Then, the bound on uniform approximation error coincides with that for Lo
projection error up to some universal constant.

For v > 0, again, we only need to consider the case where A belongs to II. For any A € II,
we can take the best Loo-approximation: for some Buoo(A) € RErs | [luo(+) — by (3 A) Boo(A)|lso S
J7P~1 and H,u(()v)(-) — bé?g(-;A)',Boo(A)Hoo < J7P71*Y. Such a construction exists by Lemma
SA-6.1 of Cattaneo, Farrell and Feng (2020). Then, Huév)(-) - b}fﬁ(-;A)’ﬂo(A)HO@ < ||uév)(-) -
b2 () Boo (A) o + bS5 A (Boo(A) = Bo(A) oo < TP+ b A (Boo (D)~ Bo(A)) | oc.
By definition of By(A),

Bo(A) — Boo(A) = E[bp,S(xﬁ A)bp,S(xiQ A)I]ilE[bpﬁ(xi; A)roo(zi; A)],

where 7o (zi; A) = po(z5) —bp s(2i; A) Bo(A). By the argument given later in the proof of Lemma
SA-3.5 in Section SA-3, we have |E[b, s(xi; A)by s(2:;A)] 7 oo < 1 uniformly over A € II. Since
b,.s(xi; A) is supported on a finite number of bins, ||[E[b, s(i; A)7ao (24 A)]|lco < JP7171/2. Then

the desired result follows. O

SA-5.5 Proof of Lemma SA-3.5

Proof. The upper bound on the maximum eigenvalue of Qg follows from Lemma SA-3.2 and the
quasi-uniformity property of population quantiles shown in the proof of Lemma SA-3.1. Also, in

view of Lemma SA-3.1, the lower bound on the minimum eigenvalue of Qg follows from Theorem
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4.41 of Schumaker (2007), by which the minimum eigenvalue of Qq/J (the scaling factor dropped)
is bounded by mini<;<;h; up to some universal constant.

Now, we prove the convergence of Q In view of Lemma SA-3.2, it suffices to show the convergence
of Q when s = 0, i.e., |E,[byo(z:)bpo(z:)] — E[byo(x:)bpo(z:)]|| Sp v/ log J/n. By Lemma SA-
3.1, with probability approaching one, A € 1L Let A, denote the event on which A el Thus,
P(AS) = o(1). On A,,

< sup [Ealby0(is A)byo(wss A)] = Elbyo(wss A)bpo(ai; AY] |
S

~

En[by0(2:)bp0(2:)] ~ Ex [Byo(wi)Bpo(ws)|

By the relation between matrix norms, the right-hand-side of the above inequality is further
bounded by supacry [|En[bp.o(xi; A)bp.o(zi; A)] —E[bpo(xi; A)bpo(xi; A)')||eo- Let ag; be a generic

(k,0)th entry of the matrix inside || - ||oo. Then,
|agt| = |En[bp,ok(wi; A)bpoi(xi; A)'] — Elbpor(2i; A)bpo(zi; A)]].

If bpox(-;A) and by (-5 A) are basis functions with different supports, ay; is zero. Now, define

the following function class
g = {x = bpo k(T3 A)bpoi(2;A) 1<k 1< J(p+1),A € H}.

For this class of functions, sup,eg [gloo S J and supgeg Vig] < supyeg E[g?] < J where the second
result follows from the fact that the size of the supports of by (-; A) and bg;(-; A) shrinks at the
rate of J~!. In addition, each function in G is simply a dilation and translation of a polynomial
function supported on [0, 1], plus a zero function, and the number of polynomial degree is finite.
Then, by Proposition 3.6.12 of Giné and Nickl (2016), the collection G of such functions is of VC
type, i.e., there exists some constant C, and z > 6 such that

_ C,\ 2%
NG, La(Q). ]Gl @) < ()

for £ small enough where we take G = C.J for some constant C' > 0 large enough. Theorem 6.1 of
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Belloni, Chernozhukov, Chetverikov and Kato (2015),

[sup‘ngl ZIE x;) }qu%]log(],

geg

implying that

sup —Zg xi) (x:)]| Sp /Jlog J/n.

Since any row or column of the matrix n=/2 - G,[byo(2i; A)b,o(x;; A)] only contains a finite

number of nonzero entries, only depending on p, the above result suffices to show that

alByo(@)Bro(a:)] = Ex [Bro(ai)byo(a:)']| Se v/ log J/n.

Next, let ay; be a generic (k,)th entry of Ex [Bp,o(azi)gno(wi)’]/J —E[bpo(xi)bpo(x;)]/J, where
by dividing the matrix by J, we drop the normalizing constant for notation simplicity. By definition,
it is either equal to zero or can be rewritten as

ou= [ (52 st f| (52 seton
j J i J

J

1 1
:hj/ 2 fx (zhj + 7)dz — hj/ 2 fx(zhj + 73)dz
0 0

~ 1 ~ 1 ~
:(hj — h])/ Zéfx(zhj + %])dz + hj / 2t (fx(zhj + 7A'j) — fx(zhj + Tj))dz (SA-5.4)
0 0

for some 1 < j < J and 0 < ¢ < 2p. By Assumption SA-DGP and Lemma SA2 of Calonico,
Cattaneo and Titiunik (2015), maxi<;j<y fx(7;) S 1 and maxi<j<y |fz] — hi| Sp J71/Jlog J/n.
Also, Lemma SA2 of Calonico, Cattaneo and Titiunik (2015) implies that

sup max |7 + zhj — (7; 4 zh;)| <p /T log J/n.

z€[0,1] 1<5<J

Since fx(-) is uniformly continuous on X, the second term in (SA-5.4) is also Op(J 1/ Jlog J/n).
Again, using the sparsity structure of the matrix Ex [Bno(xi)gp,o(:vi)’]/(] — E[bpo(zi)bpo(x:)]/J,
the above result suffices to show that |[Ex b D, o(azz)bpp(xi)/} — Qoll Sp /T log J/n.

Given the above fact, it follows that [|Q || <p 1. Notice that Q and Qg are banded matrices
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with finite band width. Then the bounds on [|Q|le and Q™ — Q5 '||se hold by Theorem 2.2 of

Demko (1977). This completes the proof. O

SA-5.6 Proof of Lemma SA-3.6

Proof. Since E[e?|z; = z] is bounded and bounded away from zero uniformly over z € X, we have
Q <z < Q. Then, by Lemma SA-3.5, 1 <P Amin(E) < Amax(E) <p 1. The upper bound on Q(x)
immediately follows by Lemmas SA-3.3 and SA-3.5.

To establish the lower bound, it suffices to show inf,cy HBZ()US) (z)|| =p JY?T. For s = 0, such
a bound is trivial by construction. For other s > 0, we only need to consider the case in which
A € II. Introduce an auxiliary function o(z) = (z — x9)"/hy, for any arbitrary point zg € X,
and hg, is the length of B, the bin containing xy in any given partition A € II. Let {¢; Jl-ip’f be
the dual basis for B-splines lv)p“g (z) := by s(z; A)/v/J, which is constructed as in Theorem 4.41 of
Schumaker (2007). The scaling factor v/.J is dropped temporarily so that the definition of lv)p,s (x)

is consistent with that theorem. Since the B-spline basis reproduces polynomials,

Kp,s
T < 0 (wo) = S (p50)b) 1 (x0).
j=1

For any xg € X, there are only a finite number of basis functions in lv)pﬁ(a:) supported on B,,. By
Theorem 4.41 of Schumaker (2007), for each lv)p@j(:c), J=1,,Kps, we have [p;o| < llollr..z;
where Z; denotes the support of Z)p,s,j(x) and || - ||z [z;] denotes the sup-norm on Z;. All points
within such Z; should be no greater than (p+1) max;<;<y h;(A) away from o where h;(A) denotes
the length of the jth bin in A. Hence, [|o[|L[z;) < 1. The desired lower bound follows. The bound

on Q(x) can be established similarly. O

SA-5.7 Proof of Lemma SA-3.7

Proof. By Lemmas SA-3.2, SA-3.3 and SA-3.5, sup,cx Hgl(jvs)(ac)ﬂl <p JV2 Q7Yoo <p 1 and

| Ts|lso <p 1. Define a function class

g= {(:El,el) = bpoi(z1;A)er 11 <I< J(p+1),A € H}.
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Then, sup,eg 9| < V/J|e1], and hence take an envelop G = Cv/J|ei| for some C large enough.
Moreover, sup,cg V[g] < 1 and, as in the proof of Lemma SA-3.5, G is of VC-type. By Proposition
6.1 of Belloni, Chernozhukov, Chetverikov and Kato (2015),

log J n J22) log J < 10gJ7
n n n

and the desired result follows. O

sup 729 377,761

geg

SA-5.8 Proof of Lemma SA-3.8

Proof. Note that b ( )/Q IR, [ s(@)Fo(x)] = Ay(z) + Ag(x), with Ay(z) = bﬁf( )(Q 1_
Qy ) En By ()70 ()] and Ag(a) := b))

Ex [Bpﬁ(xi)?o(a:i)] = 0. Define the following function class

(2)'Qg 'E,[b [Ap s(zi)7o(x;)]. By definition of 7(-), we have

G := {:E = bp s (T A)ro(z; A) 1 < TS Kp g, A € H}.

By Lemma SA-3.4, supacr [70(2; A)|oe S J P71 Then, sup,eg [9loo S JP=141/2 and sup,eg Vigl S

~

J=2(r+1) 1n addition, any function ¢ € G can be rewritten as

k+p

9(@) = by, (@3 8) (110() = bps (@58) Bo(A) ) = bpysa(w; A)po(@) =Y by Dby (w5 A) o (A)
k=k

for some 1 < [,k < K, s where [ ;,(A) denotes the k-th element of 3y(A). Here we use the sparsity
property of the partitioning basis: the summand in the second term is nonzero only if b, s ;(x; A)
and by, 1 (x; A) have overlapping supports. For each [, there are at most (p+1) such basis functions
bp.sk(x; A)s. Also, the first term and every summand in the second term are bounded by VJ up

to some constant. Then, using the same argument given in the proof of Lemma SA-3.5,

_ Jh =
N(G, L2(Q)e||Gllry@) < (?)
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for some finite [ and z and the envelop G = CJP~1+1/2 for C' > 0 large enough. By Theorem 6.1
of Belloni, Chernozhukov, Chetverikov and Kato (2015),

log J N J P11 2 100 J

N Y

n n

sup —Zg x;)

geg

and, by Lemma SA-3.5, ||(§_1 — QalHOO <p \/Jlog J/n. Then, using the bound on the basis given
in Lemma SA-3.3,

| 1 1
sup |A1(z)| <p Jv\f\/mj p— 1F - 140 log J ogJ and
TEX
1 1
sup | A 5p 7T BT g, [T108T
zeX n n

These results complete the proof. O

SA-5.9 Proof of Lemma SA-3.9
Proof. We first show the convergence of 4. We denote the (4, j)th element of Mg by M;;. Then,
1 n n , 1 1 n n
= (EZZMZJWZWJ) (EZZWZMU(,U/Q(JI]) +€j)>.
i=1 j=1 i=1 j=1

Define V=W — E[W|X] and H = E[W|X]. Then,

W MW _ V' MgV n H'MgH n HMgV n V'MgH
n n n n n '

We have
w *iMszzV + — ZZM’L]V’L ZMHE ViV, |X] +OIP’< ) =P 1
i=1

=1 j#i

where the penultimate equality holds by Lemma SA-1 of Cattaneo, Jansson and Newey (2018b)

K ’ ’
and the last by %Z?:l M;; = % 2 1. Moreover, %TLBH > 0, and W has mean zero
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conditional on X and by Lemma SA-1 of Cattaneo, Jansson and Newey (2018b),

H'MgV 1 HH\\ /2
|| <o L (trace ()2 ),
n N4D n
F
where || - || denotes the Frobenius norm for matrices. Therefore, we conclude that W,MTBW zp L.

On the other hand, 1 3" > j—1 WiM;je; has mean zero with variance of order O(1/n) by Lemma
SA-2 of Cattaneo, Jansson and Newey (2018b). In addition, as in Lemma 2 of Cattaneo, Jansson
and Newey (2018a), let G = (ug(z1),- - -, po(zr))" and note that

W'MpG H'MgpG . V' MpG
n B n n

N \/trace <w> \/trace (%) + \/15 (GII\SBG) 1/2

J—r=1
+ 7.

<p J~(wAP+1) j=p-1

Then, the first result follows from the rate restrictions imposed.
To show the second result, by Lemmas SA-3.2, SA-3.3 and SA-3.5, sup,cx Hg,(;;) (z)||1 <p JV?t,
||CA,2_1||OO <p 1 and ||’i‘$HOO <p 1. En[gpp(m)w;] isa J(p+1) x d matrix and can be decomposed as

follows:

~

En [bo(:)wi] = By [bo(@)E[wil2i]| + En [bo(ws) (w] — E[w][ai])|.

By the argument in the proof of Lemma SA-3.5 and the conditions that sup,cy ||[E[w;|z; = ]| S 1
and % = o(1), ||En[go(xZ)E[w;\xl]]||oo <p J~1/2. Regarding the second term, note that it is a

mean zero sequence, and for the Ith covariate in w, [ =1,...,d,

% [BW (€)' Q' En by () (wiy — Efwig|zi])] ‘x}

p,s
1 o IA—1 ~ ~ P ~_ J1+2’U
S 5]3;(;,’5)(3«") Q 'En[bs(xi)bs(x:) Viw, |:]]Q b (z) < -

Thus the second result follows by Markov’s inequality.
Now suppose % < 1 also holds. Using the argument given in Lemma SA-3.7 and the
assumption that sup,cy E[jw;;|"|z; = ] < 1 for all [, we have ||En[gs(xz)(w” — E[w; ]z])]||c Sp

\/1og J/n. Thus, the last result follows. O
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SA-5.10 Proof of Theorem SA-3.1

Proof. The result follows by Lemmas SA-3.4, SA-3.8 and SA-3.9. O

SA-5.11 Proof of Corollary SA-3.1

Proof. The result follows by Theorem SA-3.1 and Lemma SA-3.7. O

SA-5.12 Proof of Theorem SA-3.2

~

Proof. Since € := y; — bpﬁ(:ni)’ﬁ — Wy =€ + po(x;) — prs(xi)’ﬁ — Wi (¥ —0) =: € + u;, we can

write

~

E, [bp,S(xz)bp 8(551)//\@2] - E[bp,S(xi)bp75(x2)/ 2(%)]
= En[bp,s(2:)bp,s(2:)u?] + 2B [bp o (2:) s (25) wies] + En[bys(w:)bp s (2:) (7 — 0 (24))]
o (BalBps(@i)Bys ()0 (@:)] — Elby (i) by s(2:) o ()]

=Vi+Vy+V3+4+Vy,

Now, we bound each term in the following.

Step 1: For Vi, we further write u; = (po(z;) — Bpﬁ(xi)’ﬁ) — Wi (¥ —70) =: ui1 — uj2. Then

~ ~

Vi =E,[bys(z:)bys(2:) (u) +uy — 2uinuin)] =: Vi1 + Viz — V3.

Since ||2E,[b ps(xz)l;p,s(xi)'uﬂum]” < HEn[Bpﬂs(:ri)l;p,s(wi)’(ufl + u%)]||, it suffices to bound Vi;
and Vlg. For V11,

JlogJ

bp,s(xi)gpys(xi)’] 1 gD

<
[Vl Dax

where the last inequality holds by Lemma SA-3.5 and Corollary SA-3.1. On the other hand, let 7,

and 7p,¢ denote the ¢th entry of 4 and ~. We have

[p, (i) bp.s( (Zw (e = 70,0) +szeww(w—7w)(w—’Yow))”‘
i
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S

BBy (S w007 |

(=1

by CR-inequality. By Lemma SA-3.9, |5 — 0/|> = op(J/n). Then it suffices to show that for
every L =1,...,d, |E, [Bpﬁ(xi)gp,s (mi)’wig] || Sp 1. Under the conditions given in the theorem, this
bound can be established using the argument that will be given in Step 3 and 4 and that in Lemma
SA-3.5.

Step 2: For Va, we have Vo = QIEn[Bp7s(xi)gp,s(xi)’ei(ui1 — uj2)] =: Va1 — Vgo. Then,

[bp 8(332)bp s(x)'] ps(xz)gp,s(a:i)'e?]

Jlog J\1/2
[Va1]| < max |U11|<’ ) <p ( 0og ) _i_J—p—l’
1<i<n n

where the last step follows by Lemma SA-3.5 and the result given in Step 3. In addition,

Vsl = H2E (Do (2:)by.s (1) s ZW G = 700) H <p 7 4 1 (wAHD)
/=1
Since [|2En [y, (:)bp,s(2:) €wig] | < |Enlbp,s(25)bp,s(x:)' (€2 +w?,)]||, this bound on [[Vay|| can be
established using Lemma SA-3.9 and the strategy given in Step 3 and Step 4 and that in Lemma
SA-3.5.

Step 3: For V3, in view of Lemma SA-3.1 and SA-3.2, it suffices to show that

Jlog J\1/2
albpo(wis A)byo(wis A) (e = o*(@)]|| <6 (S5 )

n v

sup
Aell

For notational simplicity, we write p; = € — o%(x;), v; = @il(Jpi| < M) — ElpiL(Jpi| < M)|z],
o = il (|pi| > M)—E[pi1(|ps| > M)|z;] for some M > 0 to be specified later. Since E[p;|x;] = 0,
0 =@; + <p+ Then define a function class

G= {(1117901) = bpo (213 A)bpok(z1:A)p1 : 1 <TI< J(p+1),1<k<J(p+1),A€ H}-

Then for g € G, >0 g(z1,01) = Yimq 9(@1,07) + > g1, ¢7).
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Now, for the truncated piece, we have sup g |9(71,¢; )| S JM, and

sup Vlg(e1,¢7)] S sup E[(¢7)?|z1 = 2] sup  sup B[ o, (w15 )by o 1215 A))
e rEX Aell 1<1,k<J(p+1)

< JM supE[\gol\
TxeEX

T = a:} < JM.
The VC condition holds by the same argument given in the proof of Lemma SA-3.5. Then, by
Proposition 6.1 of Belloni, Chernozhukov, Chetverikov and Kato (2015),

JMlog(JM)>1/2 n JM log(JM)
— _—

algai o7l S (

|
9eg n

Regarding the tail, we apply Theorem 2.14.1 of van der Vaart and Wellner (1996) and obtain

E[geg n[g(wivsoi*)]HS\}ﬁJE[ En[wlﬂ}
< <= (Elmax o)A EE et )
<Jw
~ i ME-2)/A

where the second line follows by Cauchy-Schwarz inequality and the third line uses the fact that

el S <2, < Ellall
E[max o[]S E[max f] Sn*, and EEa[¢f ] < Elled ") S 57055

Then the desired result follows simply by setting M = J P and the sparsity of the basis.
Step 4: For Vy, since by Assumption SA-LS, sup,cy E[e}|z; = 2] < 1. Then, by the same

argument given in the proof of Lemma SA-3.5,

sup n[bp,S(xiS A)bp,swi? A)/UQ(%‘)] —E [bp,s (45 A)bp,s(xiS A)IG%} ‘ SpV/JlogJ/n, and
Aell
‘Eg[gp,s(‘rz)g ( )/ 12:| _]E[bp, ( ps xz } ‘ JlOgJ/n

Then the proof is complete. O
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SA-5.13 Proof of Theorem SA-3.3

Proof. We first show that for each fixed z € X,
Q)b (@) Q" Gulby,s(wi)ei] =: Gulaics]

is asymptotically normal. Conditional on X, it is a mean zero independent sequence over ¢ with

variance equal to 1. Then by Berry-Esseen inequality,

1SLL€1£ P(Gylaie] < ulX) — P(u )‘ < min <

) 1Euazezr3|x1>_

n3/2

Now, using Lemmas SA-3.3, SA-3.5 and SA-3.6,

3/2 ZE[|az€z| ‘X} < Qz 3/2n;/2 ZH:E[]b s(z)e? ‘X}

1
-3/2_+ ~7 Z |b 1bps(xz)|3

2/\

IN

~ | _3/98UD cx SUD,cy |bp.s ’Q 1b7 ~ o
Q(x) 3/2 eX ex ’n:f/Q( ) D)8 |Z‘ p, Q bp,s(xi)|2

1 J1+v

14+2v
,SIP’W‘\/H'J —0

since J/n = o(1). By Theorem SA-3.2, the above weak convergence still holds if €(z) is replaced
by ﬁ(a:) Now, the desired result follows by Lemmas SA-3.4, SA-3.8 and SA-3.9. O
SA-5.14 Proof of Theorem SA-3.4

Proof. Since Y (z,w) differs from 7i(z) only when v = 0, we will first focus on the IMSE of i(®)(x).

We rely on the following decomposition:

19 (z) = u$” () =B (x) Q Enlby,s(z:)ei] + b () Q" [by o ()70 (:)] +
(SA-5.5)

(BS2()'Bo — 1 (@) ) = B 2) QBB ()W (5 — o).

The proof is divided into several steps.

Step 1: By Lemma SA-3.9, the variance of the last term is of smaller order, and thus it suffices
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to characterize the conditional variance of A(x) := Bffs) (x)’Q_lEn[Bp’sei]. By Lemma SA-3.5,

14+2v

/){V[A(:U)|X]w(:n)dx = %trace <Q6120Q51 /XBI()”S) (:c)B;”S) (m)'w(x)dz) + o]p( - )

In fact, using the argument given in the proof of Lemma SA-3.3, we also have

and since 0%(z) and w(z) are bounded and bounded away from zero,

== O]P’(JQU)7

/X b{") (2)b{") (z)w(z)dx — /X b{") (z)b{")(z)'w(z)dx

Y(p, s,v) = J~ 12 trace (Q(]lEOQOl/ bg’g (x)bl(fjs (m)'w(m)dm) = 1.
X

Step 2: By decomposition (SA-5.5),

~

E[E) ()X, W] = i (2) = B{ () @ Ba[By ()70 ()] + (B2 () Bo — ) () )

)

— b (2) QB [bys (1) WE[(F — 70)|X, W]

p?s

=: ’Bl(:c) + %2(.%') + %3(%)

By Lemma SA-3.8, [, B1(z)*w(z)dz = op(J~?~2T2"). By Lemma SA-3.9, [, B3(z)?w(z)dzr =
op(J2P~2+2%) By Lemma SA-3.4, [, Ba(z)?w(z)dz Sp J2P~212Y. By Cauchy-Schwarz inequal-
ity, the integrals of those cross-product terms is of higher-order in the IMSE expansion, and the

leading term in the integrated squared bias is

J2p+2—2v /X (b](;,}g (ZL‘)/,@O - M(() )(ZL')) w(:v)dx ,SIP’ 1.

Then, by Lemma SA-6.1 of Cattaneo, Farrell and Feng (2020), for s = p,

(p+1) AL
@) () — B® (2) Ay M) sprie T T\ | —(p+1—v) )
sup |y () = By (o) Bo(B) = 5B Epiro Bm )| = oe(7 ), (SA-5.6)

where for each m € Zy, &,(-) is the mth Bernoulli polynomial, 7% is the start of the (random)
interval in A containing z and h, denotes its length. When s < p, Bp,p(fn)’ B 1s still an element in

the space spanned by prs (). In other words, it provides a valid approximation of u(()v) (x) in the
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larger space in terms of sup-norm. Then it follows that

~ ~ ~ —1
= B{1)(2) (BalBp.s(i)Bps(we)]) B lbps(wmo(w:)] — ()
_ (p+1) _ ~L
(v N N ! N H N Ti— Ty,
I e ) R B e S )
(p+1) AL
Ko ([E) Iptl—w T — Ty —p—14+v
(p+1-— v)!}% ‘gap“*”( By ) +or(J )

150) () O~ ~ g (@) zi —
= —p— v N N ) - l -
JPT by () Qo TSER [bp’O(xl) (p+ D) fx (a;)Pt! éﬁpH( P, )]
J—p—1+vﬂ((]p+1)(x) r— 7L —p—1+v
_ (p 1o v)!fX(eT)p—H_v p+1—v <T> + O]P’(J p )7 (SA—5.7)

€T

where the last step uses Lemmas SA-3.1-SA-3.3 and SA-3.5, and op(-) holds uniformly over z € X.
Taking integral of the squared bias and using Assumption SA-DGP and Lemmas SA-3.1-SA-3.3

and SA-3.5 again, we have three leading terms:

J—p—l+Uu(p+1)(x) z — L 2
Mi@) = /X <<p+ I —v)!fi(x)p“-v@@p“‘“( e )> w(z)do

— J IR o ] [ M(()p+1)($)
(2p +2 —2v)! x Lfx(x)ptizv

2
} w(@)dz + op(J P22,

~ " P+, . - A; 2
Vo) =720 [ (B2 Q5 s [Bnato g o (772 ) e

Ty

=72 Qg / b{")(@)b{") (2 w(x)dx ) Q5 " Tk s + op(J~~2+2),
X

(p+1) AL
. 72p—24v INO YIRSl NN . Ho (‘TZ) i — Tay
o) =772+ | (e Q5 B Byt oy o )

i (@)

xr— 7k
oL o)l fx (@) ng*”( h ) }w(m)daj

=J T2 TQy Tl + op(J P 72T2Y),

where &pt2-9, is the (2p 4+ 2 — 2v)th Bernoulli number, and for a weighting function A(-) (which

can be replaced by fx(-) and w(-) respectively), we define

L

() ,LL(()pH)(x) T —T
S = /X Ppol?) (p+1—v)fx(z)pti-v @@pﬂ_”( hae )A(x)dx'
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7, and h, are defined the same way as 7,, and ﬁx, but are based on A, the partition using population
quantiles. Therefore, the leading terms now only rely on the non-random partition Ag as well as
other deterministic functions, which are simply equivalent to the leading bias if we repeat the above
derivation but set A = Ag.

Step 3: For v = 0, we will have two additional terms W/(§ — 79) and (W — w)’4g in the
decomposition of T(z, W) — Yo(z,w). By Assumption, w — w = op(y/J/n + J7P~1), and thus
(W —w)'vp as a (conditional) bias term is of higher order. The term w'(5 —~g) can be treated the
same way as we analyze lA)p,s(m)’Q_lEn[lA)p,s(xi)wg](‘Ay —90). By Lemma SA-3.9, it is also of higher

order. Then, the proof is complete. O

SA-5.15 Proof of Corollary SA-3.2

Proof. The proof is divided into two steps.

Step 1: Consider the special case in which s = 0. ¥#,(p,0,v) depends on three matrices: Qy,
Yo and [ bz(;,)(% (x)bg:g () w(x)dz. Importantly, they are block diagonal with finite block sizes, and
the basis functions that form these matrices have local supports. By continuity of w(z), fx(x) and

o%(z), these matrices can be further approximated:
Qo = QD; + 0p(1), To = QD2 + op(1), and /X b\") (2)b\") (2) w(z)dz = QuDy + 0p(J?),

where

)

Q= [ Buo@byola)de, Q= [ BB s, Dy = ding{fx(on). - s,
Doy = diag{o?(#1) fx (#1), -+, 02 (Zspr1)) [x (Espe1) ), and Dy, = diag{w (@), ..., w(Epe1))}-
“op(+)” in the above equations means the operator norm of the remainder is op(-), and for | =

1,...,J(p+1), each i; is an arbitrary point in the support of by ;(x). For simplicity, we choose

these points such that x; = xy if b, 0,(-) and by () have the same support. Therefore, we have

).

1+2v

/X VIA(2)|[X]w(z)dz = %trace (@UZW /fcirlézv) + OP(

45



where D2,/ = diag{o?(Z1)w(#1)/fx (1), - -, 0> (E1p41))@(E 5 (pr1)) /X (E5(pr1)) -
Finally, by change of variables, we can rewrite Q_le as a block diagonal matrix diag{Ql, cee Q J}

where the [th block Ql, l=1,...,7, can be written as

Q=n( o)) / o2 (2 d

for p(z) = (1, 2,...,2P). Employing Lemma SA-3.1 and letting the trace converge to the Riemann

integral, we conclude that

J1+2v

1+2v
[ VA Xiw(eds = T (3.0,0) + g~
X

)

-1
where ¥ (p,0,v) := trace { ( fol Lp(z)go(z)’dz) f01 (p(v)(z)(p(v)(z)/dz} [y 0% (@) fx (2)*w(z)dz.
Step 2: Now, consider the special case in which s = 0. By Lemma A.3 of Cattaneo, Farrell and

Feng (2020), we can construct an L., approximation error

(p+1) AL
@) (e A o ,, () NG Y] Ay — Mo () 5 +1—-v L= Ty —(p+1-v)
oo (T3 A) == iy " (2) — b, o(2) Boo(A) = i v)!hg %’p“,v( . ) +op(J~P ),

where for each m € Z., (2;:) B () is the mth shifted Legendre polynomial on [0, 1], 7L is the start

of the (random) interval in A containing z and h, denotes its length. In addition,

A~

max |Ex [bp0.(z)reo(a; A))|

1<j<J(p+1)
= b0, (2)reo(z; A d
e | [ B @ B) o)

Toths N
= | @) B G|+ on( )

1<G<J(p+1) /5L
(p+1) —p—1  prkt+h L
DT / 040 Bpir (T Y|+ 0p (TP
g ' - J »
1§jlgi(}1§+1) Ix (%) (p+1)! s p,0,5 (%) pH( i ) x| + op( )

—op(J TN,

where the last line follows by change of variables and the orthogonality of Legendre polynomials.
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Thus, 7o (z; ﬁ) is approximately orthogonal to the space spanned by Ep,o(az). Immediately, we have
B [b(; A)rog (23 A)]|| = op(JP7).
Since E [by,o(x)ro(z; A)] = 0,

Bz [bpo(@)(ro(: A) = e (3 A))]| = Iz [bpo(@)bpo(@) (Bso(A) = Bo(A))][| = 0p(J 771

By Lemma SA-3.5, Amin(E5 [bp.o(:)bpo(2:)]) Zp 1, and thus [|Be(A) — Bo(A)| = op(J 7).
Then,

/ (by (@) (Bo(B) - 8 (3)))2w(x)dx
x p,0 0 o0
<[ B @B @) wlw)de) 18(B) ~ BB = 0p(7724%),

)

Therefore, we can represent the leading term in the integrated squared bias by L., approximation
error: [, Bo(z)?w(z)dr = fX(uév)(a:) — B;?O)(x)/ﬁoo(ﬁ))zw(w)dx + op(J~2P~2+2Y)_ Finally, using
the results given in Lemma SA-3.1, change of variables and the definition of Riemann integral, we

conclude that
2
/ (E[ﬁ(“) ()| X, W] — M(()v)@)) w(z)dr = J—2(p+1—v)%<p70,v) + op(J 2220
X

where

f[ 10 dz (p+1)
B(p,0,v) = ((p+1—v /fX 2p+2 P @),

Then the proof is complete. O

SA-5.16 Proof of Theorem SA-3.5

Proof. The proof is divided into several steps.

Step 1: Note that

AV(@) - p) (@) AW(@) - py) ()

Jo@)/m Var)/n
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TeEX




o | AV @) — (@) ’fz(x)l/? — Q(x)'"?
=~ sup sup —
zeX VQ(z)/n zeX Q(z)1/2

(VT B ) (e [

n

where the last step uses Lemma SA-3.6, Corollary SA-3.1 and Theorem SA-3.2. Then, in view of
Lemmas SA-3.4, SA-3.8, SA-3.9 and Theorem SA-3.2 and the rate restriction given in the lemma,

we have

Step 2: Let us write & (z,z;) = Q(z)~ 1/2b(v (2)Q~ b, s(z;). Now we rearrange {z;}" ; as a
sequence of order statistics {z(;)}, Le., z) < -+ < x(y). Accordingly, {e;}1-; and {o?(z;)},

are ordered as concomitants {e[; };.; and {0[22.]}?:1 where a%} = 02(z(;). Clearly, conditional on X,

7
{€p}izy is still an independent mean zero sequence. Then by Assumptions SA-DGP, SA-LS and
the result of Sakhanenko (1991), there exists a sequence of i.i.d. standard normal random variables

{¢iy i, such that

1
Spnv.

l l
125 |Sel = max ‘2%‘1 - 2%‘1%}

Then, using summation by parts,

sup Z%/ z, x(3y) (€11 — o1 C))
zeX i—1

= sup | A (x,T(n))Sn —ZS H (2, 2341)) — %(x,$(i)))|
rzeX

N ~
by (x)(g > <bp,s(1’(i+1)) - bp’s(x(i))) ‘
=1
Q)

< sup max | & (x,x;)||Sn| + sup
zeXx 1<i<n cxX

IN

n—1
sup max | (z,25)||Sn| + Sug Z Si (bp,s(x(i+1)) - bp7s($(i))>
i=1

zeXx 1<i<n

[e.e]

By Lemmas SA-3.3, SA-3.5 and SA-3.6, sup,c Sup,,cx |# (2, 2;)| Sp V/J, and
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Then, notice that

n—1
| dnax > (bp,s,l(iﬂ(m)) - bp,s,z(w(i))) ‘ | Z ’b 51(2(41)) = by () max Se’-
I = =1 ==
By construction of the ordering, max;<;<, , Z?;ll ’5 s (Tr1)) — /Ep,s,l( ‘ < V/J. Under the

rate restriction in the theorem, this suffices to show that for any & > 0,

p( sup |G [ (z, 2;) (e — 04¢)]| > Eapt

reX

X) = ox(1),

where we recover the original ordering. Since Gy[b(z;)(0i] =4x N(0,%) (=¢x denotes “equal in

distribution conditional on X”), the above steps construct the following approximating process:
; $1/2
Zy(x) = fz N, ..

Then, it remains to show Q_l and X can be replaced by their population analogues without
affecting the approximation, which is verified in the next step.

Step 3: Note that

1 -1
sup | Zy(w) = Zp(x)| < sup Bi(2) (@ - Q)

reX \ Q(:IZ)

W o1
+ sup ’bp,s (7)'Qq (Sl/Q B 2(1)/2)1\]‘[(1%5

zeX Q(ZL‘)
bl'0 (@) (Ts — T)Q " 1o
+ sup |2 VN |,
mG/I\)’ Q(;U) 0 prs

where each term on the right-hand side is a mean-zero Gaussian process conditional on X. By
Lemmas SA-3.2 and SA-3.5, |Q~' — Q|| <p v/Jlog J/n and || T, — T4|| <p \/JlogJ/n. Also,
using the argument in the proof of Lemma SA-3.5 and Theorem X.3.8 of Bhatia (2013), || X1/2 —
2(1)/ 2H <p \/W. By Gaussian Maximal Inequality (see, e.g., van der Vaart and Wellner,
1996, Corollary 2.2.8),

~ < 1/2 A — — ™ _
E[ sup 1Z,(x) - Z,(2)||X] Sp Viog T (IZY2 = =3/) + Q" - Q5| + T, — Toll) = or(az ),

reX
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where the last line follows from the imposed rate restriction.
As a reminder, if we drop the third term on the right-hand side, we obtain the same strong
approximation result except that the approximating process is

b ()Qy =
Q(z)

KPVS'

Step 4: The above steps have shown the desired result for v > 0 already. For v = 0,

T(UCW Toww)_ﬁ(ﬂﬁ)—uo() Wy - W’)’o

Ty(z) =
V) /n V) /n \/ Q@) /n
where
VAV/’?*W'%_ W —w) ’7 '(¥ — %)

V@) /m A/ Q)/n ,/

by Lemma SA-3.9, Theorem SA-3.2 and the condition |[W — w|| = op(a,'+/J/n). Therefore,
the desired strong approximation for T(x, w) follows from the previous steps. Then, the proof is
complete. n
SA-5.17 Proof of Theorem SA-3.6

Proof. This conclusion follows from Lemmas SA-3.3 and SA-3.5, Theorem SA-3.2 and Gaussian
Maximal Inequality as applied in Step 3 in the proof of Theorem SA-3.5. O
SA-5.18 Proof of Theorem SA-3.7

Proof. We first show that

sup P( sup |Tp(z)| < u) - IP(sup |Zp(x)| < u)‘ = o(1).
u€R TEX zeX

By Theorem SA-3.5, there exists a sequence of constants &, such that &, = o(1) and

(
FAS

sup |T,()] — sup |Z,(2)]| > €n/an ) = o(1).
X TEX
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Then,

P(sup T (x) <u) <P { sup [T,(@)] < un {} sup [Ty(x)] — sup |Zp(x)|‘ < &ufan}) +ol1)

(
gIP’(s p|Z,(x |<u—|—§n/an)+0(1)
< P<2 p|Zy(z)| < u> +2L61£E[P< igg\Zp(a:ﬂ —u‘ <&n/an X)}
P<21612|Z x)| < u) +E[31€1£P( 21612|Zp(x)| —u‘ <& /an X)} +o(1).

Now, apply the Anti-Concentration Inequality conditional on X (see Chernozhukov, Chetverikov

and Kato, 2014b) to the second term:

sup IP’(
ueR

sup |Z,(w)| = u| < & /fan
reX

X) < 4 1E[sup\z )|‘X]+o(1)

<p fna:ll logJ 4+ o(1) = 0

where the last step uses Gaussian Maximal Inequality (see van der Vaart and Wellner, 1996, Corol-

lary 2.2.8). By Dominated Convergence Theorem,

E[SupIP’<

ueR

sup |Zy(z)| — u‘ <& /an|X
TEX

The other side of the inequality follows similarly.

By similar argument, using Theorem SA-3.6, we have

sup IP’(sup \Z,,(:Eﬂ < u‘D) - P(sup | Zp(z)| < u‘X)‘ = op(1).
u€R xeX

Then it remains to show that

sup ]P’( sup | Zp(x)] < u) - IP’( sup | Zp(x)| < u\X)‘ = op(1). (SA-5.8)
u€eR zeX zeX
Now, we can write
bl (z) .
Zp(x) = NK, 0

VBl (@) Vbl (@)
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where Vg = T;QalﬁoQalTs and NK“O = T;QalﬁéﬂNKp,s is a K, o-dimensional normal random
vector. Importantly, by this construction, N K, and Vo do not depend on A and x, and they are
only determined by the deterministic partition Ag.

Now, first consider v = 0. For any two partitions Ay, Ag € II, for any = € X, there exists & € X
such that

b\ (3 A1) = bU) (& As),

and vice versa. Therefore, the following two events are equivalent: {w : sup,cy |Zp(z; A1) < u} =

{w sup,cy | Zp(x; Ag)| < u} for any u. Thus,

E[P(igg | Zy(z)| < u‘X)] = P(ilelg |Zp(z)] < UIX) + op(1).

Then for v = 0, the desired result follows.

(v)

00(T) = @,Bpp(x) for some transformation matrix T,. Clearly, T,

For v > 0, simply notice that b
takes a similar structure as ’Ts: each row and each column only have a finite number of nonzeros.
Each nonzero element is simply iL;U up to some constants. By Lemma SA-3.1, it can be shown that
||‘§v - %l < J”\/m where T, is the population analogue (ﬁ] replaced by hj). Repeating
the argument given in, e.g., the proof of Theorems SA-3.5 and SA-3.6, we can replace T, in Zy(x)
by ¥, without affecting the approximation rate. Then the desired result follows by repeating the

argument given for v = 0 above. 0

SA-5.19 Proof of Theorem SA-3.8

Proof. Let &1, = 0(1), {2, = 0(1) and &3, = 0(1). Then,

P [sup Ty ()] < c] <P |sup|Zy(x)| < c+ §17n/an] +o(1)
reX lzeX

<P sug 1Zp(2)] < (1 —a+ &)+ (G0 + &on)/an| +o(1)
Lxe

<P |sup|Z,(2)] <1 —a+ 637n):| +o(l) = 1—q,
leeX

where c?(1 — a + &3,,) denotes the (1 — a + £3.,)-quantile of sup,cy | Z,(7)| (given the partition),

the first inequality holds by Theorem SA-3.5, the second by Lemma A.1 of Belloni, Chernozhukov,

52



Chetverikov and Kato (2015), and the third by Anti-Concentration Inequality in Chernozhukov,

Chetverikov and Kato (2014b). The other side of the bound follows similarly. O

SA-5.20 Proof of Theorem SA-3.9

Proof. Throughout this proof, we let &, = o(1), {2, = o(1) and &3, = o(1) be sequences of

vanishing constants. Moreover, let A,, be a sequence of diverging constants such that y/log JA, <

\/ 774z - Note that under Ho,

. ’/f(v) w) — T(U) T(U) —_ MW W 0.5
sup |Tp(z)| < sup (x,w)A o (W) ‘ + sup ‘ o (z,w) _ (z,w;0,7) ‘
er rer O(x)/n zeX G(x)/n
Therefore,

. T(’U) o M(U) A.’é’ ~
P[Sup Tp ()| > C] < P|sup |[Ty(x)| > ¢ — sup [0 (@ w) (z,%:6,7)

reX Ll z€X rEX ﬁ(a:)/n

r (v) V1O Y-

< P|sup |Zp(x)| > ¢ — & n/an — sup Yo (@, w) AM (@, %:6,7) H +o(1)
LzeX rzeX Q(:L’)/n

<P sup 1 Zp(x)| > (1 —a —&0) — (10 + E2n) /an—
L€

(v) _ (v) .0 =

sup TO (‘T’W) AM (x,w,@,'y) :| +0(1)
zeX

< P[sgg 1Zy(z)| > (1 —a— f&n)} +0(1)

=a+o(1)

where (1 — a — &3,,) denotes the (1 — o — &3.,)-quantile of sup,cy |Z,(7)| (given the partition),

the second inequality holds by Theorem SA-3.5, the third by Lemma A.1 of Belloni, Chernozhukov,

w)—M®) (z,%:0,7) | = op(—1)
Va)/n viesJ
and Anti-Concentration Inequality in Chernozhukov, Chetverikov and Kato (2014b). The other side

(v)
Chetverikov and Kato (2015), the fourth by the fact that sup,¢c ’ Yo (e,

of the bound follows similarly.

On the other hand, under HA,

P[sup Ty ()| > C]
reX
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:P-sup Tp(x) + i = ‘ + 0 _/\
“reX Q(z)/n & (z)/n

>P| sup |Tp(x)| < sup
LzeX zeX

>P| sup | Z,(x)| < VIog T Ay — 10/an| — o(1)
“reX

>1-—o0(1).

where the fourth line holds by Lemma SA-3.6, Theorem SA-3.2, Theorem SA-3.5, the condition
that JYy/Jlog J/n = o(1) and the definition of A,,, and the last by the Talagrand-Samorodnitsky

Concentration Inequality (van der Vaart and Wellner, 1996, Proposition A.2.7). O

SA-5.21 Proof of Theorem SA-3.10

Proof. The definitions of A,, &1 n,&2,, and &3, are the same as in the proof of Theorem SA-3.9.

Note that under Ho,

- M(U) 0_ = _M(v) /\.gfv
sup Tp(x) < sup Tp(z) + sup M, w:8,7) (z, w:6,7)|
reX zeX rzeX Q(ZL‘)/TL

Then,

}P’[supr(x) > ¢l <P|supTp(x) > ¢ — sup |
zeX LzeX zeX ﬁ(x)/n

<P [ sup Zp(z) > ¢ — fl,n/an} +0(1)
LreX

<P up 7, (z) > A1 —a—€30) — (Erp + @,n)/an} +o(1)

<P _sup Zp(x) > (1 —a— fg’n):| +o(1)
txeX

=a+o(l)

where c?(1—a—£3,,) denotes the (1—a—¢&s ,)-quantile of sup,c x Z,(x) (given the partition), the sec-
ond line holds by Theorem SA-3.5, the third by Lemma A.1 of Belloni, Chernozhukov, Chetverikov

and Kato (2015), the fourth by Anti-Concentration Inequality in Chernozhukov, Chetverikov and
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Kato (2014b).

On the other hand, under I:|A,

P[ilelng(.%’) > c} = P[Sup (Tp(:v) +

(v) MO (w05
> P sup [T, ()] < sup — @w) - MO %85 _
zeX reEX Q({L‘)/n
T MO (2 0.
sup — (z, w) E (x,w;0,7) . c}
zeX Q(w)/n
(v) A (B &
> P| sup |Ty(z)| < sup Ty (z,w) — MW (z,w;0,7) B c} —o(1)

> P_sup |Tp(x)| < +/log JAn] —o(1)
txeX

> P| sup | Z,(2)| < v/log J Ay — €1 /an | — o(1)
trxeX

>1-o0(1)

where the fourth line holds by Lemma SA-3.6, Theorem SA-3.2, Lemma A.1 of Belloni, Cher-
nozhukov, Chetverikov and Kato (2015), the assumptions that J"\/JlogJ/n = o(1) and sup,cx
|M®) (2, %;0,5)—M® (2, w;0,7)| = op(1), the fifth by definition of A,, and the sixth by Theorem

SA-3.5, and the last by Proposition A.2.7 in van der Vaart and Wellner (1996).
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